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Ilepeamona

3a ocTaHHI COPOK POKIB MU CTAJIM CBIJIKAMU JIy2Ke OyPXJIUBOI0 3PO-
CTAHHSA MaTeMaTUIHUX JOCJIIKeHb, OB SI3aHUX 3 KOMII IOTepaM# Ta
00YMC/IIOBAIBHOIO TEeXHIKOI0. Bejande3nuil po3BUTOK 00YMC/IIOBAJIBHOI
TEXHIKNU BIIKPUB HOBI TOPU30HTHU A9 PO3BUTKY MaTeMaTUKU, AKWH 3a
IMBUIKICTIO HE Ma€ aHaJOriB y JOBTiil icTopii MaTeMaTuku. 3 OJTHOTO
OOKY, HOBI JOCJIIJIZKEHHST B MaTEeMaTHUII Oe31mocepe;THbO 1HITIIOBaIN PO3-
BUTOK KOMII'FOTEPIB 1 KOMII'FOTEPHUX HAyK. 3 1HIIIOr0 OOKY, JOCSITHEHHS
B rajly3i KOMII' FOTEPHUX HAYK CIIPUSIN €HEPrifiHOMY PO3BUTKY JIESIKUX
pozaLnB MaremaTuku. lle, 30kpemMa, CTOCYEThHCS JUCKPETHOI MaTeMa-
TUKW 1 TakuxX 11 PO3ILTIB IK Teopisd popMaJbHUX MOB 1 CKIHUEHHHUX
aBTOMATIB Ta Teopis aaropuTmib. Lli obacTi CKIaIai0Th 3aXOMTIOI0YY
JaCTUHY CydacHOl MaTeMATHUKHW, 1 IM TpUTAMAaHHUN Ty2Ke JUHAMITHUN
XapaKTep PO3BUTKY, AKWil MMOBHUM CKJIQJHUX 3aB/aHb, 110 BUMAralOTh
IIKABUX 1 BUHAXIIIMBUX MaTeMaTHYHUX MeTomiB. JlaHuii 1mociOHuk €
TapHOI0 OCHOBOIO M PO3YMIHHS IHUX 00JIacTell MaTeMaTHUKMN.

3araJbHOBU3HAHO, IT0 HAWKpaIInil crocid BUBYEHHS MaTeMaTHKN
TPYHTYETHCA Ha PO3B’d3yBaHHI MPUKJIAIIB Ta MTPaKTUIHUX 3aa49. 1Ipa-
KTUIHAN TAX1T] T0/1a4l MaTeplaay He TLAbKH J0ToMara€ BUBUYUTH Me-
TOJW Ta IHCTPYMEHTH JJId PO3B’si3aHHA 33149, a i 3MIIHIOE PO3YMIHHH
OCHOBHUX ITOHATH. KHMU31 mpuTaMaHHU# IOC/TIJIOBHUN BUKJIAJ MaTepi-
aJy 3 BEJUKOI0 KIIBbKICTIO LTIOCTPATUBHUX IPHUKAAIIB. BoHa MICTHTH
rmorar 200 BIpaB, 9Kl MOACHIOIOTH 1 PO3MTHPIOIOTH MaTepiaJl.

[Tociormk Mae BurTIAA Kypcy 3 19 maparpadis, MoieHnx HA TPH
po3iu. Y MepIoMy po3iji po3TsiaoThCst hopMasibai MOBHU (30Kpe-
Ma, PeryJsgpHi Ta KOHTeKCTHO-BiIbHI MOBH ), CUCTEMU YUCJIEHHS Ta IPa-
MaTuku. Apyruit po3jiji MiCTUTHh BHUKJIAJ OCHOBHUX IIOHATH 1 (PaKTIB,
TTOB’A3aHNX 31 CKIHYeHHMMM aBToMaTamMu. Marepiaa TpeThoro posmi-
JIY MICTUTH JAeTAJbHUM PO3TJIAT TPHOX OCHOBHUX AJTOPUTMITHUX MOJIe-
qeit: mammH TropiHTa, peKypcruBHUX (PYHKIIIN Ta HOPMAJIbHUX aJTOPUT-
MmiB MapkoBa. Ocranniii naparpad IpUCBIYEHUN TUTAHHAM CKJIaIHO-
cri ajnropurmiB. Koxken naparpad cynpoBOIKYETbCS TUTAHHIMU JIJIs
(caMO)KOHTPOJIIO 3aCBOEHHS Ta BIPABAMHE, sIKi € OCHOBOIO JIJI IIPOBe-
JIEHHAsT TPaKTUIHOTO 3aHATTA 3 JTaHOl TEMU.



Pozmin 1
dopMaJIbHI MOBH

§ 1. Bigpni HamiBrpynu i ¢popMajbHI MOBH

Y mpomy nmaparpadi BBOJAUTHCA TOHATTS (POPMaJIbHOI MOBH Ta BU-
BYAIOTHCH JlesiKi BjacTuBOCTi bopMaaibHuX MOB. BuBuenHnsa dopmasib-
HUX MOB CIIPUYMHEHO, B TIEPIITY YepTy, 1X 3aCTOCYBAHHSIM B KOM IOTEPHUX
Haykax. QopmajbHI MOBU BUKOPUCTOBYIOTHCS JIJIsT OTIUCY ITYYHUX MOB,
HAITPUKJIAJ], MOB ITPOrpaMyBaHHs, MOB KOMAaH/I OIlePalliiiHOl CUCTEeMU.
DBynb-gke mporpamue 3a0e3medeHHs CTBOPIOETHCA 1 €KCILTYaTyeThCAd 3
JTOTTOMOTOFO Ti€l 9| iHIO1T POpMaIbHOI MOBH.

Posmounemo nmaparpad 3 HeoOXITHUX JOHMOMIXKHUX O3HauYeHbL. He-
xait X — J0BIJIbHA MHOXKWHA. DiHAPHON ONEPAUIEIO HA MHONCUHT X
HA3UBAETHCA BimoOpaxkenus * : X X X — X, ge X X X — MmHOXKH-
Ha, BCIX BIOpsaKOBaHWX map ejgeMmenTiB 3 X. Ob6pa3 B X enementa
(a,b) € X x X nmozHauarumeMo depes a x b abo mpocto gepes ab. Hero-
pOXKHA MHOXKWHa, X, HaJljaeHa OiHapHOO oreparliieio * : X X X — X,
Ha3UBaETbCA 2pynoidom. BinapHa omepallisg * Ha MHOXKKHI X Ha3uBa-
€ThCS acoyiamuenoto, sikimo a(be) = (ab)c ans Beix a, b, ¢ € X. dximo
omepariist * € acomiaruBuoio Ha X, To mapa (X, *) HaA3UBAETHCS HANIG-
epynoro. Hexaii (X, *) i (Y, o) — namisrpynu. Tomomoppizmom 3 X 6 'Y
Ha3WBaEThCs Take Bimobpaxkents ¢ : X — Y, mo p(axb) = ¢(a)op(b)
JIs Beix a,b € X.

Hexait X — HEOpOXKHSI MHOYKHUHA, sIKYy HA3UBATUMEMO ((HOPpMab-
Hum) aspasimom, a 11 eTeMeHTH — 6YKGaMU (CUMBOAAMU, 3HAKAMU).
dxmo | X| = 2, To andaBit HazmBaeThCa binapnum, abo 06IGKOSUM.
Haituacrinre 6inapuuit andasit nosnagaerbes depes B = {0, 1}.

1.1. ITPukJAd. Andasit X dopmy asiredbpu BUCIOB/IEHD € 00’ € THAHHAM
X = X1 U Xy U X3, ne maoxkuna X1 = {p,q,7,...} MicTurh 1mporo-
suriiai 3miuai, Xo = {A,V, —, <>, 7} — J0oriuHI 3B's13KM, a MHOKHUHA
X3 ={(,)} ckIaJA€THCST 3 TOTOMIXKHUX CHMBOJIB (JTy7KOK ).
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6 I. °OPMAJIBHI MOBI

Busnaunumo ca060 (padok, cmpiuky) B andasiti X sK HEMOPOKHIO
CKIHYEHHY TOCIIOBHICTD L1292 . . . Ty €J1IeMenTiB 3 X . Hanpukmas, 010111
— cJi0BO B OinapHoMy asidpapiti B, a p A ¢ — r — cjioBo B ajdasiti X 3
npukstany [1.1] Takum auHOM, JIBA CJIOBA T1T9 . . . Ty 1 Y1Y2 - - - Ypn JTOPIB-
HIOIOTH TOI 1 TIIBKW TOMAl, KOJW BOHM CIIBIAAAal0Th 9K TTOCIIIOBHOCTI,
TOOTO KOJIU M =N 1 X1 = Y1, .-, Tin = Y-

AsdaBiTu mo3HATATIMEMO BEJTUKAMU OyKBaMU JIATHHCHKOTO ajida-
BiTy, Hanpukiaag A, B, C', X i .a1. Byksu dpopmanabHOro anadasiTy 6y-
JIeMO 1103HaYaTu MaJuMu OyKBaMu JIATUHCHLKOro ajadasity: a, b, ci T.1.,
a cJIoBa — MaJIMMK OYKBaMU I'PerbKoro ajadasiTy, HAIPUKIAIL, o, 3, w.

Yepes X1 mosHaunMo MHOKUHY BCix ciiB B andasiti X. Hampu-
K1, axmo X — 6inapauit aadasit {0, 1}, To

Xt =1{0,1,00,01,10,11, 000,001, ...}.
Ha muOoknHI X+ BU3HaunMO GiHApPHY OINEpallio:

T1Tx2 ... Tm OY1Y2 .. . Yp = 1L ... TmnY1Y2 ... Yn.

Omepariisi o Ha3UBAETHCA Konkamenayicro. BoHa, oueBrTHO, acoIi-
atwBHa, 1 (X, 0) Ha3MBAETHCA GLALHOI0 HANIG2PYNO0I0 Na MHodcuNi X .
Binmbay mamiBrpyny Ha MHOXKKHI X MO3HAYAIOTh YaCTO TAKOXK depes
F(X) (Bim anrmiiicbkoro ciosa “free” — BiibHmMik).

ITopsis 3 BibHOIO HamiBrpynoio X T Haj andasitom X dacTo pos-
IUIA1aI0Th BLIbHUH MoHOIT X* = X T U {e} mag X, B axomy omuHuig e
€ TIOPOYKHIM CJI0BOM, K€ He MICTUTH YKOITHOI OYKBH.

CroBo, gke MicTHTD 4 OykB (ciB) a mosHauaTmMemo tepes a'. Ha-

npuxiai, ab = a (TaKUM YHHOM, MU OTOTOXKHIOEMO OYKBY @ 3 CJIOBOM,

Mo MiCTUTHL €IUHY OYKBY a), a’ = aa, a’ = e — IIOPOXKHE CJIOBO e.
Ob6eprennam caosa T (103HAYAETHCS dyepe3 ') HABMBAETHCS CJIOBO,
3anmncane B 0OOEPHEHOMY IOPSJIKY, TOOTO SIKIIO T = aj ... dy, J€ BCl a;
— 6yxBH, TO 2 = a,, ...a;. Kpim toro, e = e. Jlerko mepesipurn, 1o
(xy)" = y"ah.

Hexaii o, 81y — noBiabHi cjioBa B gesikoMmy ajadasiti X. Hazsemo a
npedixcom crosa a3, a B — cydpircom caosa aff. CiioBo [ HazuBaTUME-
MO nidcaosom caosa af3y. Ilpedike i cydike ciaoBa € #Oro ImijacIoBaMM.
Hampuxkmian, ba — npedike i mijcaoBo ciaoBa bac. 3ayBaxKumo, 110 T10-
POXKHE CJIOBO € TIpediKcoM, cydiKCOM i MiICI0BOM JIOBLILHOTO CJIOBA.

dkmo a # B 1 a — npedikc (cydike) cioBa B, T0 o HA3UBAE-
ThCsI 8AachuM npedircom (cydircom) caosa B. Josorcuna caosa — tie
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KLIBbKICTh OYKB y HBOMY, TOOTO SKITO W = a1 ...Gn, /€ BCl a; — Oy-
KBU, TO JOBXKWHA CJ0Ba W JIOPiBHIOE n. /loBXKWHY cj0oBa w IMo3HaYa-
tuMemo [epe3d |w|. Hampukmaz, |aab] = 3 1 |e] = 0. OueBunmo, 1mo
w1 o wa| = |wi| 4 |wa.
DopmarvHoro mo60t0 B aadapiti X HAa3UBAETHCH JOBLIbHA MHOXKMU-
Ha cjaiB B X, TOOTO JOBLIbHA IIAMHOXKHUHA BiabHOro Mouoiga X*. Ha-
npukaaj, MEOkuHa () — e dopmaabHa MoBa. MuoxuHa {e}, ska Mi-
CTUTH TIJIHKY MOPOYKHE CIOBO, TAKOXK € MOBOI0. SayBaykumo, 1o ) i {e}
— 1Bl pizHi popMaabHi MOBHU. IHIMM mpuKAaaI0oM (POpMaIbLHOI MOBHU €
MoOBa L, 1110 MiCTUTB BCI CJIOBA, sIKi CKJIQJIA0ThCs 3 HYJIb 1 Oljibine OyKB
a. Ii moxkna moznaunt gepes {a’ : i > 0}. Scno, mo L = {a}* (nna
criportierHst {a}* mo3HagaTuMeMo Hajasl depes3 a*).
fAxio moBa L Taxa, 110 »KOaHe CJI0BO B L He € BjIacHUM HpediKcoM
(cydircom) xomHOTO iHIIOTO cI0Ba B L, TO KaXyTh, Mo L Mae npe-
dixcny (cydixcny) saacmusicms. Hanpukian, a* we mae npedikcHOl
BacTUBOCTI, a {a'b : i > 0} mae.
Ockinbku hopmasibaa MoBa L — 1ie MHOXKWHA (1M aMHOX)KIHA X ), TO
710 (bOpMaJIBHUX MOB 3aCTOCOBHI TEOPETHMKO-MHOXKWHHI omepariii 00’e1-
HaHHS, TTEPETUHY, 3HAXOIKEHHS PI3HUIN 1 JomoBHeHHS. Omepalriro KOH-
KaTeHaIlll MOXKHa 3aCTOCYBATH A0 MOB TaKHM K€ YMHOM, 9K 1 JI0 CJIIB.
Hexait L1 ta Lo — dpopmasbai moBu B ajidpasitax Xi Tta Xo Bij-
noBiiHo. Konwkamenauiero (dobymixom) mos Ly i Lo nazuBaeTbest pop-
masbHa MOoBa L1 Lo = {wjows : wy € L1,ws € Lo} B andasiti X1 U Xy,
dKa CKJIQJAEThCS 31 CJB, 9K1 YTBOPIOIOTHCA MIIAXOM JTOMHUCYBAHHS JI0
OyIb-gIKOTO CJ0Ba MOBHU L1 JOBLIBHOIO CJIOBA MOBH Lo.
Imepavis (3amurarns Kaini) mosu L, ska nmo3nagaerbes depes L,
BU3HAYAETHCA HACTYIIHUM YHMHOM:
1) L% = {e},
2) L™ = LL" ! anan > 1,
3) L* = Un>oL"™.

Posrigaemo jgedkl mpuKaaIn.

1.2. [TPUKJIAM. 3maiigemo iTepariio mosn L = {00,111}. Mosa L? =
{e} MicTUTE 0fTHe TOPOKHE CI0BO HezamesKHO Bi camoi Mmou L. L1 = L
MICTUTDH BCl ¢jioBa MoBU L. Takum 4mHOM, IIepIi JABa 4JeHU B PO3KJia-
ai L* yropioiors MoBy {e, 00,111}, Haui suaiigemo mosy L? = LL =
{0000,00111,11100,111111}. Anasoriuno L3 = LL? € MHOKUHOIO CJIiB,
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YTBOPEHUX TPUKPATHUM BUOOPOM i3 JIBOX cJjiiB MoBu L. Jlas obumciie-
rHa L* meobxigmo 3mafitn L' mrs xoxkmoro i € NU {0} i 06’emmatn Bei
i MoBM. X04a KOKHA MHOMKWHA, L' € CKiHYeHHO0, 00’€IHAHHS HECKiH-
JeHHOl KITHKOCTI MHOXKWH, K TPABWUJIO, YTBOPIOE HECKIHUYEHHY MOBY.
Ile, 3oxkpema, cTocyeThcsd 1 MOBU L, gKa MICTUTHL HECKIHUYEHHY KLTh-
KICTh CJIIB, B IKUX MaKCHUMaJIbHI HiAC/JI0Ba JUIIE 3 HYJIIB MalOTh TapHY
JIOB2KUHY, a JIOBXKUHA MaKCAMAJILHAX CJIB 3 OJUHUIL KPATHA TPH.

1.3. ITPukA. Tlokaxkemo, mo dopmanbia mosa {0, 10}* ckiamaers-
cd 3 yCIX CJIB, K1 He MICTATh mijcaoBa 11 1 3akindyioThes Ha 0.

OdeBuaHO, 10 KOHKaTEHAIld J0BLIRHOI KiabKocTi 0 Ta 10 3akinwy-
etbesd Ha 0. Boma me moxke mopoamTtn migcaoBo 11, ocKIIBKM OCTaHHI
oykeu obox caiB 0 Ta 10 po3mingioTh goBiIBHI aABI 1 B iXHi#l KOHKaTe-
HaIIll.

Hexait w — csioBo B asdasirti {0,1}, ake we micrurs migcmis 11 i
3akiHayeThbcd Ha 0. KMo w He MICTUTH BXOJKeHb 1, TO w € KOHKa-
renarieio |w| 6yxs 0, i Tomy w € {0,10}%l ¢ {0,10}*. Hexaii croso
w MicTuTh 1 > 1 BxogKeHb OyKB 1. Toi micass KOXKHOTO BXOIKEHHS
oykBu 1 B w Mycuth ciaimyBatu OykBa 0, 60 inaxtmie Oyksa 1 abo cimye
3a 1, abo € ocTaHHLOIO OYKBOIO CJIOBA W, IO CYTIEPEUYNTh BUOOPY CJIOBa
w. TakuM IUHOM, CJIOBO W 3ANUMIETLCT 9K

0...0(10)0...0(10)0...0(10)0...0,

se Bupas 0...0 o3Hayae Hy/ib a00 Olibine BxojzKeHb OykBu 0. O1Ke, w
e konkarenarieo ciaiB 0 Ta 10, To6ro w € {0, 10}*.

s mosu L Busnauumo obepreny mosy ax LT = {wf 1w € L}.

1.4. ITPukaAg. Jdosememo, mo aas dopMmaabanx MOB A i B BUKOHY-
forhea pisaocTi (AB)E = BEAR 13 (AU B)E = A% U BE.

Hiitcro, (AB)? = {wf' | w € AB}={(aB)f' | « € A, B € B}=
{(BRalt lac A, Be B}Y={p% | pe B} -{a¥ | a c A}=BEAL,

Amnanoriuno (AUB)F—{w! |w € AUB} = {wf | w € A}U{w? |w €
B}=Afu BE.
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1.5. TBEP/>KEHHA. (Jlema Apdena) Hexatt A i B — dei dopmanvhi
mosu, npuwomy e & A, i mosa X sadososvuac pienicms X = AX UB.

Tooi X = A*B.

JTOBEJAEHHA. [loBejemMo IHAYKINE 3a JOBXKUHOK |w| cJioBa w, IO
X C A*B. Cueputy po3srigaeMo Bunagok |w| = 0, o610 w = e. fKio
e€ X, 10 e € AX UB. Ockinbku e ¢ A, To HeobxinHo e € B i, orxke,
e € A*B.

Jaal OpuIrycTuMoO, 10 AJ1d BCIX CJIB w JOBXKHHHU MEHIIIE 1 3 TOTO,
mo w € X BumamBae w € A*B, 1 po3rIsiHEMO CJIOBO v TOBXKHUHHI 1.
Axmo o € X = AXUB, 10 abo o € B C A*B, abo a = 87y iy gesakux
peAivye X.B apyromy Bunagxy 8 # e i, orxke, || < |a|. Tomy 3a
IHIYKTUBHUM TpumnytieHuam v € A*Bia =y € AA*B C A*B. llum
3aBEPIIYEThCA IHAYKTUBHIN KPOK i, oT:ke, X C A*B.

[Mlo6 moBecTm MPOTHUIE)KHE BKJIIOYEHHST, BUKOPUCTAEMO 1HYKITIFO,
06 mokazaru, mo A”B C X mra Bcix n > 0. g n = 0 maemo, 1110
A'B=B C AXUB = X. Ina n > 0 3a iHAyKTHBHAM IPUITYIICHHIM
prkonyeThea A"B = A(A"1B) ¢ AX. Taxum wnmom, AB C AX C
AXUB=X1iA*B = (Up>0A")B = Up>9(A"B) C X. O

1.6. ITPUKIAI. Hexait dopmanasui mosu A, B C {a,b}* 3a10B0OTHHS-
IOTH PIBHOCTI:
A={etuU{a}AU{b}B,
B ={e} U {b}B.

Suaiitm mosu A1 B.

Bacrocyemo jgemy AppeHa g0 ApPyroro PiBHSHHS 1 3HAIEMO MOBY
B = {b}*{e} = {b}*. Amnanoriuno zuaxogumo moBy A = {a}*({e} U

{0} B).

Hacawmxinerp migcrapunvo {b}* 3amicts B i omepkyemo:

A= {a}"({e} ULbHD}") = {a}™{b}".

Hexait X7 1 Xo — andasitu i h : X7 — X5 — nosinbHe Bigobpa-
yKenust. Bino6pazkents h MOKHA IPOZOBAKUTH 10 roMoMopdizmy A :
X} — X3, moxkmamaioan he) = e i h(wa) = h(w)h(a) aas Beix w € X7
ia € X;. 3acrocoBytoun romoMopdism 10 MOBU L, OJ€pKUMO IHIILY
moBy h(L), ska € MuOX)HHOO c1iB {h(w) : w € L}.
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1.7. ITPUKJIA. IIpumycTuMo, 10 MOTPIOHO 3aMIHUTH KOXKHE BXOJI2Ke-
HHA B cj0Bo OykBu (0 Ha OYKBY a, a KOxkHe BxomKeHHs 1 wa bb. Tomi
MOKHA BU3HAIUTU roMoMopdizm h tak, mo h(0) = a i h(1l) = bb. dkimo
L={0"1":n>1}, To h(L) = {a™*" : n > 1}.

PekomenoBana jgitepatypa : [2} (9, 15} (16, (19, [20].

IInuTtanna Ta Bupasmu mo naparpada 1.
1.1. laitire o3nadenHnsd (popMaJsibHOIO ayidaBiTy Ta popMaibHOI MOBH.
1.2. Jle 3acTocoByrThCs popMaIbHI MOBU?!
1.3. ki oneparii Ha popMaJIbHUMU MOBAMU B 3HA€ETE?

1.4. Bwusnaure dpopmanbhi agadaBiT A1 3aIUCY:
a) apumpMeTHIHIX BUPA3iB;
0) asbyku Mop3e.

1.5. Bwusnaute goBXKUHY ca0Ba o = “MareMaTWKa B YKPAIHCHKOMY
aJsipaBiTi.

1.6. 4xi 3 HaBegeHWX CJOIB € MiICTOBAMH CJIOBA W = “IHAyCTpaJIiza-
it ap = “imayc’, ag = “imgycrpia’, ag = “miza’, ag = “akuis’?

1.7. BunummiTs Bei (BaacHi) npedikcu, cydiken i migcosa ciosa abea.

1.8. Cxisbku (popMaIbHUX MOB MOXKHA TTOOYIyBaTH Ha aadaiti X =
{0,1,2,3}, B skUX JOBXKUHA KOKHOTO CJIOBA HE TIepeBUIILye 37

1.9. Ckinpku ciiB w goBxkubu |w| < n MoXKHA 100Yy/yBaTH B ajda-
BiTi, o MicTuTh k 6ykB? CKiLIbKI POPMATHLHIUX MOB MOXKHA, YTBOPUTH
3 IUX CJIB7

1.10. 3maiigite Bcl caoBa w B andasiti {0, 1}, ski 3a/10BOJBHSIIOTH
piBHICTH w011 = 011w.

1.11. Yu mpasza, mo skmo dopmaabHa MoBa A MicTHTH n CIiB, a
MoBa B — m ciiB, T0 AB MycuTh MIiCTUTU nm CHiB?

1.12. Hexait A = {(01)" : n > 0} i B = {01,010}. 3naittu AU B,
ANB, A\ B, B\ A, AAB, AB i ABA.

1.13. Hexait A = {mupa,e}, B = {xix, 6aba}. 3uaiitu AB i A*B.
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1.14. Yu moxke moba L* abo Lt 6yTu nopoxuboro? 3a aKUX yMOB
moBn L* i LT e ckinuenuumu?

1.15. 3muaiitu ciaoBo HaiiMentoi joBkuuu B aidasiti {0}, gxe wHe
HaTeKuTh dhopmanbHiit Mosi {e, 0,02, 07}3.

1.16. Jlosectu piBHictb: (AU B)* = A*(BA*)*.

1.17. Hexait A i B — dopmanbui mosu. doBectn abo cupocTyBaTH
PIBHOCTI:

1) (A" = (A*)
2) (A7) =
3) (AUAR) A* (A*)R
4) A2UB?=(AUB)?
5) A*NB*= (AN B)*.

1 18. J4Iki 3 HacTymHEUX MOB MalOTh ImpedikCHy (Cy(iKCHY) BIaCTHU-

5) {w : w € {a,b}* i KinbKicTb OYKB @ B W JOPIBHIOE KiJIHKOCTI
oyks b}.

1.19. Hexait h — romomopdism, Busnadenuit pisaoctsamu h(0) = a,
h(1) = bbi h(2) = e. Omumits dbopmanbiy Moy h(L), ne L = {012}*.

§ 2. CucreMn 4ducJjaeHHH

Y mudpoBUX 06YNCTIOBAILHIX MAITTHAX OyIb-sIKa iHpOpMaIlid, 3a-
JlaHa [eBHOIO (pOpMaJIbHOIO MOBOIO, 300PaKyeThCsd B BUIVIS CTPOIO
BU3Ha4YeHOI nocJigoBHocTi nudp. KoxkHiit Takiii moc/1iiloBHOCTI MOXKHA
ITOCTABUTHU B BIMOBIIHICTH I€BHE YMCJIO 1 3BECTH, TAKUM YUHOM, Oy/Ib-
sIKe TIepeTBOpeHHs iHdOopMaliil 1o omepartiii Ha T YucjIaMu, 3aJaHuX Y
TedKilt crucTeMi YMCeHHd. Y 3B’43Ky 3 UM Y JaHOMY maparpadi Mu
TeTaabHO 3YTTMHUMOCS Ha PI3HUX YUCJIOBUX CUCTEMAaX.

Cucmema wucaenns (anra. number (numeration) system, notati-
on) — e CyKyIHiCTh CI1ocobiB i 3ac00iB 3amucy duces [Ijisi IPOBEeIeHHs
M1IpaxyHKIB.
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HaftrrpocTinioro cucTeMor0 YHUCTeHHT € YHGPHG CUCTEMA YUCAEH-
HA, B SIKiil KO2KHE HaTypaJIibHE YKUCJI0 300ParKyE€ThCsI BIAIIOBIJHOIO Kijlb-
KICTIO Jedknx cuMBoJiB. Hampukmam, gakimo Bubpatu cumBoa “|”) To
HATypaabHEe YUCI0 ciM 3amurierbes y surasi |||||||. Yaapra cucrema
YHUCJIEHHS BUKOPUCTOBYETHCS JIJIsI 3aIMUCY MaJIUX YHCeJT 1 Ma€ 3acToCy-
BaHHS B TeOpil aJirOPUTMIB.

2.1. Tunu cuctem 4YucjeHHs. Po3pi3HAIOTH TaKl TUIIM CUCTEM
YUCJICHHS: No3uyiting, Heno3uyiting Ta 3amiwant. HaiblabIm mommpenn-
MU € TO3UINIHI CcUCTeMU YHUCJIeHHsl. Y HUX OofHa i Ta XK nudpa (du-
CJIOBUIT 3HAK) y 3amuci ducja HabyBa€ pi3HUX 3HAYEHDb 3aJI€KHO Bill
cBoel mo3utii. KoxkHa 103ullis 3 TpUCBOCHUM il IIOPAIKOBUM HOMEPOM
Ha3UBAETHCA PO3PA0OM wucAG. JTOMOBUMOCS TIPO HACTYITHY HYMEPAITio
POBPSJIIB: AKITO YUCJIO MA€ M PO3PAIB IIJI0I 1 M PO3PSIB APOOOBOI
YaCTUHU, TO CTAPIIOMY PO3PS/Iy IILJI01 YaCTUHU ITPUCBOIOETHCS HOMED
n—1, MosioImoMy po3psay 1ol yacTuau — HoMmep (), crapiomy po3ps-
Ty IpoOOBOT YACTUHU — HOMED -1, a MOJIOMIIIOMY pO3pAIy — HOMED -1M.
B mozumiitanx cucrteMax duc/JeHHT KOXKHOMY PO3PSTY TPUCBOIETHCS
BimoBiiHA 6aza. HaitgacTiiie BUKOPUCTOBYIOTHCS ITO3UINIHI CUCTEMHA
YUCICHHH, B 9KUX i-My PO3psly HpHCBoIoeThed Bara g, ne g € N\ {1}.
HarypaabHe ancio g pu MbOMY Ha3WBAIOTh OCHOB010 CUCMEMU YUCAE-
HHA. SHAYEHHST YUCIa 33 MOro 300pakeHHSIM BU3HAYAETHCH 38 POpMYy-
JIOYO:

(1) (an_lan_g ...Qp...a1ap, 419 ... a_m)g = Z aigi =

an_lg”_l—i—an_gg”_2—|—. ) .—|—az~gi—|—. ) .—|—a1g—|—aogo—|—a_1g_1—|—. a_pmg ™

B niBiit vactuni dpopmy/in 3aIIMCAHO CUMBOJIIYHE 300ParKeHHs
qucaa. Tyt a; (i =n—1,n—2,..., —m) — CHMBOJIH, SIKi TO3HAYAIOTE Je-
sKi 1l gncsa. Ipasa gacruna dopmysm (1) BusHagae npapuio o69m-
CJIEHHS YUCJIOBOTO 3HAYEHHHA CUMBOJIYHOTO 3aIUCY JIIBOI YaCTUHU ITI€]
dbopmysnn. MoxkHa BBaXKaTH, 1110 JiBa yactuaa Gopmysu (1) e mmdpom
YHUCIa, a TPaBa YaCTUHA BU3HAYAE AJTOPUTM JACMM@PPYBAHHSA JAHOTO

mudpy.
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2.1. ITPUKIAJ. O6uncammo 3aaderns qucaa 10(—1)(—1),01 B cucremi
YuCc/IeHHd 3 ocHOBOIO 3 1 cuMmBosiamu —1, 0 Ta 1. B npoMy BuUmajky
KLIBKICTB TIJITUX PO3PSIiB . = 4, a KIIBKICTh JPOOOBUX PO3PAIIB M =
2. 3 joromoroi opMmyJin OJIEPKYEMO:

1
10(=1)(=1),01 =1-3°+0-3*+(=1)-3+(=1)+0-371 +1.37? = 23

Haiiuacrimre (xo4a i He 3aBXK/1) CUMBOJIA G; TO3HAYAIOTH I/ I~
ciaa Big 0 1o g — 1 1 Ha3WBAIOTHCS YUuPPaMU TAHOT CUCTEMU YNCIEHHS, a
caMa CUCTEeMa YHUCJeHHST HAa3UBAETHCA §-K0B010 CUCTEMOI0 YUCAeHHA. B
g-KOBIIl cucTeMi YMC/IeHHS KiJbKICTh PI3HUX IUEP JOPIBHIOE OCHOBI ¢
cucreMn ducaeHHs. Hanpukiasl, B 3Budaiiniii apabebKiii (j1ecaTKoBiil)
cucreMi YucaeHHs BukopucroByiorbes nudpu 0,1,2,3,4,5,6,7,8, 9.

Y HENO3UULTHUT CUCMEMAT HYUCAEHHA BETUINHA, IKY TTO3HAYUAE TT1-
dpa, He 3aaekUTh Bij 11 mo3umil y gucii. Ilpu npomy cucrema Moxke
HaKJIaIaTh OOMEXKEHHsT Ha TO3UIIIT 1P, HATPUKIAT, 11100 BOHU Oy/In
PO3TaIIIOBaHI 110 CHa/IaHHIO Y1 3TPYIOBaHI 3a 3HaUYeHHAM. [IpoTe 11€ He €
MIPUHITUIIOBOIO YMOBOIO JIJISI PO3YMIHHS 3alTUCAHUX TaKUMHU CUCTEMAMU
quceI.

TrunoBuM MPUK/IAI0M HENO3UIINHOI CUCTEMU YUCIEHHI € PUMCHKG
CUCTEMA YUCAEHHA. Y HIN B SIKOCTI TMEPP BUKOPUCTOBYIOTHCA JIATHH-
CbKi OYKBHU:

Pumcbka mudpa | lecsaTkoBe 3HaUeHHS
1 1
5
10
50
100
500
1000

=9 Q=<

HarypanbHi 9ncia 3amucyioThCd 3a JOTTOMOTOI0 TTOBTOPEHHS TTX
mudp. Ipu npomy, akimo Olabima 1udpa CTOITh ITepe/] MEeHIIIOI, TO BOHA
TOMAIOTHC (TIPUHITATI JTOIaBAHHA ), AKIIO YK MEHIIa — MepeJt GiIbIIoio,
TO MEHIIa BiIHIMAEThCs Bij Olabiol (nmpuHiun BinHiManus). OcraHHe
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MIPaBUJIO 3aCTOCOBYETHCS TLIBKU JIJIsT YHUKHEHHsST YOTUPUPA30BOTO TI0-
BTOpeHHd ojiHiel nudpu. Pumceki mudpu I, X, C craBigarbes BiIIIOBI -
o nepen X, C', M nng nosunavennd 9, 90, 900 abo nepen V', L, D njis
noznadenaga 4, 40, 400. Hampukian, VI =5+1=6, IV =5—-1 =14,
XIX =10+10—-1 =19 (zamicts XVIIII), XL = 50 — 10 = 40,
XXXIIT=10+104+10+1+4+1+ 1 = 33 Tortmpo.

PumMcenKi uncia BUKOPUCTOBYBAJINCA CTAPOJABHIMY pUMJIdHaMu. Bu-
KOHAHHSI apuPMEeTUIHUX Aiil HaJ OaraTo3HAYHUMU YUCJIAMU B I CHU-
creMi ayxKe He3pydHe. /laHa cucTemMa 4YWCJeHHT Ha CHOTOJIHI MaiixKe
HE 3aCTOCOBYETHCsI. 3 JIOIIOMOI'OI0 TAKHUX YUHMCEJI ITO3HAYAIOTH CTOJIITTS
(XV cr.), pokn vee. (MCMLXXVII) ta micani B garax (1.V.1975),
MOPSAIKOBl YMUC/IBHUKM, & TAKOXK IMOX1IHI HEBEJUMKUX MHOPAIKIB (yIV,
V). HacTo puMChKi UMCIa BHKOPHCTOBYIOTH TAKOXK i3 €CTETHIHOIO Me-
TOTO.

SMIUWAGHG CUCTNEMA YUCAEHHA € y3araJIbHEHHSIM CUCTEMU YUCTIe-
HHY 3 OCHOBOIO ¢ 1 11 9aCTO BIJHOCATH J0 IIO3UIIMHUX CUCTEM UU-
ciiertsi. OCHOBOIO 3MIIIAHOI CUCTEMHU € IIOCJIIOBHICTH UHCEJ, 110 3PO-
crae, {bp}}_, 1 KOXKHe YUCI0 X 3alUCyeThCs dAK JiHiliHa KOMOiHamis:
T =Y 1_oakbk, ne Ha xkoediuienru ay (uudpn) HaAKIALAOTHCH JA€sK]
obmexkentst. ko by, = ¢F s gesikoro ¢, a ay, € {0,1,...,9 — 1}, 0
3MillIaHa CUCTeMa CIIBIAJAE 3 g-KOBOI CUCTEMOIO YUCJIEHHS.

HaiisijoMimuM MpUKJ/IaJI0M 3MIITIAHOI CUCTEMU YKCJIEHHS € 300pa-
JKEHHsI 9acCy y BUIJIAl KLJIbKOCTI 110, rojuH, XBUAUMH 1 cekyHj. Ilpu
IIHOMY BeJIWYNHa, d IHIB h TOAWH M XBWJIWH S CEKYH] BiAMOBiIae 3Ha-
1erHo d - 24 - 60 - 60 + h - 60 - 60 +m - 60 4+ s cexyH.

[lixaBruM TPUKIATOM € cucmema vucierns mata. Maiis BUKOprcTo-
BYBaJIW ABAJIISITKOBY CUCTEMY YUCJIEHHS 33 OJJHUM BUHATKOM: YV JIPYTO-
My po3psizi 0yso He 20, a 18 crymenis, TobTo micas aucaa (17)(19) Bin-
pagy iinuio ducso (1)(0)(0). e 6y0 3pobieHO j1Jisi MOJIETIIIeHHST PO3-
paxyHKiB Kajenmapuoro mukiry, ockijibku (1)(0)(0) mopisaoBaio 360,
10 IIPUOJIU3HO JOPIBHIOE KIJIBKOCTI JIHIB Y COHSYHOMY POIIi.

Y HyMiZMaTHUIl 0COOJIMBO BEIWKY Bary MalOTh JIECATKOBA, IBaHA/I-
IATKOBA (JyoJerMMalIbHa), 9eTBIPKOBa Ta, IMICTKOBA CUCTEMU YUHC/IE-
HHsI. Y 1HQOPMAITITHAX TEXHOJOTIAX 3aCTOCOBYIOTHCA JIBIMKOBA, JI€CS-
TKOBa, BICIMKOBa Ta IMCTHAIAIIATKOBA CUCTEMU YNCJICHHSI.

2.2. Tlo3umiitHi ¢g-KOBi cuUCTeMU YUCJI€HHH. 3YIUHUMOCS Jie-
TaJIbHIINE HA ¢-KOBUX TO3UINIHUX cucTeMax ducsjeHHs. Crepry J1oBe-
JIEMO HACTYIIHY JIEMY.
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2.2. JIEMA. fxwo a,g € Z i+ g > 0, mo icnyromsv maki e0uri 4ucaa
s,r€Z, woa=sg+r,ded<r<g.

JOBEJAEHHS. PosrigimeMo MHOXKHUHY BCIX IILIAX YHUCET BUAY 4 — T4,
ne x € 7. Hexait r = a — sg — HaliMEHITNIT HEBLT €MHUM €JeMEHT ITiel
MHOXKUHU. Mu cTtBepmKyemo, 110 0 < 1 < ¢g. ificHo, B TPOTHIEXKHOMY
BUTIAJIKY @ — sg > g, a Tomy 0 < a — (s+ 1)g < r, mo cymepedants Mi-
HiMaJsTbHOCTI 7. /loBeieMo enHICTE JaHoro 300pakennd. [Ipumyctumo,
o icHye iHmmii 3anuc a = sg+7, 1e 0 < r < g. Toai a = sg+r = sg+7,
3BigKU (s — §)g =7 —1ri—g<T—71<g. OCKUIbKE T — 7 JIUTHCA HA
g or—r=0,a0rTke, T=1r185=Ss5. ]

Hexait g € N\ {1} — ocHoBa ¢g-KOBOI cHUCTEMU YUCICHHS.

2.3. TEOPEMA. KooicHe HamypasvHe YUCAO M MOAHCHG EOUHUM SUHOM
noodamu Y 6U2AA01

m = ang"™ + an_19"" 1 + ...+ a1g + ao,

de a; (0 < i< n)— deaki wini He810 eMHT WUCAQ, MEHWT 610 G, NPUOMY
an # 0.

JOBEJIEHHA. 3rifno 3 memoro [2.2] 11t HaTypabHUX 9UCEs M Ta ¢ 3Ha-
HAyTHhCI TaKl €IUHI T 9UCaa Sg 1 ag, Mo m = Sog +ag 10 < ag < g.
Ockinbku g > 2, 10 0 < sg < m. Ao sg = 0, To Teopema J0BeIE-
Ha, 1HAKIEe 1ICHYIOTh TaKl €IWHI Il Yucjaa S| 1 ay, Mo Sg = S1g + a1,
0<a; <gi0< s <sg. lpogosxkyroun ganHmit Iporec aHaJOTIYHO,
OJIEp?KUMO CTPOTO CIIAIHY MOC/ITOBHICTE (Sk) HaTypaabHuX duces. la-
Ha TIOCJIJIOBHICTH He MOXKe OyTH HeCcKiH4YeHHOIO, a TOMY ICHYE€ Take 7,
110 S,—1 # 0, ame s, = 0. 3Bijcu 0IePKYEMO, IO Sy 2 = Sp— 19+ Ap—1 1
Sp—1 = Sng+an = an, 1e 0 < a; < g. Toal mykanuii €MHNN 3aIIUC YH-
CcJIa M MaTHUMe BUIVIAL ™ = sog+a0:(81g+a1)g+a0:slg2+a1g+a0 =
=S an—2g" P+ a1 + ag —(Sn—19 + an—1)g" ! +
29" ?+...+a1g+ao—ang" +an_19" ' +an_29" 2 +...+a1g+ao.

]

Moxma moBecTn, Mo 715 KOXKHOTO JO0MATHHOTO APOOOBOTO YUCTA G
TaK CaMo, K 1 JIJIT KOKHOT'O HATYPAJbHOTO YUCJIA, B CUCTEM] YUCJIEHHS
3 OY/Ib-sIKOI0 OCHOBOIO ¢ ICHY€E TLIbKW €IUHUI 3aIUC BUILY
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n
a = Z aig" = ang"+... +aigd"+...+aog’+a_19g ... +Fa_mg ™.

1=—m

OTxKe, 3aNUC YUCAG G 8 CUCTEMT YUCAEHHA 3 0CHOB010 g — TTe 300pa-
JKeHHS YWCIa Y BUTJIAIL CYMU CTEMEHIB OCHOBU ¢ 3 ILIUMHU HEBIT €M-
HUMU KoedIImieHTaM”, MEHIITMME Hi¥XK OCHOBA ¢.

Bwupa3s

, . B
a=ang" +...+aigd"+...+apg’ +a_19g7 + ... Fa_mg ™.
CKOPOYEHO 3alUCYIOTh TaK
a=(anan-1...G;...0100,0-1G_2...0_y)q.

BBenenns 3maka MIHYC J1a€ 3MOTY 3alUCYBATH y CUCTEMI YUCIEHHSI
3 OCHOBOIO ¢ TaKOXK 1 BiJI'€MHI ducJa.

2.3. ApudmMmerudHni omnepailii B pi3HUX cUCTeMaX YNCJICHHS.
[Ipu BUKOHAHHI apruPMETUIHUX OTepalliil HaJd YUCTaMU, 3alTUCAHUMHI B
TECATKOBIN CUCTEMI YMCJICHHS, MU KOPUCTYEMOCH TIPaBUJIaMU JI0IaBa-
HHsI, BIIHIMaHHS 1 MHOXKEHHsT Unces “‘cToBmmeM’ 1 aiaeHHs “KyTom’. 3a
UMY K TIPaBUJIAMU BUKOHYIOTH OTIepaIlil it HaJT YUCJIaMU, 3aTTUCAHUMHA
B Oyab-sIKiit iHTIMIH crucTeMi ducaeHHs. /loBeieMo, HAITPUKJIIa1, TPABUJIO
J0/laBaHHS B CHCTeMI uncJieHHs 3 ocHOBOIO g. Hexait a = (ag ... a1a0)y
ib= (bs...b1bo)y. He Brpauatoun 3aranbHOCTi, MOXKHA BBasKaTH, IO
k > s. 3naiigemo cymy a + b.

a+b=(ag...a1a0)g+(bs... blbg)g:(akgk—l—. cAasp1g° Fasgt +
oA arg+ag) + (bsg®+ ... +big+bo)= arg® 4+ ... Fas19°T + (as +
bs)gs + ...+ (a1 + bl)g + (a() + b())

Y 1poMy 3almuci jeski 3 aucena ag + bg, a1 + by, ..., as + bs MOXKYTH
BUSIBUTUCS OL/IBIIMME 200 JOPIBHIOBATH OCHOBI YMCJIEHHS §. SIKINO @y +
b, > g (0<m <8), 170 Am+bpm = g+rm, 1e 0 < rpy < g. Tomy (@m1+
bm+1)gm+1+<am‘|‘bm)gm = (am+1‘|‘bm+1+1)gm+1+rmgm° 3aMinuBImn
KO2KeH BUpa3 (A, +by,) > ¢, mounnaiouu 3 ag—+ by 1 3akinayoun ag+ b,
PIBHO3HAYHUM fIOMY BHPa30M ¢ + 1y, 1 IIepeHiclIm TaM, Je 1e I0TpibHO,
OJMHUITIO B HACTYIIHUI PO3PSI, JiCTaHEMO 3allliC CyMHI a + b B cucTeMmi
YMCJIEHHS 3 OCHOBOIO §:

a+b=cg' +...4+c1g+ co,

abo ckopoueHo a + b = (c;...cicp)g.
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Takum arHOM, 1100 J0JaTH JBA ILJI JOJATHI YMCAa, 3allMCaHl B CH-
cTeMl YMCJIEHHT 3 OCHOBOK ¢, TTOTPIOHO JOAaTH 1XHI UM PU MEPIIOTO
POBPSIY, TOTIM TIMPPH JPYTOTO POo3psaay 1 T.4. [Ipm mboMmy KOXKHOTO pa-
3y, KOJIW TIPY JIoIaBaHHI MUMP JaHOTO PO3PAAY JICTAHEMO CyMY OLIBITY
ab0 pIBHY OCHOBI CUCTEMU YUCJECHHS ¢, TOTPIOHO MEPpEHECTH OAUHUITIO B
HacTyTTHWH po3psan. [lpn gogaBamail uncena JOJaHKNT JOILIBHO ITATTHACY-
BaTH OJIMH IIiT OHUM (Y CTOBITIHK ) TaK, 06 1udpu, 9Ki BIAIOBIIAI0TH
OJJHAKOBUM PO3pdiaM, Oy/iud OoxHa IIij 0JaHOI0. K Oadmmo, q0ogaBaHHS
bararonrdpPOBUX UUCE] 3BOAUTHCS A0 A0JABAHHY OJHONU(MPOBUX UH-
cesi. TakuM YMHOM, OCHOBOIO JIOJaBAaHHSI CUCTEMHUX YHCEJ € TaOJIUIIS
JT0/TaBaHHS OJHOIU(DPOBUX YHCEJ, 0 BU3HAYAE CYMY JIBOX YHCEJI, MEH-
IMUX, HI?K OCHOBA (.

MozkHa mokasaru, 110 BiTHIMAHHS, MHOXKEHHSI 1 JIIJIEHHS] YUCEJT BU-
KOHYETHCS TIJIKOM aHAJIOTIYHO TTpaBUIaM 3BUYAMHOI MTKLIBHOI 1€CITKO-
BOI apuPMETHKH.

[Tobynyemo, HATpUKIaI, TAOJUIN JOJaBaHHS 1 MHOXKEHHS OJTHOTIH-
bpoBUX UMCEsT B YETBIPKOBIN CUCTEM] UMCIEHHI:

+10|1 123 oO(1| 2|3
O(0}1}]2]3 0,007 010
11|23 |10 110|123
2123|1011 2,/012]10]12
3 (3101112 310131221

Y KOXKHIl KJAITHHII IMX TAaOJUIb 3aIIMCAHO y YeTBIPKOBIN cucTe-
Mi dncaerrs cymy (106yTok) mnudp, Mo € HoMepaMu psiJKa, i CTOBIIIIA,
Ha, II€PETHHI SIKUX CTOITh JaHa KJAITUHKA. KOpUCTYIOYUCh IUuMU TabJI1-
IISIMHY 1 MpaBUJIaM¥, aHAJOTIYHUMHI TIPABUJIAM JIECATKOBOI apudMeTnKH,
BUKOHAEMO apuMeTHIHI onepallil Ha T 9UCcIaMi B YeTBIPKOBI# crucTeMi
YUCJEHHH:

1203, 24 203,24 1024

132,14 132, 14 214

1001, 34 11,14 1024
+210,

22024
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2.4. IlepeBeaeHHs LIJINX YHCeJI 3 OJHIET MO3UIIIITHOT cCUCTe-
MU YUCJIEHHSI B IHIITY. Y TIpolieci po3B’si3yBaHHS 3a71a49 J0BOIUTHCS
MMEPEBOIUTH Il YHUCAa 3 OHIEl MO3UIIHHOI cucTeM”W B IHITY. 71K Ke
TIePeBEeCTH YMCJIO @, 3alTUCaHe B CUCTEeMI YHUCJEHHS 3 OCHOBOIO S, B CH-
CTEeMy YHCJIEHHS 3 OCHOBOWO g7 4K BijjoMO, 3ammcaTu YHUCJIO @ B CU-
CcTeMi YHMCJIEHHS 3 OCHOBOIO ¢ — Tle 300pas3suTu HOTo y BUTJSIL CYMU
a = arg® + ...+ a1g + ag. 3uaiimemo xoedimientn ag, ai, . .., a;. Io-
TJIMMO B CUCTEM1 YHMCJIEHHA 3 OCHOBOIO § YWCJIO a Ha ¢, JICTAHEMO
a = bog + ag, 1e ag < ¢g. Hami nmoxinmumo by Ha g: bg = b1g + a1, ze
a1 < g. 3Bijacu

a = bog +ag = (b1g + a1)g + ag = big* + a1g + ao.

[Torim nogisiumo by Ha g i T.j1. Leit mpoiec mpogoB2KyBaATUMEMO JIOTH,
JIOKA He OTPUMAEMO YaCTKy, dKa JOPIBHIOE HY/I0. BHACIIZIOK IHOTO
MaTHMeMO:
a:akgk—|—...—|—alg—|—a0.

OCKUTBKT 33 TEOPeMOIO YUCJI0 @ MOXKHA TI0JAaTU Yy TaKOMY BUIJIS/IL
€JIMHUM 9MHOM, TO aq, a1, . . ., Ak € TudPaMI 9UCIa @ B CUCTEM] InCIIe-
HHS 3 OCHOBOIO (.

Takum YnHOM, /I IEPEBEIEHHS HATYPAJIbHOTO YHUCTIa @, 3a/IaHOTO
B S-KOBI1 CCTEM] YNCJIEHHS, B g-KOBY CUCTEMY UYMCJIeHHS KOPUCTYEMOCH
HACTYITHUM TIPABUIOM: CROYGMEY 3ANUCYEMO HUCAO § 6 S-K061l cucme-
Mi, @ NOMIM BUKOHYEMO (6 S-K06iT cucmemi wucaennsa!) Kiavka disens
YUCAG Qg & NOCAIO08HO YMBOPIOBAHUT UACTNOK HG YUCAO §s domu, 00Ky
HE OMPUMAEMO YaACMKY, AKG J0PI6HIOE HYA10. 3006ymi ocmayi cnowa-
MKY BUPAACGEMO YUPPAMU §-KOB0T CUCTNEMU YUCAEHHA | 3GNUCYEMO 8
360POMHLOMY NOPAIKY. BaANUCAHT TMAKUM SUHOM 0CMay4l (U4e 6oce Y-
Ppu 6 g-KOBIl CUCTNEMI YUCAEHHA) T € §-KOBUM 3ANUCOM YUCAG Og.

2.4. TIPUKJIAJ. 3anuiiemo yucjao a = 4719 B TPIAKOBil cucremMi 4u-
CJIEHHS:

47=15-3+2
15=5-3+0
5=1-3+2
1=0-3+1

3BijJCK BUILIMBAE, IO YUCJIO @ B TPIAKOBIl cucTeMmi YMCAEHHS 3a-
rutrerbess a = 12023.
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2.5. ITPukaAd. Ilepesememo unciao a = 122103 3 TpiitkoBOI cucTeMu
quc/ieHHd y BiciMKoBy. HoBa ocHOBa y TPIfiKOBIM cruCcTeM] YUCAEHHS J10-
pisrioe 22. [Togiimmo OCiTIOBHO YV TPIMKOBIii cucTeMl YUCAEHHI YUCTIO
a = 122103 Ha 223

122105 = 2015 - 225 + 115
2015 = 23 - 225 + 103
23 = 03 - 223 + %

PesynbraTu mocaioBHOTO JLIEeHHS 3alUCaHl y TPIMKOBiit cucTemi
YUCJIEHHS, ajie MU 3HaeMo, 110 113 = 4g 1 103 = 3g. OTke, a = 234g.

[Tepexis Bij g-KOBOI CHCTEMH YHMCJIEHHS JI0 JeCITKOBOI BUKOHYIOTH
mie it Tak. duciio ay 3amUCcyoTh y BUIJIA/]

ag = ang" + ...+ a1g + a.

[ToTim 3amicTh 9uces ay, - . ., a1, Ao 1 g TMJICTABIIIOTH 1XHI JIECITKOBI 3a-
IKUCH 1 poOJISITH BIAMOBIAHI obuucaeHHs . /lecsaTKOBUIt 311 pe3yabTaTy
€ MIYKAHUM YHCJIOM.

Y BUTIAQJIKY, KOJIU g = S" TepexiJi BT O/THIE] CUCTEMH TUCJIEHHS 10
1HITIOT 3HAYHO CITPOIy€eThes. /lilicHo, HexXall MaeMOo JiBa 3alliCU YUCTIa G
B ¢-KOBIii 1 S-KOBIili cucTeMax YnCJ/IEHHS:

k

a = (an ce alao)g = (bl ce blbO)s; TOOTO

a=ang" +...+a1g+ao="bs" +...+bs+ by.
[TokaxkeMo cmmo9aTKy, IO A9 JOBLIBHUX Cgy,Cl,...,Ch_1, 0 < ¢ < 8,

(2) Cho18" TV 4+ s+ < g.

HiticHo,
Cho15" 4. Ferstcg < (s—1)s" T 4 (s—1)s+(s—1) = sF—1 < s,
3 orysgay Ha ocTada ag Bl ALTEHHS YUCAa Q@ = blsl + ...+ bksk +
bp_18* L+ .+ bis+ by = (s F 4o+ bp)sF 4 (s L+

bis+ by) Ha g = s* nopismioe by_15* 1+ ... 4 bys + bg. Orixke, (ap)g =
(bg—1 ...b1bo)s. Jdani 3 piBHOCTI

ang” L+ . 4 asg+ar =bsTF 4+ 4 bppis + by

HEIIOBHUX YaCTOK Bij jaijeHus a na g = s* Buinsae, 1o

(a1)g = (bak—1 ... br41bg)s-
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AnajioriaHo MOXKHA OfepKaTh 300paykKeHHsI PEIITH ¢-KOBUX HUP B
BUTJISI k-PO3PATHUX S-KOBUX YHCET. TakKuM 9UHOM, JIJIA TepeBejleH-
HY YHCJIa, 3allMCaHOI0 B ¢-KOBil cucTeMi YMCJIeHHH, B S-KOBY CHCTe-
MY YUCJIEHHSI JIOCTATHBO KOXKHY ¢-KOBY HU@PY 3aMiHUTH PIBHUM Iii k-
PO3PATHUM S-KOBUM YHUCJIOM.

2.6. ITPukiA. Ilepesegemo umcao a = 765, 1633 B ABIMKOBY cuctemy
YUCJIEHHS:

a = "765,163g = 111 110 101, 001 110 011 =111110101,0011100115.

7 6 ) 1 6 3

s miepeBejieHHS YHUC/Ia 3 JBIMKOBOI B BICIMKOBY CHCTEMY YHCJIEH-
H¢ JIOCTATHBO PO30MTH HOro HpaBopyd i JIBOPYydY BiJi KOMU Ha Tpiajau
1 3aMIHUTH KOXKHY TPiaJy BiAIOBIAHOIO 1i1 BiciMKOBOIO Hudporo. AKIno
Ipu po30MTTI KpaiiHi Tpiajgu BUABISATHCH HEIIOBHUMMU, TO X CJiJ J10-
MMOBHUTU HYJIIMHU.

2.7. ITPUKJAN. Ilepesememo uncio a = 1011, 1o y BICIMKOBY cuctemy
YUCJEHHH:

PosrisgaemMo MeTos mepeBeieHHs TPAaBUILHUX JAPOOIB 3 OJHIET CH-
cTeMm ducaeHHd B inmy. Hexait mpapuabumit 1pib a, 3aaHnii B S-KOBIii
CcUCTEeMI YMCJIEHHS, MOTPIOHO 3aIMCaTH B CUCTEM1 YMCJIEHHI 3 OCHOBOIO
g. llpunmyctnmo, o 3ammc Ymucaa ¢ B ¢-KOBI# cUCTeMl YMCJAeHHSA 3Ha-
NJICHN:

a=(0,a_1a_2...a_p)g = a_1g P+ aog 2+ . . Fa_mg ™

K0 MOMHOXKHATH YHUCJIO @ HAa OCHOBY ¢ HOBOI CHCTEMH UHUCJIEHHS, TO
1118 JacTUHa, JOOYTKY Oyae JOPIBHIOBATH a_1, a ApoOOBa —

a] = a_gg_l + ...+ a_mg_mH.

Yucao a1 € mpaBUILHAM ApOoOOM, OCKIIBKK BCl mudpu a; < g. Ta-
KM YMHOM, B Pe3yJbTaTi MHOXKEHHS YNCJa a Ha ¢ OTPUMYEMO IILITY
JaCTUHY, SKa JOPIBHIOE 3HAYECHHIO ITMPPU CTAPIIOTO PO3PSIIY APOo0O-
BOTO ¢-KOBOTO umcja. IIpogoBxkyrodm MHOXKEHHsT JIPOOOBUX YAaCTUH a;
Ha OCHOBY ¢ (IiJli 9aCTWHYM MPU KOXKHOMY MHOYKEHHI BiJIKUIAI0THCS),
MOKHa, OJIepPyKaTh PEITy Mudp NIyKaHOro Apo0y: HUMU € IiJ1 YaCTHHA
ofepxKaHUX Mo0YTKiB. [Ipm mpomy, gKkImmo g < s, TO Il YaCTUHU J0-
OyTKy € mudpaMu ¢g-KOBOI CUCTEMM YWCJEHHsI, a JKIINO g > §, TO I
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JACTUHU € YUCIaMU S-KOBOI CUCTEMU YHUCJIEHHS, IK1 He0OX1HO 3aMiHU-
TH T PaMI g-KOBOI CUCTEMH.

CdopMmy/iroeMo HpaBuUjIO MMEPexody Bij OJIHIEI CUCTEMU YKUCJIEHHS
JTO 1HITIOT METOIOM MHOYKEHHST Ha, OCHOBY: w00 NEPEmMeopumu npasu.ib-
HUt Opib 3 00MIET cuCmMemMu “YUCAEHHA 6 THULY, HeoDTI0HO MOCAL0068HO
MHOACUMU Ue YUCAO | NPOMINCHT 3HAYEHHA HA OCHOBY HOBOT CUCTEMU
YUCAEHHA (3anucany 6 cmapill cucmems), 610Kuda0wu KOAHCEH Pa3 Ui
Yacmuru 00OYMKI6; Ui ULAL YACMUHY € 3ANUCOM UUPD WYKAHO20 YUCAG
g-K0601 CUCMEMU YUCAEHHA.

2.8. [TPUKJIAL. IlepeBenemo gecsaTroBe aucyao a = 0, 687519 B ABIAKOBY
CUCTEMY UNCJIEHHS:

0, 6875
9

1, 3750
9

0, 7500
9
«1,5000
p

1, 0000

OTxe, a = 0,10114

Cuiiji 3ayBaKuUTH, 110 B 3araJibHOMY BHIIJIKY JPO0OBI 4ucsa mnepe-
BOJISITHCS 3 OJHIET CUCTEMU YUCJIEHHS B 1HIY HaOJMXKEHO, TOOTO JIpo-
6oBa JacTuHA JOOYTKY IIPU MTOCIiTOBHOMY MHOXKEHHI Ha OCHOBY HIKOJIN
He JOpiBHIOBaTHME HYJII0. B mMboMy BUMAJIKY IIPOIEC MHOXKEHHS ITPO-
TOBXKYIOTH TOTHU, JOKW He OyIe odep:KaHa HeoOXigHa I JTOCATHEHHS
3a/1aHOI TOYHOCTI1 3aMMUCy YUCJIa KIIBKICTHh PO3PL/IB g-KOBOT'O YHMCJIA.

2.9. ITPUKJIAT. YHwmcio % B JIECATKOBIT CHCTEMI YUC/IEHHS 3aMMUCYI0TH
CKIHUYEeHHUM JIpoOOM, a B ABAHAIISITKOBIN — HECKIHUEHHUM:

1
5= 0,210 = 0,249724972497 . . .12;
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YUCJIO %, HAaBIIAKW, B JIBAHA/IIATKOBIN CUCTEMI YUMCIEHHS 3aMMUCYIOTH

CKIHYEHHUM JIPOOOM, a B JECATKOBII — HECKIHUEHHIM:

1 1
6 20,212,6 =0,1666...10.
B 00ox nux cucremax 4mcJio % 3alUIIEThCs CKIHYEHHUM JIPOOOM, a du-

CJIO % — HEeCKIHYEHHUM:

1 1
1= 0,2510 = 0, 312, - = 0, 142857142857...10 = 0, 186035186035 . . .12 .

Jlns mepeBejieHHS HENTPABUJILHOTO APO0Y 3 OJIHIET CUCTEeMU YUCJIeH-
He B 1HIILY, CJIiJI IIJIy YaCTUHY OTPUMATH METOJ0M JIlJIeHHS, & JPOO0BY
— METOJIOM MHOXKEHHSI Ha OCHOBY HOBOI CUCTEMU UNCJIEHHS.

PekomennoBana Jiiteparypa : [1] c. 58-80], [5] c. 79-88].

IInTtanna Ta Bupasmu mo naparpada 2.
2.1. Ha gkl Tunm mogiagi0ThCad CUCTEMHT IUCJIEHHS 7

2.2. ki nndpu BUKOPUCTOBYIOTHCS [JIsi 3AINCY YHCEI B PUMCHKIiil
CHUCTEMI YUCJIeHH !

2.3. OmuimniThk OpOIeC IMEePEBEIeHHST YNCeJ 3 JIBIMKOBOI CUCTEMU Y-
CJIEHHSI B YETBIPKOBY 1 HABIIAKU.

2.4. 3BammcaTu B IeCATKOBIN cUCTeMl YUCJIEHHS TaKi UIMCIa PUMCHKOT
uymepaiii: a) CXVI, 6) CXIV; B) DXCVI;, r) MCCII,
n) MCDXXIX;e) MDCCCLXXIV.

2.5. Bammcatw B puMChKiit cuctemi uncyaenus uncia: a) 39; 6) 93; B)

2011; r) 1999.

2.6. OOuucsgaurn:

(33334 + 22224) - 124;

20115 4+ 20125 — 4321g;

206718/1318 — 1378;

1201115/1025 4 2015 - 123 — 112203;
2320115/1045 + 12345 - 3225 — 10221315;
32157 - 247 — 114617 /257 + 15327 — 1150447.

2.7. 3anucaru B JIeCATKOBIN CHCTEM] YUCACHHS TaKl IUCIIA:
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a) 1000011015; r) 0,2213;
6) 75634015; ) 11001, 11001;
B) (10)7(11)912; e) 437,3201s.

2.8. IlepeBectn 3 omHi€l cucTeMu YUCJEHHS B 1HIMY. 3poOUTH mepe-
BIpKY.

a) 12419 — x4; F) 320145 — ws;
6) 134019 — T14; n) 333117 — x3;
B) 1010003 — X4, e) 34(11)5712 — T11-

2.9. [IlepeBectn 3 OjiHIET cUCTEMU YWCJIEHHS B IHIITY.

a) 101110011015 — 24 r) 1201222011, 21113 — zy;
6) 13304 — 22: 1) 3387656, 34559 — x3;
B) 1017655 — 2 e) 1011100010101, 15 — 1.

2.10. Ilepesectu uncsio 2012,20121¢ 3 AeCATKOBOI CHCTEMHU YUCIECHHHI
B JIBIIIKOBY, TPIKOBY Ta YeTBIPKOBY CHUCTEMU YUCJIEHHII.

2.11. 3naiiTu x, SKIIO:

a) 201, = 41g; n) 324, = 100223;
6) 203, = 5310; e) 364, = 3001;
B) 106, = 1537; €) 401, = 2657;
r) 236, = 12405, ) 541, = 2014

2.12. 3maiitu vacTKy Bij gienHst unciaa (62zy427)10 Ha 9919, a Ta-
KOK HeBiJIoMi mudpu & 1 Yy, SKIIO JlJIeHHs BUKOHYEThCA 06€e3 ocTadl.

2.13. 3HajiTé Take HaliMeHIIe HATYypPaJbHE YHUCJIO M, 9Ke B JIECATKO-
Bifl cucreMi 4Ymuc/ieHHd 3aKiHUYyeTbCd 1U@PPOI0 6, NPUIOMY, SKIIO IO
nuudpy 3anucaTi Ha MOYaTKY YKCJIa, TO BOHO 30LIbIINTHLCA B 4 pa3u.

2.14. Ywucno (42x4y)19 mimuthbesa Ha 7219. SHaiTn nudpn x i y.
2.15. Hexait 2 - (zvyz)10 = (zyz)y. Suaiitu (xyz)io i g.
2.16. 3maiitu gucygo n, sk n = (abc)y = (cba)g.

2.17. 3maiitu 8-mudppose uucio n = (abedefgh)ig, sAKIO UnCIA
(abed) 19 Ta (efgh)ig BiAPI3HSIOTHCS HA OJMHUITIO.
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§ 3. PeryngapHi MoBHU 1 peryjsapHi BUpa3n

B npomy mnaparpadi onuiieMo BaxKJMBUM KJjac POPMaJIbHUX MOB
— peryadpHl MOBU 1 X 3aJITaHHA 3 JIOTIOMOTOIO PETYJASPHUX BUPA3iB, a
TAKOXK PO3TJITHEMO ajreOpaivHi 3aKOHM JIJIsd peryaspHuX Bupasis. Li
3aKOHU Oararo B 4oMy IO/Ji0HI JI0 ajredpaldHux 3aKOHIB apudMeTUKH,
IPOTe MiXK apuPMETUIHUMHA 1 peI‘yﬂHpHI/IMI/I BUPa3aMU € 1 CyTTEBI BIJI-
MiHHOCTi. PeryngapHi Bupas3u TiCHO MOB’d3aHi 31 CKIHUEHHUMHU aBTOMa-
TaMu, K1 MU pOSF.HH,HaTI/IMeMO B HaCTyHHOMy po3aiii. Ix moxxHa TakoxK
POBIVIAAATH K “MOBY HPOrpaMyBaHHs JIJis OLUCY JeAKUX BaKJIUBUX
JTO/TATKIB, HAITPUKJIA, TTPOTPAM TEKCTOBOTO TIOMTYKY UM KOMTIOHEHTIB
KOMIILJISITOPA.

Hexait X — qosisbHuit andasit. Buswaunmo pezyaspry mosy (mHo-
orcuny) 6 aagasimi X peKypCUBHO HACTYIIHUM THHOM:

1) mopoxkHsI MHOKWHA () € PeryssipHOI0 MOBOIO;

2) st KoxkHOT 6ykBU 0 € X MHOXKUHA {a} € peryjspHoi0 MOBOIO;

3) akmo A1 B € peryigapHuME MOBaMu, TO MHOXUHE AU B, AB
i A* TaKOXK € PeryaIapHuMU MOBAMUT;

4) iHIUX PEerysisipHUX MOB He iCHYE.

3.1. IIPUKJIA/T. be3nocepeanbo 3 O3HAUEHHS BUTLINBAE:
1) muOxkmHa {e} e peryagpHoio Moo, 60 {e} = 0*;
2) muoxkwmHA {001,110} — perymsipra MoBa HaJT OiHapHUM asdabi-
rom, 60 {001,110} = ({0}{0}{1}) U ({1}{1}{0});
3) aHajorigHo, 9K i B IyHKTI 2), MOXKHA [TOKA3aTH, IO OYy/1b-sKa,
CKIHYCHHA MOBA € PETYJISPHOIO.

[M1o6 crpocTuTH 3amuc PeryjadpHuX MOB, BU3HAYUMO IOHATTHI pe-
2YAAPH020 8uPa3y nad aspasimom X HACTYITHUM UMHOM:

1) mopoxkusg MHOXKMHA () € peryasapHuM BUPa30M, SKHNA IO3HATAE
MTOPOYKHIO MHOXKUHY

2) e € peryJisipHUM BUpPa30M, sIKuiil mo3nadae MoBy {e};

3) a — peryngpHuii Bupas, mo mo3nadae MoBy {a} s KOXKHOI
oykBu a € X

4) FKINO 74 1 T € PEeryJIsspHIMEI BUPA3AMHU, 1110 MTO3HAYAIOTH MOBH
A i B signosigno, 10 (ra) + (rB), (ra)(rs) i (ra)* € pery-
JIIPHAMEU BUpa3aMu, 10 I1o3Hadaiors moBu A U B, AB i A*
BITIOBITHO;

5) iHmmx peryssipHux Bupasie Hajl ajgdasitom X He iCHYE.
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Akimo r — peryastpauii Bupas, To depes L(r) mosHagaTuMeMo Bij-
MOBiTHY oMy peryiagapHy MoBy. [1[o0 3MeHMHUTH KiJIBKICTH JAYKOK B
peryJISpHUX BUPa3ax, OyIeMo BBaxKaTw, 10 HAWBUINKAN MPIOPUTET MaE
oTIeparris iTepariii *, MOTIM BUKOHYETHCA KOHKATEHAIllS 1 OCTAaHHBOIO —
omepairiist +. Hampuka, 3amuc peryaspaoro supasy ((0)(1))+((1)(0)),
sxwuii mosHadae Moy {01, 10}, criporyerses 1o 01 + 10, supas 0* mo-
suagae {0}, (0+1)* — {0,1}*, a (0 + 1)*001 mo3Havae MHOKHUHY BCiX
CJIIB, 9Kl CKJIQJIAI0THCS 3 HYJIIB 1 OAUHUIL Ta 3aKIHIYIOTHCA cjioBoM 001.

3po3yMiJIo, IO Jijisd KOKHOI PeryjsspHol MOBU MOXKHA 3HAWTU IIPU-
HAUMHI OJINH peryJigpHuil BUpa3, dkuit 11 mo3nadae. | HaBnaku, a1 Ko-
JKHOTO PEeryJsgpHOro BHPA3y MOXKHA MOOYAyBaTH PeryadpHY MOBY, IO
3aJIa€ThCs 1M BUpa3oM. Ha Kautb, J11d peryaspHOl MOBH iCHY€e OaraTo
supasis. Hanpukiaz, supasu 01 + () i 01 nossadatorh ojgHy i Ty XK
moBy {0}*{1}. Kaxkemo, 1o jBa perysisipHuX BUpa3u piBHI (=), SIKITO
BOHU TO3HAYAIOTH OJIHY 1 Ty K PEryJgdpHY MOBY.

3.2. TBEPJ?KEHHA. Hexat o, B 1y — peeyaapui supasu. Todi:
o+ 5 — B + a;

0* = e;
a+(f+7)=(a+B)+;
a(fv) = (af)v;
a(f+7)=ab+ay;

(a+ B)y = ay+ By,

ae =eq = q;

b = al) = 0;

of =a+a;

(Oé*)* — Oé*,’

o+ o=

a+0=a.

JTOBEAEHHS. Hexait o 1 8 mo3uauarors Mo A i B Bignosigno. Tosi
a + 8 nosuavae AU B, a 4+ o mosnagae BUA. Ane AUB=BUA
3a O3HaYeHHIM 00’emHaHHA, TOMy « + 8 = [ + «. Pemra piBHOCTEI
JTOBOAATHLCS aHAJIOTIUHO. []

Tl 3py9HOCT] 3allCy BBeJEMO MO3HadeHHd: 11 = rr* r.

Posrigaemo Jieski mpuKaain.

3.3. ITPUKJIAL. JloBecTn pPiBHOCTI:
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a) a*(a+0b)" = (a+ ba*)*;
6) (ba)™(a*b* + a*) = (ba)*ba™b*.

a) Iokakemo, 10 0O6W/IBI YACTUHU PIBHOCTI JTOPIBHIOIOTH (a + b)*.
[iticro, 06uaBi yacTuHM piBHOCTI € MAMHOKUHAMET (a4 b)*, 60 (a+b)*
TIO3HAYae MHOKWHY BCix ciiB B andasiti {a,b}. Takum anHOM, mocTa-
THBO TTOKA3ATH, 110 00U Bl YacTuHU MicTaTh (a4 b)*. Ockiabku e € a*,
0o a*(a+b)* D (a+b)*. 3 Toro, mo b € ba* BunMBae MOTPiIOHE BKIIO-
gernnd (a + b)* C (a + ba*)*.

6) (ba)™ (a*b* + a*)=(ba)*(ba)a*(b* + e)=(ba)*ba™b*.

3.4. ITPUKJIAL. Perynapuuii Bupa3s

1((0+14+2+34+4)(0+14+2+34+4+54+6+7+8+9)+5(0+1+2))

[O3HAYAE MHOXKWHY HATypaJbHUX duces Biapizka [100, 152].

3.5. [IPUKJIAL. 3HaiiTu peryjsspHuii BUpa3 JJid MHOXKMHK BCIX CJIIB B
andasiti {0, 1,2}, gki € 3anmmrcamu B TPIfiKOBIi cucTemi damces1 HeBiT eM-
HUX IIJINX CTeHeHIB umcya 9.

B TpiiikoBiit cucremi uynciiennsa crenenl 9" sannmyreea gx 1 00. .. 0.
P Yy \ 4

2n
Takum arHOM, ITyKaHWii peryasipuuii supa3 mae surisia 1(00)*.

3.6. IIPUKJIAA. 3anucaT peryasipHuil BUpa3 JJisd MHOXKUHH BCIX CJIiB
y IBITKOBOMY aJidaBiTi, Kl MicTaTh mijgcaoBo 001.

Kozxne Take cjioBo 3anumierhbest y Buriaganai o001, 1e a i f — goBLIb-
HI CJIOBa B JIBITKOBOMY aJidpaBiTi. TakuM 9UHOM, OJIEPKYEMO TITYKAHUH
peryagapHuil BUpas:
(0+ 1)*001(0 4+ 1)*.

3.7. IIPUKJIAA. 3anucatu peryasipHuil Bupas JJjiss MHOXKMHHU BCiX CJIiB
y ABiliKoBOMY aJichaBiTi, Kl He MicTaTh migcaoBa 001.

SIKITO CJIOBO w HAJIEXKUTH NIYKaHI MHOXKWHI, TO BOHO He MICTUTH
migciaosa 00, 33 BHHSITKOM TOrO BHIQJKY, KOJIM BOHO Ma€ cydixc 0F
st k > 2. Ananoriuso, gk 1y npukmaazi [1.3] moxna nokasaru, 1o
MHOYKHWHA CJ1B, dKl He MICTATh mijgcioBa 00, 3anuCyeThCd 3 JTOTTOMOT OO
peryisipaoro Bupasy (01 + 1)*(e + 0). Takum umHOM, MHOYXKHWHA, BCiX
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CJIB, K1 He MicTaTh mijiciaoBa 001, 3anunieTbcd HACTYITHUM PeTyasap-
HUM BUPA30M:

(01 4 1)*(e 4 0+ 000%) = (01 + 1)*0*.

Posrigremo piBHgHHA Y = a)X + 0, ge « i [ peryagapHi BUpasn
B asasiti X 1 x ¢ X. 3 TBepikeHus BUILJIMBAE, 10 X = (3
— eJuHUI PO3B’A30K PIBHAHHS, AKIIO € ¢ «. Y BUIAJKY € € « PiB-
HAHHS Ma€ 0e3J1i9 po3B’d3KiB, KOXKEH 3 dKUX, OUYEBUIHO, MAE BUTJISA]
a*(BU~), ae v — nosiibHa (He 0060B’SI3KOBO perysspHa) MoBa. Buko-
PUCTOBYIOYN TBEPIKEHHS MOKHa, PO3B’SI3yBaTH CUCTEMU PIBHSIHB
3 peryagpanMu Koediriearamu (MeTooM, aHaaoridaum Meroay Layca
T7TSI O3B’ SI3yBAHHA CUCTEM JIHIHHUX PIBHIHB ).

Perysisipui Bupasu 4acTo 300pazkKyioTh NOMIYEHUMU OPIEHMOGAHU-
MU 2padamu, CTPLIKA STKUX MO3HAYAThH OykBamu 3 andasity X U{e}.
L1 TOBLIBHOTO PEryJISpHOTO BUPA3y 7 MOTO T'pad YTBOPIOETHCS Ha-
CTYITHUM YUHOM:

Crouarky MaJI0eMO JIBi CllelliajibHi BEPINHI, 9Ki HA3UBAOTHCS 110~
YaTKOBOIO 1 KIHIIEBOIO BEPIIMHAMM, 1 CIIOJIy9a€MO 1X CTPLIKOIO, ITO3HA-
IEeHOI0 71

O——0O

JlaJri MOBTOPIOEMO HACTYITHI KPOKHW JIOTH, JIOKM KOXKHA ITO3HAYKA,
JIOBLJIBHOI CTPLJIKKM HE MICTUTUME CUMBOJIB +, - 1 *:

1) 3aMiHIOEMO KOXKHY CTPLIKY 3 MO3HAYKOW f+ ¢ Ha JIBi mapasiesbHi
CTPLJIKK 3 ITO3HaUYKaMu [ i g:

f
Q”go:so/;\@

2) 3aMIHIOEMO KOXKHY CTPLIKY 3 IMO3HAYKOW fg Ha J0JaTKOBY Bep-
IMAHY 1 JIBI CTPLIKY 3 TTo3HaUYKaMu f 1 g:

fg f 9
O o = O0—0—0
3) 3aMIiHIOEMO KOXKHY CTPIIKY 3 TIO3HAYKOIO f* Ha JI0JaTKOBY BEpP-
IIAHY 1 HA TPU CTPLIKK 3 MO3HaYKamu €, f i e:
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O——0 = OO0
.

Yepes G(r) mozHaummo nomideHuil opienToBaHuii rpad peryiisp-
Horo Bupaszy r. O4UeBUaHO, MO KOXKHA CTpiaka B G(r) Mae TO3HAUKY
3 muoxnan X U {e}. Koxmomy mmursaxy B G(r) Biamosigae cioBo, ske
OJIEPXKYETHCA KOHKATEHAITIEIO BCIX OYKB, sIKl MO3HAYAIOTh CTPLIKY TILIS-
xy. CioBo x Haje:xxuTh MOBI L(r) Tofi i TITBKY TOJI, KOJIU iICHYE TILIAX
B G(7) 3 OYATKOBOI BEPIINHU B KIHIEBY BEPIIWHY, IKOMY BiJIOBI1a€
cyioBo . Koxnua e-crpinka B G(r), sKa € €IMHOI0 BUXITHOIO CTPLJIKO0
3 HEKIHIIEBOl BEPIIUHU YU €JIMHOIO0 BXIJHOIO CTPLIKOIO B HEIIOYATKOBY
BEPIIKHY, MOXKe OYTH CTATHYTa B OJHY BEPIIAHY.

3.8. ITPukIAI. Ilobymyemo rpad G(r) peryaspHoro Bupasy
r = (11 4+ 0)*(00 + 1)*.

300pa3umMo KPOK 33 KPOKOM ITOOY/IOBY JTaHOTO T'pady:

1140)*(00+1)*
O (11+0)* (00+1) @
(114-0)* (00+1)*
O O ©
m e /\ e m e /'\ & @
S0 70
1140 00+1
0 1
At e e
S0 70
11 00



§ 3. PET'VJIAPHI MOBU I PETI'VJIAPHI BUPA3U 29

0

Doy e eg

Q - OQO

CrarnyBmmu, Je 1e MOXKJIUBO, e-CTPLIKU, OCTATOYHO OJEPKYEMO II0-
migennit rpad G(r) peryasiproro supasy r = (11 + 0)*(00 + 1)*:

d—

(s 0(0)0

PekomengoBana Jjiteparypa : |2} [4, 15} [17, 19, [20].

IIutannga Ta BupaBu g0 naparpada 3.

3.1. fxa dopmaabHa MOBa HA3HUBAETLCI PErYISPHOIO?!
3.2. Jle 3acTOCOBYIOTHCA PEryasipHI BUpa3u?!
3.3. OmnumriTe nporec 1100y10Bu rpada peryagpHoro Bupasy.

3.4. 3HaAiTH CJIOBO HANMEHINO] JOBXKWHA B KOXKHI 3 HACTYITHUX pe-
TYJSPHUX MOB, 3aJIaHIil peryJasipHUM BHUPa30M. ZKi HETTOPOXKHI CJIOBa €
HAWKOPOTHIMMHU B JIAHUX MOBax?

a) 10+ (04 11)0*1;

6) (00 + 11+ (01 + 10)(00 + 11)*(01 + 10))*;

B) ((00+ 11)* 4 (001 + 110)*)*.

3.5. BwswaunTu, un HaaexkuTh pagok 1011 peryaspHuM MOBaM, 3a-
JIAHUM PeryJispHUMU BUPA3ZAMU:

0*1; r) (10)+1011;
1)*1%; ) 1(00)*(11)%;
)11 e) (14 00)(01 + 0)1*.
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3.6. CupoctuTn peryjsipHi BUpPa3u:
a) (00)*0 + (00)*;

6) (0+1)(e+00)" + (0+1);
B) (0+e)0*1.

3.7. Hosenits pimicts (02 + 0%)* = (0%0%)*.

3.8. Yu e mosa {0347 | m,n > 0} peryasproro? Bianosigs obrpys-
TyHTe.

3.9. Busnauutu ajdapiT Ta 1100yyBaTU PEryJIgpHUl BUpa3 Jijisd Ha-
CTYITHUX MOB:

a) MHOYKMHA BCIX HEMAPHUX HATYPATbLHUX THCE, 3AMUCAHUX B Ue-
TBIPKOBII CHCTEM] YMCIEHHT,;

0) MHOXKMHA BCIX HeMapHUX HATYPAJbHUX YUCEs, 3alMCAHUX B
TPLIKOBIit cUCTeM1 YUC/IEHHS.

3.10. IlobymyitTe perynsgpuuit BUpa3 I MHOXKWHU BCIX MLJIUX IUCETT
Bispizka [10, 212].

3.11. Pozp’a3aru cucteMu piBHSIHb 3 PEryJIdpHUMEI Koedilli€HTaMu.

X;=e+0X; +1X, (X1 = (01* + 1) X1 + X,
a) {X2_e+1X2 B) { Xo =11+ 1X; + 00X3
| X3 =e+ X1+ Xo
X1 =0Xy+1X; +e (X, = 0X3+ 1X5
6) { X9 =0X35+ 1X5 r) ¢ Xo=e+1X; +0X3
X3 =0X; + 1X3 | X3 =e+0X,

3.12. Ilobyaysaru momiueHmit rpad s HACTYITHUX PETYIIPHUX BU-

pasiB:
a) 01 + 117%; r) a*b(c+ da*b)*;
6) (004 10)(101)* + 01; ) (a4 bc*d)*be*.

B) ((00+11)*+(0014110)*)*;
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3.13. IlobynyBaru peryasipHi BUpa3u JJid MOBHU BCIX CJIB B aJipaBiTi
{0,1}, q1a IKUX BUKOHYETHCS HACTYIIHA yMOBA:

MicTtaTs mijgceaoBo 000 abo 111;

&

A\

B AKX II'9T0I0 OyKBOIO cirpaBa € 0;

vs]

KIJIbKICTb HYJIB KpaTHa II'dTH;
MICTSATh HEMTApHY KLIBKICTH OYKB 0;

= A

MICTSITH He O1IbINe OJHIET Tapy MOC/IIJIOBHUX OJIMHUIb;
He MicTaTh miacsosa 000;

He MicTgaTh HI migcaoBa 000, u1 111;

He MIicTaTh mijcaoBa 011;

o M~

@

MICTSTH HEMapHY KLIbKICTh BXO/KeHb mijicaoBa 011;

N’ N N N N N N N N N

w

KIJIbKICTb OJIMHUID JLJIMTHCA HA I1'SITh, & KiJIbKICTh HYJIIB I1ap-
Ha.

3.14. Hexait L — moBa nay andasitom {0}. dosecrn, mo moBa L* €
peryssipuoto. [I[Tigkaska: m0BeiTh i BUKOpUCTaiiTe TOi (haKT, M0 AKIIO
a Ta b € B3a€MHO IIPOCTUMU HATYPAJIHLHUMU YUCIAMEA, TO I KOXKHOTO
HATYypaJbHOTO N > ab ICHYIOTH TaKi HEBL €MHI T YUCaa U Ta v, IO
BUKOHYETHCA PIBHICTH N = ua + vb.]

§ 4. PopmaJbHI HOPOIKYIOUYl rpaMaTUKMI

Mwu Buznaunam gpopMabHy MOBY L 9K MHOXKWHY CJIIB CKIHYEHHOI
noBKUHM B ajipaBiTi X. AKio L MicTATH CKIHYEHHY KIJIbKICTh CJAiB, TO
HalOL/IbIT 0YeBUIHUM CIIOCIO OIMcaTH MOBY — CKJIACTU IE€pPesiK BCiX 11
ciaie. OHak it 6araThox MOB He MOXKHa (ab0, MOKJINBO, He HarKaHo)
oOMexKyBaTH JOBXKUHU CJ1iB. OT)Ke, JTJOBOAUTHCST PO3IJIAIATH MOBH, TKi
MICTSTH SIK 3aBI'OJIHO OaraTo cjiiB. Bijipasy BUHUKAE BazK/IMBE [TUTAHHS:
SIK OIMCATU MOBY L B TOMY BHUIIQJIKY, KOJIU BOHA HecKiHdueHHa. O1ueBU-
JTHO, 10 Takl (POpMaJbHI MOBU HEMOYKJIUBO BU3HAYUTHU BUUEPITHUM IT€-
peiKOM CJIIB, 9KI IM HaJIeXKaTh, 1 TOMY TOTPIOHO NMIYKATH 1HIIT CTocoOn
ix ommcy. ZK i panime, Mu xo4emo, 100 OIHMC MOBKA OyB CKIHUYEHHUM,
X04Ya caMa MOBa MOXKe OyTH it HecKiHueHHOI0. BigoMo AekibKa MeTOiB
OTIMCY MOB, SIKi 33/I0BOJIbHAIOTH 1110 BUMOry. OMH 3 HUX TOKA3aHUI B
morepeIHLOMY Taparpadl Jjid peryasapHuX MoB. Po3rigHemo MeTo,
SAKUU MTOJISTra€ B BUKOPUCTAHH] CTPYKTYPHU, 9K HA3UBAETHCH 2PAMAMU-
K010.
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DoPMaAALHOIW0 NOPOOIAHCYIOUOI0 2PAMAMUKOI0 HABUBAECTHCA YeTBIpKa
suny G = (N,T,S,P), ne N i T— ckinyeHHi HEIOPOXKHI Hell€PETUH-
HI MHOXKWHU, €JIEMEHTH AKX 0yIeMO HA3UBATU HEMEPMIHAADHUMU TG
MEPMIHANOHUMY CUMBOAAMY BIAIOBIAHO, S € N — nouwamxosull He-
mepminarvrul cumeon, P — CKiHYeHHA MHOXKWHA, NPodykyit (npasui
nepemeopenna) Burisany & — n, ne £ # e tan — ciaosa B andasiti NUT.
Bykeu TepMmiHaIbHOTO aJIdaBiTy MO3HAYATUMEMO MAJUMU JATHHCHK -
MK OykBaM# 49u [udpaMu, a HeTePpMiHAJIbHOIO ajidaBiTy — BEJIUKUMU
JTATUHCHKUMU OYKBaMU.

Hac mikaBUTUMYTH CJIOBa, IKi MOXKYTH OYTH TTOPOIZKEH] TTPOTYKITiS-
mu rpamaruku. Hexait G = (N, T, S, P) — rpamaruka i ag = o&7 (10670
ap — KOHKaTeHalida caiB o, 1 7), a1 = onT — caoBa B aadasiti N UT.
Axmo & — 1 — npoayxkiis rpamatuku GG, TO KaxKyTh, IO «p beanocepe-
OHBbO 8UB00UMBCA 3 (v 1 BAIUCYIOTh Qg = (1. ZIKIIO XK Qg, A1, ..., Qpy —
ciaoBa B aadapiTi N UT Taxi, Mo ag = a1 = a2 = ... = Qp_1 = Qp,
TO TOBOPSITH, IO (yy BUBOOUMDBCA 3 (g 1 BAIUCYIOTh Qg =" Quy.

Mosoro, nopodotcenoro epamamurorw G = (N, T, S, P), HazuBaroTh
MHOXKHUHY BCIX CJIB, 9Ki BHBOJSTBHCS 3 IIOYATKOBOIO CHMBOJIY S 1 Mi-
CTATH TiMBKH TepMinambHi cumBom. 1i mosnadaors L(G). Takum «uu-
HOM,

LG)={weT | S="w

4.1. ITPukJiAJ. I'pamaruka G, g9Ka MOPOIKYE pedeHHsT (CJIOBO 3 UO-
TUphoxX OYKB dopmasibHoi MoBU L(G)) ,xopomuil CTyLEHT oZepxas
n’aripry”’ marume surisiy G = (N, T, S, P), ne

N={<peuenns>, <rpyma mizmeTa>, <rpyma IpUCyZKa>,
<03HaYeHHA>, <minmMeT>, <IPUCYZOK>, <IOLATOK>};

T={ xopomuil, CTymeHT, onepxas, I’ATipKY };

S—< pedYeHHS >.

MHuox)XnHa TTPOAYKITiH P MICTHTH TPOIYKIIII:

<pedeHHa> — <rpymna nigmera> <rpyna OpuCyIKa >,

<rpyna nigmera> — <O3HA4YeHHa> <HigMeT >,

<Trpyna mpucymxa> — <OpPUCYLOK> <LOLATOK >,

< O3HAQYEHHA> — XOpOouuH,

<migMeT> — CTYLEHT,

<IOpUCYIOOK> —> OIEepXas,

<IOJATOK> — N’ATipKY.
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PosrnsmemMo BUBeIeHHS JaHOI TpAMATUKA 3 TOYATKOBIO HETEPMIi-
HAJIBHOT'O CUMBOJIY:

<pedeHHa> —> <rpymna mnigmera> <rpyna IpuUCyIKa> =

<o3HaueHHA> <nigMer> <rpyna IOpucymgra> —

<o3HaudeHHA> <uigMeT> <HPUCYLOK> <IOJATOK> —>

xopoumn# <mizMeT> <HPUCYIHOK> <ZOZATOK> =>

XOpOWKY CTYHEHT <IPUCYILOK> <ZOZATOK> =>

XOpOmKH CTYLEHT OoZepxaB <HONATOK> =

XOopomn# CTYLEeHT OoZepXaB II’aTipkKy.

Takum anaOoM, L(G) cKITamaeThest 3 €IMHOTO CI0BA (pEeUeHHST yKpa-
THCHKOI MOBWM ), sIKe MICTUTh YOTUPHU TEPMIHAJIH.

L(G) = {“xopoun#t cTymeHT ozepxaB m’aTipky” }.

4.2. [TPukJIAI. Hexait G — rpamaTnka 3 HeTEPMiHAJILHUM aadaBiTOM
N = {5, A}, muoxwunoro repminanis T = {a,b}, mouarkoBuM cum-
BoJTOM S 1 MHOXKWHOIO mpoaykiiit P = {S — bA,S — a, A — bb}.
Buaiiemo MoBy L((), M0 MOPOIKYETHCS IHEHD IPAMATHKOIO.

I3 mouaTkoBOro CMBOJTY S MOXKHA BUBECTHU CJI0BO bA 3a J101TOMOrot0
npoaykmii S — bA 4m 3acTocyBaTu HPOAYKIIO S — a, 00 BUBECTH A.
3 DA, ckopucTaBImnch IpoayKiieo A — bb, moxkHa Buectu coBo bbb.
Ockinbku inmmx Busejiensb He icaye, 1o L(G) = {a, bbb},

4.3. ITPUKJIA. Posrmstnemo rpamaruky G = (N = {S},T = {0,1}, S,
P={S — e, S — 051}) i 3naiigemMmo MOBY, IO TOPOJZKYETHCST HEFO.
['pamaruka G MiCTUTH €IMHUNI HeTepMiHAJbHUI CHUMBOJ 1 €IUHE
npasuiio S — 051, npaBa JacTUHA IKOTO MICTHTH [eil CUMBOJI. TakuMm
YMHOM, €IMHUMY BHUBEAEHHAMEU I'paMaTuku (G € BUBEJIeHHS (DOPMU:

S=0S1=00511=...=0"51" = 0"el™ =0"1"
Orxe,
L(G) = {0™1"™ | n. > 0}.

dAxio € 6araTo mpaBu I'paMaTUKHU 3 OJHAKOBUMU JIIBUMU YaCTHU-
HAMHU
A= x21,A—x0,... A — x4,

TO TX 00’€HYIOTH B OJTHE TPABUJIO HACTYITHOTO BUTJISIITY:
A=z |z ]|... | Ty

Hampuksas, nmpaBujia 3 TONEPEIHBOTO MPUKJIAIY MOXKYTH OyTH 3aIv-
cani sk S — e | 0S1.



34 I. °OPMAJIBHI MOBI

4.4. TIPUKJIAJL. Posrisimemo rpamatuky G = (N = {S,A,B},T =
{a,b}, S, P), ne MHOX)WHA MPOAYKINiH P MICTUTh HACTYIIHI IpAaBUIA:

S— ABA, A—a|bb, B—0bS]|e,

i 3Haitemo Moy L(G).

OckizibKM HeTepMiHAIbHIAI CHMBOJI A MOXKe TIIbKH IIPOAYyKYBaTH
TepMIHAJBHI CUMBOJIM, TO HOTO 3aMIIEeHHd CJi/ BIIKJIACTH HAOCTAHOK.
Takum umHOM, BUBEJeHHsI rpaMaTuku (G MaiTh HACTYIIHY 3arajbHY
dopmy:

S = ABA = AbSA = AbABAA = AbAbSAA = A(bA)?BA3 =
...=> A(BA)"BA™! = A(bA)" AL

Hacamkinenp 3aminioeMo HerepMinaa A Tepminasamu a Ta bb, i
OJIEPXKYEMO CJI0BA BUTJISITY:

(a + bb)(ba + bbb)™(a + bb)" ™ n > 0.
Takum anHOM, L(G) CKJIQJIAETHCS 3 yCiX 1100YI0BAHUX BUIIE CJIiB.

['pamaTuky KJIacCU@IKYIOTh 38 TUIIAMU ITPOAYKIIiii. Po3riisgHemo Kia-
cudikallio, Ky 3alpoNOHyBaB aMEpPUKAHChKUII MaTeMaTUK 1 JIHTBICT
H. Xomcwkuit. [Tpuatnn miel kiracudikariii moasarae B TOMY, IO Ha, ITPo-
IYKIIT HAKJIaAeHO IIeBHI oOMerkeHHs. BiH mOmi/IMB rpaMaTuKy Ha, 9OTH-
PH TUTIN.

Y rpamaruti muny (0 Hemae XKOIHUX 00MeKeHb Ha PoayKiiii. ['pa-
MaTuKa muny I MOxKe MaTu JIMIIe HPOAYKIl BUIIsSLY & — 1), Jie JI0B-
JKWHA CJI0Ba 1) HE MEHIIa, HiXK JIOBXKWHA cJa0Ba &, abo y Buridm & — e.
Y rpamaruii muny 2 MOXKyTb OyTH juire mpoaykiii A — w, e A — He-
TepMminaabHM cuMBo, w € (N UT)*. I'pamatuka muny 3 Moxe MaTh
taki mpoaykmil: A - wB, A > wi A — e, ne A, B — HeTepminamm, w —
CJIOBO 3 TepMiHaJIB. I3 MUX O3HAYEHb BUILINBAE, IO KOXKHA I'PAMaTAKA
Uy N, e n = 1,2, 3, € rpamaTukoio Tuny n — 1. 'pamatuky Tuiry 2
HAa3UBAIOTh KOHMEKCMHO 6iabHuUMU, 00 HeTepMminaa A B JiBiit yacTumi
npoaykmii A — 1 MOXKHA 3aMiHUTH CJI0BOM 1) B JIOBIJIbBHOMY OTOYEHHI
IIIOPa3y, KOJIM BiH 3yCTpidaeThcd, TOOTO He3aJIeXKHO BT KOHTEKCTYy. Mo-
BY, SIKY MOPOXKY€E rpaMaThKa TUMY 2, HA3UBAIOTh KOHMEKCMHO 61Ab-
Hot0. ZIKIO B MHOXKWHI TPOAYKIK P € MpOoayKIlsg BUIY Yud — YV,
|| < ||, To rpaMaTHKy HA3UBAIOTH KOHMEKCMHO 3AAEHCHON, OCKITEKI
[t MOYKHA 3aMIiHUTHU HA V JIUIIIE B OTOYEHH] CJIiB 7 . . . J, TOOTO y BiIIIOBI I-
HOMY KOHTeKCTl. MOBy, Ky MOPOJIXKY€E TpaMaTUKa TUMY 1, HA3WBAIOTh
KOHTEKCTHO 3aJIe’KHOI0. [ paMaTuKy TUITYy 3 HA3WUBAIOTh NPa6oAIHITHOM.
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JIBOiCTO BUBHAYAIOTH AL60ALHITUHY 2paMamuKy; BOHA MOXKe MaTH TaKi
npoaykiii: A - Bw, A > wi A — e, e A, B — HerepMiHaIn, W — CJI0-
BO 3 TepMiHaJiB. JIiBOJIHIIHI 1 TPaBOJIIHIIHI rpaMaTUKN Ha3WBAIOTHCH
pezyaaprumu. B maparpadi [5| HACTYTHOTO PO3ALIY MU JOBEAEMO, IO
peryJsapHl TPaMaTUKHU MOPOJI2KYIOTH PErYJIIpPHI MOBHU 1 TIJIBKHA 1X.

4.5. [TPUKJIAL. IToOyayemMo KOHTEKCTHO BiJIbHY I'PaMaTHKY, dKa TOPO-
mkye Moy L = {0"1%2" | n > 0}.

[Is MOBa HaraJIye MOBY, MOPOJZKEHY IPaMaTHKO 3 Tpukaary [4.2]
B TOMY CeHCl, IO 3aMIHMBIIN KOXKHY 1 Ha 11, omep:KkuMo rpamMaTuky
nist L. OTxke, TiykaHa TpaMaTUKa Ma€ BUTJISIT

G = ({8),{0,1},5,{S — ¢ | 0511}).

[HIIIIM MEeTOIOM TOOY/IOBM TPAMATUKH € BiAIMTYKAHHA PEKYPCUBHOI
dyHKIIII, siKa 1I0B’sI3y€ JOBII cjioBa MoBu L 3 Koporiiumu cjaopamu. Ha-
npuksas, cioso 0" 1120+ yoxma samacarn sk 0(071%7)11. Takuwm
YMHOM, FKINO icHye BuBemeHHs S =* 0"1?", To mOTpPiGHA MPOIYKIIid
S — 0511, mo6 oxepxaru Busemennsa S =* 077112+ TIponemon-
CTPYEMO ITIO 17110 B HACTYITHOMY TTPUKJIA/II.

4.6. ITPuKJIAJ. IloOyayeMo KOHTEKCTHO BLIBHY I'PAMATHUKY, IO IOPO-
mxye Moy L = {z € {0,1}* | z = 2}

Ockiyibku k-Ta 3J1iBa OyKBa KOXKHOI'O CJIOBA Ma€ JopiBHIOBaTH k-Tiit
cripaBa OYKBI, TO CJIOBO & € L JIOBXKWHU 2n + 2 MoxKe OyTH 3alTmcaHe
abo gk 0y0, abo lyl mns jgedkoro cioBa y € L jpoexwunu 2n. Orxke,
HaM moTpioHI mpaBmiaa S — 0501 S — 151, mob mopoauTu CJIOBO T
pPeKypcuBHO. 31 CKa3aHOTO BUIIE BUILIUBAE, IO MOBA L MOPOIKYETHCA
rpamarukoio G = ({S},{0,1}, 5, P), ne maORuHA P MicTUTD HACTYIIHI
MTPOTYKITII:

S—e|0]1]050]1S51.

3 40oTUPBOX KJACiB IpaMaTuK iepapxil XOMCHKOI'O KJIAC KOHTEKC-
THO BIJTBHUX TPAMATUK € HAUOLIBIT BaXKJIMBUM 3 TOYKU 30PYy 3aCTOCY-
BaHb JI0 MOB IIPOIPaMyBaHHS 1 KOMIILJIAIIl. 3 JIOIIOMOI'0I0 KOHTEKCTHO
BIJIbHOI TPAMATUKHN MOXKHA BU3HAYUTHU OLTBITY YaCTUHY CUHTAKCUIHOI
CTPYKTYPH MOB IIporpamyBaHHs. KpiM TOTro, BOHA € OCHOBOIO PI3HUX
CXeM 3aJIaHHS TEePEKJIa B Ha MAITUHHY MOBY KOMII IOTEPA.

CioBo w mamexkuth MoBi L((G) KOHTEKCTHO BibHOI rpamaTuku G
TOJII 1 JimIe Toji, Koaiu icHye BuBejieHHst S =" w B (G. BoHo moka3sye,
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9K KPOK 38 KPOKOM 3aCTOCOBYIOThCSI TIPOJIYKINT TPaMaTUKM, m06 0/1ep-
JKATU CJIOBO W 3 MOYATKOBOIO HeTepMiHaabHOro cuMBoy S. Ile Buse-
JIEHHS MOKHA TAKOK TIPOJIEMOHCTPYBATH HAOTHO 3 JIOOMOTOIO JIEPEBA,
sIKe HA3UBATUMEMO depesom susedennsa. Hanpukiaa, po3rissHeMo KOH-
TeKCTHO BimbHY rpamaruky G = ({S},{a,b,c}, S, P), ne P = {S —
SbS | SeS | a} i cnoso abaca € L(G). Busesenus

S = 505 = Sb6S5cS = abScS = abSca = abaca
IOKA3aHO HA PUCYHKY (&), a BUBEJEHHS

S = 5cS = 565¢S = abScS = abSca = abaca
— Ha pucyHkKy (0).

SN, /|
VAN

a S &

S

\S

(a) (0)

B zaraysibHOMY BUIAJIKY JIJIT KOHTEKCTHO BiIbHOI rpamMaTuku G =
(N,T,S, P) nepeBo BuBejeHHSA Oy1yeThCA HACTYITHUM GUHOM:

1. BeprmuHoto JepeBa € ToUaTKOBHUiT HeTepMiHAJIbHUN CUMBOJI S.

2. IToBTOpProeMo HACTYIIHI KPOKM JIOTH, JJOKW KOYKEH JINCTOK JIeEpeBa
Oyme abo MOPOXKHIM CUMBOJIOM €, aD0 TepMiHAJILHUM CHUMBOJIOM: I
KoxkHOTO JucTtka A € N mepesa o6mpaeMo TPOAYKINO A — x1T2 ... Ty
rpamvaruku G, ne x; € N UT, i 3aminoemo Bepmmay A € N gepeBoM:
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SIKII0 KOHKaTeHallist JIMCTKIB JepeBa BUBEJIEHHS € CJIOBOM w € 1™,
TO Ka2KeMo, II10 JIaHe JEePEBO € 0epesom 6UBeIeHHA OAA CA0BG W.

JlepeBo BHUBe/IEHHS CJIOBA W BIAIIOBIJIAa€ BUBEIEHHIO W B I'DAMaTHII
(G. Hacro nmepeBo BuUBEIEHHs BiJIIOBIIa€ OLIBII HIXK OJHOMY BHUBEIEH-
HIO cja0Ba w. Hampukiaaa, nas rpamatnku (G, BU3Ha4UeHOl BHIlE, € 16
pi3HUX BUBEJEHb ca0Ba w = abaca B rpamarumni G. Cepen Hux 8 BuU-
BeJIEHb, sIKi TTIOUYMHAIOTHCS 3 S = SbS, 300paKyOThCS OJTHUM 1 TU XKe
JepeBOM BUBEJIEHHsI, MOKa3aHUM Ha PUCYHKY (a). Pemrry 8 BuBemeHb,
0 HOYMHAThCA 3 S = S¢S, 300paxkeHi JiepeBOM BUBEJIEHHS HA PHU-
cyHky (6).

[I1o6 3pobuTH BiATOBIAHICTH MiXK JepeBaMy BUBEIEHHA 1 BUBEIEH-
HIMH B TpaMaTuill G B3aEMHO OJTHO3HATHOIO, HA3BEMO BUBEICHHS CJIOBA
w € L(G) aisum susedennam, AKIIO 3aBIKIU 3aCTOCOBYETHCS BIJITOBI -
Ha, IPOAYKIlid rpaMaTuku G i 3aMiHN HAUIIBIIIOr0 HeTEPMiHAJIBHOTO
CUMBOJIy B IIPOMIXKHOMY CJIOBI IpM BUBEJIeHH] cJ10Ba w. Q4YeBUIHO, IO
KO2KHe JIeEpeBO BUBEJIEHHS CJIOBA W BIANOBIIAE €IUHOMY JIIBOMY BHUBe-
TeHHIo cjaoBa w. Hampukiaa, cepel BOCbMU BUBEIEHb 14 w = abaca,
IKi TTOYMHAIOThCA 3 .S = SDS, eMANM JTIBUM BUBEJIEHHAM €

S = 5SbS = abS = abScS = abacS = abaca.

AHaoTigHO TAEThCSI O3HAYEHHsT TTPABOTO BUBEICHHSI.

Konrekcrho BibHa rpamarnka G = (N, T, S, P) Ha3suBaeTbCst He-
00H03HawHOM, SIKITO icHye cioBo w € L(G), ske mae aBa abo Oiib-
IIle PI3HUX JIepeB BUBE/IEHL. ZIKINO I'paMaTuKa BUKOPUCTOBYETHCS JJId
BU3HAYEHHs MOBHU IIpOIrpPaMyBaHHH, TO OakaHO, 11100 BOHA OyJia OJIHO-
3HaUHOI0. B IHIIOMY BUMAJIKY TPOTPAMICT 1 KOMIIATOP MOXKYThH TIO-
PIZHOMY 3PO3YMITH CMUCH JIETKUX TTPOTPaM.

4.7. ITPUKJIAL. HaiiBigoMIiImIIM OPUKJIAIOM HEOJHO3HATHOCTI B MOBAX
IpoTpaMyBaHHS € ,IIaBatove’ else.
Posrisiremo rpamatuky G 3 npaBUIaMu

S — if b then S else S | if b then S | a.

[Is1 rpamMaTKa HEOAHO3HAYHA, OCKIIBKU CJA0BO
if b then if b then a else a
MAa€ JIBa BUBOJIN

if b then (if b then a) else a Ta
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if b then (if b then a else a),

dKUM BIJIIOBIJIAIOTH JABa PI3HUX JepeBa BUBEIEHHSI.

Busnauena HaMu HEOJHO3HAYHICTD — 1€ BJIACTUBICTH 'PAMaTHUKH, a
He MOBU. s mesakmxX HEeOJHO3BHAYHMX TPaMaTHUK MOYXKHA TOOYIyBaTH
PIBHOCWJIBHI M OJIHO3HAYHI T'PaMaTUKH.

4.8. ITPUKJIA/. Po3riigHeMo rpaMaTuKy i MOBY 3 ITOTIEPEHBOTO TPH-
kiaagy. I'pamarnka G HeomHo3HadHa, 60 else MOXKHA aCOIIOBATH 3
JABOMa pizHMMU then. 3 Tiel 2K HPpUYMHU MOBU IIPOIDAMyBaHHS, B SIKUX
TTO3BOJIAIOTHCA dK omnepatopn BUay if-then, Tak 1 omepaTopm BUIY
if-then-else, MOXyTb OyTH HeEOJHO3HAYHMMU. HeBu3HadeHICTH MO-
JKHa BUMPABUTH, AKIMO JTOMOBUTHUCH, MO €lse MOBWHHO ACOIIIOBATHUC
3 OCTAHHIM 3 3alMCAHUX Mepes] HUM then.

MozkHa TTOTPaBUTH IpaMaTUKY 3 MOTEPETHBOTO TTPUKJIa Ty, BBIBIIN
nBa HeTepMiHa u S 1S9 1 BUMarawouu, 1mob So mopoI2KyBaB OllepaTopu
Buy if-then-else, Toai sik S| MOXKe IOPOJXKYBaTH OIepaTopu 000X
BUAIB. [IpoayKITi HOBOI TpaMaTUKHN € TAKUMMU:

S1 — if b then Sy | if b then Sy else 51 | a

Sy — if b then S, else 59 | a.

Toit daxT, 110 Hepen else 3HAXOAUTHCS TLIABKK So, FapaHTyeE TI0-
sIBy BCepenHl KOHCTPYKIil then-else abo OykBu a, abo iHmoro else.
Takum unHOM, cTpykTypa if b then (if b then a) else a He BUHUKAE.

PekomengoBana jgiteparypa : [2] c. 341-351, 354-359]|, [12| c. 278285,
[15] c. 105-123, 163-192], [20} c. 14-24].

Iluranaga Ta BupaBu a0 naparpada 4.
4.1. laiiTe o3HaUeHHS IPAMATHKI.
4.2. ki Tunm rpaMaTUK BU 3HaETE?
4.3. 4k OynyeTncs JlepeBO BUBEJIEHHS LI CJA0Ba, W’

4.4. Yum MoxKe 714 JeIKOrO CJI0Ba w ICHYBATH JeKITbKa JepeB BUBeE-
JIEHHS !
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4.5. Hexait N = {S, A, B}, T = {a, b}. Busnauntu MoBy, MOpO/IzKEeHY
rpamaTtukoio G = (N, T, S, P) 3 BKa3aHOI0 MHOKWHOIO MPOAYKIi P:

a) P={S — AB | aA,A — a,B — ba};

6) P={S— AB| AA,A — aB | ab, B — b};

B) P={S - AA| B,A — aaA | aa,B — bB | b};
) P={S—aS|Sb|a}l;

) P={S— SS|a]|b};
)
)
)

r

)=

e) P={S — SS|aSb|e};
€) P={S —e|aS|aSbS};
xK) P={e| aSbS | bSaS}.

4.6. Hexait 3amana rpamatuka G = (N, T,S,P), ne N = {S, A},
T ={0,1}, MHOXWHA TPOYKITiii

P={S—=0S|1A|1|eA—1A]1}.

a) Io6yaysaru Busijg nig ciaosa 0316;
6) Iokasaru, 1o JaHa rpaMaTuKa mopojkye Moy {0™1" | m,n =
0,1,2,...}.

4.7. 3wuaiiTm MOBy, mopomxkeny rpamatukoio G = (N,T,S,P), ne
N = {S,A,Q,R}, T = {a}, a muoxkuna upoaykuiit P = {S —
QAQ,QA — QR,RA — AAR,RQ — AAQ, A — a,Q — e}.

4.8. IlobynyBaTm rpaMaTuKm, 9Ki MOPOIKYIOTh BKa3aHl MOBU:
a) {01*" |n=0,1,...};
6) {0°"1" | n=0,1,...};
B) {0"1™0" | m,n =0,1,...}.

4.9. 3’gcyeaTtn, J0 IKUX THUIIB 3a KJjacudikaiiero XoMChbKOTO HaJle-
KUATH TpaMaTuka G 3 MHOXKWHOIO TIPOJYKINi P:

a) P={S — SAB,SA — a,B — b};
6) P={S — ABS,AB — ab,S — c};
B) P={S - aAB,A — Bb,B — e};
r) P={S —aA,A—bB,B—b]|e};
n) P={S— A A— B,B— e}.

4.10. TIlobynyBarm mpaBOJIHINHY TpaMaTuKy Ajs popMabHOI MOBU
BCiX CJIiB MOBXKUHU MeHIre mectu B andasiti {0, 1, m,n}, aki mounHa-
I0ThCd 3 OYKB m abo n.
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4.11. TlobynyBaTu mpaBoOJiHINHY TpaMaTUKY, dKa MOPOJIKYE MHOKU-
HY IIIJIAX YHUCE.

4.12. osecrn, 1o *)oxaue cioso Mou L(G) He MicTuTh miaciaosa ba,
Jle KOHTeKCTHO-BlJIbHA rpamMaruka G 3a/1aHa MPOAYKITisIMI

S—aS|bA|a, A—bA]|D.

4.13. Ilokaszaru, 1o KoxkHe c0BO MOoBU L(G) MicTuTh Oi1bIie 6YKB @,
HI>K OYKB b, Jle KOHTEKCTHO-Bi/IbHA TpaMaTnka (G 3ajaHa TPOAYKITsIMU

S — Sa | bSS | SSb | SbS | a.

4.14. Ilokazaru, mo MOBa
{w e {0,1}* | w MicTuTh ofHakoBY KinbkicTs 6yks 0 Ta 1 }

He MOPO/IZKYEThCSA I'PaMaTUKOIO 3 TIPOAYKITIAMU

S — 051|015 | 150 | 105 | S01 | S10 | e.

4.15. losecTu, 1mo MoBa
{w € {0,1}* | w micTruth onHaKkoBY KiibKicTh OykB 0 Ta 1 }

IMOPOJIZKYETHCA I'PAMATUKOIO 3 ITPOAYKIIIAMHA

S — 5SS 0S1|1S0 | e.

4.16. 4xy dopmanbHy MOBY MOPOKYE TPAMATAKA 3 TPOIYKITIIMHI
S — aSBalaba, aB — Ba, bB — bb ?

4.17. Hexait G — rpamaruka 3 N = {S}, T = {a,b, ¢}, nouarkosuii
CUMBOJT S 1 MHOXKUHA TTPOTYKITii

P={S —abS | bcS | bbS | a | cb}.
[To6yryBaT 1epeBO BUBEJEHHS JIJisd CJIiB:

a) bbbcbba,
6) bcabbbbbcb.

4.18. Ilokazaru, M0 rpaMaTuKa

€ HeoiHO3HAUHOIO0. IloOyayBaru BCl gepeBa BUBEAEHHS JIJIsi CJIIB X — X —T
Ta X —T — T — .



Poznin 11
CKIHYeHH]I aBTOMATHA

§ 1. ABromaru. Ix Tunm ta 3agaHHSA

IcaHye OaraTo pi3HOMAHITHUX METOJIB IlepeTBOPEeHHd iHMOpMAaIIil.
AstropurM poboTr mepeTBoproBadiB iHdOpMaIiil MOXKHa IHTYITUBHO BU-
3HAYUTH K JIEIKY CYKYIHICTH ITPaBWJ, 32 SKUMU JTAHWUM TPUCTPIit 1Ie-
peTBOpIOE BXiTHY iHOpMaIiito y BuxijiHy. B manomy maparpadi mu pos-
TJITHEMO TIepeTBOPIOBaY iHMOPMAIIil, AKUI Ha3WBAETHCsT aBTOMATOM.

[M1o6 mepeiiTn 10 PopMaATBLHUX METO/IIB OITUCY TPOTECY TEePEeTBO-
peHHs iHPOPMAIIl 3 JOTTOMOTOI0 aBTOMATIB, PO3TJISTHEMO JEeTKWN TTPH-
CTpiit, aKUiT Ma€ N BXOJIB 1 M BUXO/IIB. bymemMo BBaxKaTH, MO Ha BXOIN
iHpopMaIld MoJa€Thcd B JAMCKPETHI MOMeHTH 4dacy tg,ti,...,Ln. IH-
TepBaJl Yacy tj11 — t; HABUBAETHCI MakmMom. AHAJIOTIYHO 1 3 BUXO/IB
iHpOpMaIld odepKYEThCA TUCKPEeTHO B 4Yaci. Ha KoxKHOMY 13 BXOIB
(BUXOIIB) CUTHAJ MOYKE TPUiMaTH JUCKPETHI 3HAYEHHS 3 JIESTKOTO Ha-
oopy uo, U1, - .., Uyg. CyKynHICTH 3HaUEHb BXIJHUX CHUTHAIIB y MOMEHT
Jacy t; Ha3uBATUMEMO 8x10H010 OYK6010, & TIOCITOBHICTD BXITHUX OYKB
— 8LI0HUM cA080M. MHOKIHY BCIX BXiTHIX OYVKB HAa3BEMO 6LI0HUM Q.-
asimom. AHaJIOTIUHI O3HAMEHHS BiTHOCATHCI 1 1O BUXITHUX CUTHAJIIB.

JlaBiiu 11e 03HaYEHHS, MOXKHA YSIBJIATUH OY/Ib-sKU IIepeTBOPIOBAY
indopmanii K HpUCTPiil 3 OJHUM BXOJIOM, HA SKHUH HAJIXOIATH CJIO-
Ba, CKJaJeHl 3 OYKB BXiJHOIO aJjiaBiTy, 1 3 OJHUM BUXOJO0M, 3 SIKOI'O
OTPUMYIOThCS CJI0Ba B BuxijiHoMmy aJjidasiti. [Iporec neperBopenHs iH-
dopmMmaliil B TaKOMY IPUCTPOI 3BOJUTHCS JI0 BCTAHOBJIEHHS JEsKOI BiJI-
IIOBIJHOCTI Mi2K CJIOBaAMU BXI1JHOI'O Ta BHUXiJHOIO asidaBiTiB.

Aemomamom HazMBaAIOTH IepeTBOprOBad aJidpaBiTHOI iHMOpMAIIil,
SIKUI Ma€ OJIMH BXiJ 1 oJmH BuXij. s 3aganasa yMoB (pyHKITIOHYBaHHS
aBTOMAaTa (PIKCYIOTHCS TPU MHOXKWHU, eJleMeHTaMU TKUX € OYKBU TPHOX
andasitie: Bxigaoro X = {x1,..., Ty}, Buxigaoro Y = {y1,...,y} i
MHOYKWHY BHYTPIIHIX cTaHiB apromara Q@ = {qo, ..., qn}-

41
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ABTOMAT CKIAJAETHCS 3 TPHOX YACTHH: CMPIUKU, 20A068KY | KePYHo-
w020 npucmporo. CTpidKa BUKOPUCTOBYETHCS LIS 3AIUCY BXITHUX JIa-
Hux (BxigHOrO cj0Ba). Bona moiieHa Ha CKiHY€HHY KiJTbKICTH KOMIpOK.

['osoBKa meperysiae CTPiuKy, duTac OYKBY 3 Hel 1 mepegae oaep-
JKaHy 1HGOpPMAaIIio KepyrdoMy TpucTpoio. KoXHOTo pasy rojaoBka Ie-
perJisiJia€ TiJIbKU OJHY KOMIPKY CTPIYKH, YUTAE 3alMCAHY B Hiil OyKBY
1 mepexoauTh A0 HACTYIIHOI KOMIpKHK mpaBopyd. Kepyrouwuii mpucrpiii
CKJIQTAETHCS 3 eJIEMEHTIB MHOXKWHU CTaHIB ().

Apromar (yHKIIOHYE B JUCKPETHI MOMEHTH Yacy, AKi TPUIHSITO
IIO3HAYATH LiauMu HeBla emuumu yucaamu t = 0,1,..., k. B nouarko-
Buit MoMeHT 4dacy t = 0 kepyrwounii TpucTpiil 3aBK/IU 3HAXOIUTHCSA B
nouaTkoBomy crari gog = ¢(0), B sKOMy aBTOMAT TMOYUHAE POOOTY HAT
BXLTHUM cj0BOM. lIoTiM 3a aKTUBHHM CTAHOM 1 3YMTAHOI T'OJIOBKOIO
OYKBOIO BiH BU3HAYaE, B AKUI CTaH IMOTPIOHO mepeiiTu, 1 aKy OYKBY Tpe-
6a HammcaTyu Ha Micui mpoumTaHol BxijaHol OykBu. Ha 3raganux Buiie
MHOXKHIHAX 33Jal0ThCcA OBl (pyHKINI. Pyuruyia neperodis §, sKa BU3HA-
vyae cran aBroMara ¢(t+ 1) € Q B MomeHT dacy t + 1 B 3a7eKHOCTI Bij
iioro crany ¢(t) € ) i 3HavenHs BXigHOTO curHaMy z(t) € X B MOMEHT
qacy t: q(t + 1) = §(q(t),x(t)). Tobro 3mina cTaHiB BUBHAYAETHCS 32
TOIIOMOT0I0 (DyHKINT ABOX 3MIHHEX 0 : (Q X X — Q). Pyuruyia suxodis
f:Q x X — Y BuzHavae 3HaUeHHs BUXITHOTO curHaay y(t) € Y B 3a-
JIEXKHOCTI Bijl cTaHy aBromara ¢(t) € () 1 3HAYEHHST BXiTHOTO CUTHAJTY
z(t) € X B MomenT yacy t. Takum 9uHOM, SIKIIO KEPYIOUWii MPUCTPIit
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repedyBae B cTaHi ¢ € () 1 roJIOBKa 3YATY€E 3 CTpiuku OyKBY a € X, TO
Kepyrounii MPUCTPiil TepexoanTs B HOBWIT crad p = (g, a) 1 Ha Mmicr
OyKBU @ 3amucyeThes Oyksa b = f(q,a).

Konu ma BXig aBTOMAaTa MOTaBATU CJIOBO (MOCTIJOBHICTH BXITHUX
OyKB), Ha BUXOJ TAKOXK 3’SBJIIETHCS CJIOBO (IIOC/iJIOBHICTD BUXITHUX
OykB). Y IbOMY BHIIQJKy aBTOMAT A MOXKHA, PO3IVIAIATH sIK asiasi-
THUI mepeTBOpIoBad iHOPMAIIil, KU IMepeTBOPIOE CJI0Ba BLIBHOI Ha-
nisrpynu F'(X) B cioBa BiaeHOT Hamisrpynu F(Y'). Busnagena takum
JHOM CIoBecHa MyHKINA g4 : F(X) — F(Y') nHasuBaerbes gynruyicio,
6u3HaYeH0w asmomamom A, abo asmomamnoro A-pynruicro.

L1t TIOBHOT'O OIMCY aBTOMATa IOTPIOHO BU L IUTH MHOKUHY F' C ()
KIHUEBUT CMAHI6, B IKUX BIH ITBEPIXKYE, MO BXiTHE CJIOBO HAJIEKUATH
ImyKaHifi MoBi. TakuM 9YMHOM, MU HPUXOJIUMO JIO TAKOIO BU3HAYUEHHS
aBTOMAaTA.

Civka A = (Q,X,Y.0, f,qo, F') nasuBaerbcs asmomamom Mini,
SIKITIIO BOHA CKJIAQIAETHCS 13 MHOXKHWHM CTaHIB aBTOMaTa (), MHOXWHU
Bxigaux OykB X, MHOXKMHK BuUXigHuX OyKB Y, (pyHKIII mepexodis o :
QXX — Q, byskuii BuxouiB f : Q@ X X — Y, mo4yaTkoBOro crany qp Ta
MHOXKUHU KiHneBux craHiB F'. Muoxunu X 1Y Ha3uBaioTh BIAIOBIIHO
6ri0HUM 1 suzioHum aspasimamu asmomama. Axmo 6(a,x) = a’, To
KakyTh, 110 aBToMaT () miJ Ji€r0 BXiAHOro curHaay £ € X mepexoanThb
B cTaH a’, ab0 CUTrHaJ X MepeBONNThL aBTOMAT () 13 cTaHy a B CTaH a'.
Axmo f(a,x) = y, T0 KaXKyTh, M0 aBTOMAT () MEPETBOPIOE B CTaHI @
BXitHU# curHa © € X y BUXIJHUN curaj y € Y.

fk came mpairroe aproMar Ha BXijgHOMY ciaoBi? Ha mogarky pobo-
TU KePYIOUNit TpucTpiil mepedyBae B MOYATKOBOMY CTaHI ¢p, HA CTPIYII
3amrcane BXIHE CJIOBO 1 TOJIOBKA 3YNTYe OYKBY 3 TEPIIOl 3J1iBa KOMIip-
ku. [ToTiM aBTOMAT MpAaIfoe KPOK 3a KPOKOM BIAMOBIIHO A0 (DYHKIIIMA
mepexodiB ¢ Ta BuxojaiB f. Bin 3ymnumnge poboTy ToOji, KOJU TOJIOBKA
npounTae OYKBY, 3allMCAHy B OCTaHHIN cupapa koMmipmi crpiuku. Ko-
Jm 06poOKa aBTOMATOM BXiTHOI'O CJIOBA 3aBEPIIAIACI, TO KaXKyTh, 110
a8mMoMam PO3NIZHAE BTI0HE CA0B0, SKINO BIH 3YyNMUHSETHCSI B OJIHOMY
3 KIHIIEBUX CTAHIB MHOXKWHU F'. B mpoTuie:kHOMY BUTAQJIKY, KaXKyTh,
IO GTIOHE CAOBO HE PO3NISHACTNGCA GEMOMAMOM. AKIO K MHOXKUHA
F' xianeBux cTaHIB He 3aJaHa, TO BBaXKAEThCd, M0 aBTOMAT PO3MI3HAE
BCl cj10Ba BXijgHOro ajdapirty. PopMmasbHa MOBa BCIX CJIIB BXIJIHOI'O aJi-
dasity X, gxi posmizratorbcst aBromarom A, mosuadaerbca L(A). B
IIOMY BUITQJKY KaxXKyTh, 1110 MoBa L(A) posnisnaemvcs asmomamom
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A. MuoxnHa BCiX BAXIAHAX CJIiB aBTOMaTa A, sIKi € pe3yabTaToM Po-
botm aBroMaTa Ha MOBI L(A), HA3UBAETHCS M0G0, ULO NOPOOHCYEMBCA
asmomamom A.

Asromar A = (Q, X, Y, 9, f, qo, F') HABUBaeTHCA CKINUEHHUM, TKIITO
BCl Tpu MHOXKMHKA — (), X 1Y — ckinveHHi, i HeCKIHYEHHUM, SIKIIO X0d
OJIHa 3 HUX HECKIHYEeHHA.

ABTOMAT HA3WBAETHCI NOSHUM aDO NOBHICMIO BUSHAMEHUM, TKIIO
PYHKIIT TTepexo/IiB 1 BUXOIIB BCIOAW BU3HAYEHI, 1 4aCMKO6UM, SIKITIO X0U
OJTHA, 3 HUX € YaCTKOBO BU3HAUYEHOIO PYHKIIIEIO.

[HOMI TpaImIIIOTHCA aBTOMATH, B SIKUX KOMIIOHEHT 0 — He (DpYHKIIid,
a Jesike BIJHOIIEHHs, TOOTO B TAKUX aBTOMAaTaX HE BUKOHYETbCH yMO-
Ba OJHO3HATHOCTI Iepexoy. ABTOMaTH TAKOrO THUIIY HA3UBAIOTHCI HeE-
demepminosarumu. fIKIIO XK BigHOMIEHHST 0 € (DYHKINEI0, TO aBTOMAT
HA3UBAETHCA demepminosarum. OTKe, I TeTePMIHOBAHOTO aBTOMAa-
Ta () 3 TOYATKOBUM CTAHOM @ OJHO3HAYUHO 3HAXOIUTHCA CTaH b, B sAKUii
aBTOMAT Tepeiife mi giero cioBa w € F(X). A B HemeTepMiHOBAaHOMY
aBTOMaTi TaKMX CTaHIB MOKe OYTH He OJIMH, a JieKiibKa. ZlcHo, 1110 KJac
JIeTEPMIHOBAHUX aBTOMATIB € IJIKJIACOM KJIACy HeJIeTEPMIHOBAHUX AB-
TOMAaTIB.

Kpim kyaciB gjerepMiHOBAHUX 1 HeJeTEPMIHOBAHUX aBTOMATIB iICHY-
FOTh 1 10T crrertiaabHi Kiaacu. Cepes HUX BUILISIOTHCS JesIKi BUPO/IXKEHi
KJIACU aBTOMATIB, B IKUX o/Ha 3 MHOXKUH (), X abo Y') omHoesremen-
THa. Y TAaKUX BUMAIKAX PO3IJISIAI0OTHCA CHPOIIEHI MOJIEl aBTOMATIB.
Hapegemo medki mpukJ/iaau.

Asmomam 6e3 nam’ami— ue tpiiica (X, Y, ), ne f: X = Y. Ieit
aBTOMAT BUKOHYE IMOOYKBeHY TpaHchopMaliito OYKB BXiTHOTO ajidaBiTy
X y OykBU BuUXAHOTO ayidpaBiTy Y, mpu gKiif Ha OJHY 1 Ty K BXIJTHY
OykBYy * € X BiH pearye oHOIO 1 TOIO K BUXiTHOIO OyKBOIO ¥y € Y. Ilo-
HATTI agmomam be3 nam’ami — OCHOBHE B TeOPil IepeMUKATLHUX CXEM,
sIKQ, BUBYAE CIIOCOOM MOJAHHSI TAKKX aBTOMATIB MEpexKaMu i3 JIOriIHIX
eJIEMEHTIB.

Asmonomnuti asmomam — 1ie derBipra (Q,Y,0,f), 1e § : Q —
Q, f:Q — Y. Ilna Takoro aBToMara MOJaHHSIM TTOYATKOBOTO CTaHy
BUBHAYAETHCA BECh MOJAJBINHI MPOIeC foro MyHKIIOHYBaHHSI.

Asmomam 6es suzrodie — 1ie waripka (Q, X, d, qo, F'), ne F' — muO-
’KMHA KIHIIEBUX CTaHIB aBromara, a ¢g € () — I0YaTKOBUII CTaH aB-
ToMmaTa. laki aBToMaTH OyJAyTh JeTasbHille PO3IVIIHYTI B HACTYITHUX
maparpadax.
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[3 mepenigennx KJjaciB aBTOMATIB TIIbKKA aBTOMATH 0€3 BUXOJB, 3
TOYKH 30PYy Teopil, BUKJINKAIOTH iHTepec, 60 B IBOX HOIIEPEIHIX BUIIAI-
KaX IIOBeJ/IIHKa aBTOMAaTa € Hallepe]l BU3HAYEHOIO.

Apromaru Mypa € okpemum BUmagkoMm aBTomaTiB Mimi. ABTomar
A=(Q,X,Y,4, f,q, F) nazuBaerncs asmomamom Mypa, saxiio f(q, x)
= f(q,y) nna xkoxuux x,y € X. B apromari Mypa Buxigauit curaa
Y MOMEHT dYacy ! OJJHO3HAYHO BU3HAYAETHCS CTAHOM aBTOMAaTa B TOMU
Ke MoMeHT dacy, Tobro y(t) = h(q(t)), me h : Q@ — Y. ®yuxiis h
HA3UBAETHCA PYHKUIEI 61dMimox aemomama, a 11 3Hadenns h(a) Ha
CTaHI @ — 610MIMKOI0 UbO20 CMAHY.

Xo4ga aBromatu Mypa 1 € oKkpeMuM BHUIIQIKOM aBroMaTiB Miji, B
Teopil aBTOMATIB BOHU 3aCAyTOBYIOTH Ha OCODJWBY yBary, OCKLIbKU B
Pl BUIIAQAKIB 1X crenudivHi BJIaCTHBOCTI JAal0Th MOXKJINBICTL OyayBa-
TU OLTBIN 3MICTOBHY 1 IJIMOOKY TeOpito, Hi2K Teopid aBToMaTiB Mii.

[lepeitmeMo 10 po3TIAAy CKIHUEHHUX aBTOMATIB 1 CITOCO0IB TX 3a/1a-
HHSI.

Y 3araJbHOMY BUTQJKY JJIs 3a/IaHHS CKIHIEHHUX aBTOMAaTIB KO-
PUCTYIOThCH JIBOMA CTAaHJIAPTHUMU CIIOCODAMU, sIKi HA3UBAIOTHCS YHi-
6EPCANbHUMY — TIe TAOJIUII TTEPEXO/IiB 1 BUXOAIB Ta Tpadu mepexois i
BHIXO/I1B.

Tabauyt nepexodié © 6urodi6 asmomama — e 1Bl MaTPHUIl OJHAKO-
BOI PO3MIPHOCTI, CTOBIYMKHY SIKMX BlJMideH] pi3HUMHU OyKBaMU BX1IHOI'O
aadaBiTy, a PAJKN — PI3HUMHU CUMBOJIAMU CTaHIB aBToMarTa. s dpyH-
KITil Tepexo/IiB (mepiina MaTpHUIlsd) Ha MEPeTHHI 4-T0 PAaKa, BiIMITeHOTO
craHoM a € (Q, 1 j-T0 CTOBITYMKA, BiaMiueHOro 6yKBOHO = € X, 3HAXO-
TUTHCSA 3HadeHHs §(a, ) = b. Anamoriuno jy1s yHKIHT BUXOIB (apyra
MATPWIlsT) HA [EPETUHI §-T0 PsIJIKA 1 j-I'0 CTOBIYMKA 3HAXOUTHCS 3HA-
venusa f(a,z) = y € Y. Braxkarors, M0 MOYAaTKOBUI CTAH aBTOMAaTA
BiaMidae mepmmii psigoK sIK B TaOJIMII IIePexodiB, Tak 1 B Tab/uill Bu-

XOJIIB.

1.1. HPMK‘HAA' ApTOMaT A:({qm q1, 42, Q3}7 {CL, b}7 {07 1}7 57 f7 q0, {Q1})

33Ia€THCSI TAKUMU TAOJIUISIMHA TI€PEXO/IiB 1 BUXO/IIB:
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dlalbd flalb
q | 92 | ¢1 q [0 ]1
q1 | g3 | qo q1 (01
92 [ qo | g3 2 01
q3 | 91 | 92 g3 [0 ] 1

B axowmy 0 cTani januii aBToMaT He mepedyBaB, BiH 3aMiHIOE OYKBU
aibmua 0il signosiguo. TakuMm umHOM, CKiHYeHHHUII aBTOMaT A Ire-
perniucye Oyjib-sike cyioBo B andasiti {a,b} B cioso B andasiti {0,1}.
Apromar A He € aBromaroMm Mypa, ocKiibKu mepedyBarodn B CTaHI
BiH 3aMiHIOe OyKBY a Ha 0, a OykBy b — Ha 1.

I'pagp nepexodie i 6urodie CKiHUeHHOTO aBTOMaTa A € ajbTepHa-
TUBHUM IILIAXOM 71T 300pakennsa A. Bin asiste coboto momivenuit opi-
€HTOBaHUI Tpad, BEPIIUHN AKOTO B3aEMHO OJHO3HATHO BiJIMOBITAOTH
cranaMm apromara. CTpiaku rpada BiaMmideHi mapaMmu OYKB: mepimna — 6y-
KBa BXIJTHOTO aJipaBiTy, Apyra — OyKBa BUXITHOTO aadaBiTy. Y JaHOMY
BUITAIKY BIIMOBIIHICTH MiK TpadoM MepexoIiB 1 BUXO/IIB Ta PYHKITIS-
Mu nepexoaiB 0 1 Buxouis f taka, mo komm d(a,x) = a’ i f(a,x) =y,
T0 B rpadi 3 BEpIIMHK a Y BepIInHy a' Beje CTplika, BIJIMIYEeHA IIapoio
(r/y), 1 HaBmaku, Ko B rpadi mepexo/iB i BUXO/IB aBTOMaTa iCHYE
crpinka (a,a’), Bigmivena mapoio (x/y), ro mua dyuxuiii nepexoay J i
Buxoy f BUKOHYIOTHCA piBuocti d(a,x) = a’ 1 f(a,x) = y. Kpim To-
ro, o6 MIKPECJUTH MOYATKOBUI CTaH ¢y, TPOBOJUTHLCA CTPiIKa 06e3
TTOYATKOBOI BEPITMHN, KIHIIEBOIO BEPINHOIO SIKOI € cTaH qo. Kinmesuit
CTaH TMO3HATAETHCS ABOMA KOHIIEHTPUIHUMU KOJIAMA.

1.2. TTPUKJIAT. I'pad mepexodiB i BUXOJIB I aBTOMATa, 3 MPUKJIATY
[1.1] mae BurIsi;

a/0
— (o /(2
a/0
b/1]| |b/1 b/1| | b/1

a/0 73

a/0
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3 HaBeJIeHOI BIOBIIHOCTI MiK rpadoM aBTOMaTa Ta HOro MyHKII-
MU IePEexXOdiB 1 BUXOAIB BUILIUBAE, 110 He KOXKeH I'pad, CTPLIKHU IKOIO
BiJIMiY€eH] TTapaMu CUMBOJIIB i3 Jiedkux ajicapiTiB X 1 Y, 6yae rpacdom
TTepexoiB 1 BUXOAIB JeTepMiHOBaHOrO aBToMmarta. as Toro, mob Big-
MiveHuit rpad OyB rpadoM JIeTepMiHOBAHOTO aBTOMaTa, HEOOXiTHO 1
JTOCTATHBO, IT00 BUKOHYBAJINCH JBl YMOBU, K1 Ha3WBAIOTHCI YMOBAMHU
asmomammocms 2paga:

1)He icHye JBOX CTPLIOK 3 OJIHAKOBUMU BXITHUMY BiIMITKAMHU, IO
BUXOJATH 3 OJHI€T i Ti€l K BepmmHu (yMOBa OIHO3HAYHOCTI);

2) 17151 OY/Tb-IKOI BEPINWHU 1 BXIJTHOTO CHMBOJIY ICHYE CTpLJIKa, II10
BUXOJMUTH 13 Ti€1 BEPIIUHY 1 BiMiUeHA UM BXiJHUM CHMBOJIOM (yMOBa
TIOBHOTH ) .

Otke, j1id HeJeTePMIHOBAHUX aBTOMATIB HE BUKOHYETHCSI yMOBa 1),
a JIJIs 9aCTKOBUX — yMoBa 2). He3Baxkaroun Ha 11, SIK HEIeTepMiHOBAHI,
TaK 1 YaCTKOBI aBTOMAaTHU TexK 300paKyioTh IrpadaMu.

1.3. ITPukJIAa. IloOyayBaru nerepMiHoBaHui CKiHdYeHHN aBTOMaT My-
pa, sikuit Bci 6ykeu 6inapuoro cioa w € {0, 1}*, mo cToaTs Ha Hemap-
HUX TI03UISX, 3aMiHIOE Ha OYKBY @, a Ha IIApHUX — Ha OYKBY b.

['pad mepexosiB i BUXOAIB IMIyKaHOrO aBroMaTa A mMae BUTIISII:

Ol/a

O,l/b

[lepebyBatoum B cTaHi (g, JaHWI aBTOMAT 3aMiHIOE KOXKHY OVKBY
BXIJTHOTO CJIOBa Ha OYKBY a, a B CTaHl q; — Ha OyKBY b.
Taxkum arHOM, IITyKaHWM aBTOMaT A 3aJaeThca 9K TITICTKa,

= (Q7X7Y757f7QO)7
e Q - {qO7Q1}7 X = {071}7 Y = {aab}n a beHKHH HepeXOﬂiB 0 i

BUXOAIB [ 3ajaHl TaOJIMIISIMMU:

slol1 f

qo | 91 | 91 qo
q1 | 90 | 90 g | b | D
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1.4. TTpukiAad. Hexait X =Y = {0,1}. Ilobynyemo merepmiHoBaHwmit
CKIHUeHHUI aBTOMAT, akuii “mumdpye” Bci 6iToBl psaaku 3 0 Ta 1, 3ami-
HIOIOYM BCl 01TH, 9Ki CTOSITH Ha MO3UINAX KPAaTHUX 3, HA TMTPOTUJIEXKHI.

['pad mepexosiB i BUXOAIB IMIyKaHOrO aBroMaTa A mMae BUTJISII:

_—

0/1, 1/0 0/0, 1/1

3ayBaxKuMo, 110 AKIIO “BarudpoBany’ MOCII0BHICTD (BUXiIHE CJI0-
B0) 3 0 Ta 1 mogaTu HA BXiJ I[LONO ABTOMATA, TO OJEPKUMO IOYATKOBY
HOC/ILTOBHICTH (BXijHE CJI0BO), TOOTO Il aBTOMAT OJHOYACHO Oyie ii
“TemmudpPyOUYIM IPUCTPOEM .

P yHKINI TEPEXO/IIB 1 BUXO/IIB MOYKHA TTPOJIOBXKUTH HA BXIJIHY 1 BU-
xinny mamisrpynm F(X) i F(Y). Jlns mporo HeOOXiTHO MOKIACTH

6(q,e) = q,6(q, aw) = 6(5(q, a),w),
flq,e) = e, f(q,aw) = f(q,a)f(0(q,a),w).

BukopucroByroun iHAYKIO 3a JOBXKHHOIO CJIOBA W, HEBAYKKO JI0-
BECTH TaKe CIIBBlIHOIIEHHSI:

4(q, aw) = d(d(g, a),w),
f(Q7 aw) — f(Qv a)f(é(% a)aw)'

HiticHo, gximo w = x, TobTo [(w) = 1, To 6aza IHAYKINT Mae Micie
3a O3HAYEHHSIM.

Axio K w = vx i Aad v CHiBBLIHOIIEHHS aCOIiaTUBHOCTI BUKOHY-
€ThCsI, TO

6(q,aw) = 6(6(q, av), ) = 6(0(q, a), vx),
f(g,avz) = f(q,aw)f(6(q,av),r) =

= f(g,a)f(6(q,a), @) f(0(q, av), x) = f(q,a)f(0(q, a), v).
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Adkmo d(p,w) = ¢, TO Kaxkemo, 1O asmomam A neperodumsv i3
cmany p 6 cmarn g nid i€ cao8a w, abo, IO CA060 W NEPEBOJUMD
asmomam A 13 cmany p 6 cman q.

Cran ¢ Ha3UBAETHCA JoCANCHUM 13 CTaHy P (P — ), KO ICHY€ TaKe
BXiJIHE CJIOBO W, sIKe IePeBOANTh aBToMaT A i3 cramy p B ctan ¢q. s
TOI'0, 11100 BCTAHOBUTH JIOCSKHICTD ¢ 3 P, JIOCTATHLO B I'padpi 1epexoiis i
BUXO/IIB 3HAUTHU IILJIAX 13 BEPIINHU p v BepiuHy ¢. O1UeBUHO, 110 KON
TaKWil TMIAX 1CHY€E, TO TOCJIITOBHICTH TEPITUX KOMTIOHEHTIB BIIMITOK
CTPLJIOK I[bOI0 MLIAXY 1 Oy/e CKJaaJaTu CJI0BO W.

3ayBaxKuUMO, IO Jijisi BCTAHOBJIEHHS JIOCS2KHOCTI ¢ 3 P J0CTaTHHO
PO3IVIAATH JIWIITE TaKi MIAXH B Tpadi aBTOMaTa (BOHN HA3HBAIOTHCS
npocmuMu), K He TIPOXOJATE JBIUl Yepe3 OJIHY 1 Ty K BepIIuHy I'pa-
da. Ile 3ayBakeHHs JT1a€ MOXKJIUBICTH OOMEXKHWTHU IOIIYK HEOOXiTHOTO
BXiJIHOI'O CJIOBA JIMIIIE TAKUMU CJAOBAMHU, JIOBXKMHA AKX HE [I€PEBUIILYE
3arajJbHol KITbKOCTI CTaHiB aBTOMAaTa. ZlcHo, M0 y BUTTAAKY CKIHIeHHUX
aBTOMATIB TIepeBipKa ICTUHHOCT1 BITHOTIIEHHS P — ¢ 3aBXKJIN MOYKJINBA.

PekomengoBana Jritepatypa : [2] c. 385-398], [6, c¢. 286-309], [7| c. 410
426], [12} c. 285-289], [17].

Iluranaga Ta BupaBu g0 naparpada 1.

1.1. JlaiiTe o3HaUeHHA CKIHYEHHOTO aBTOMATA.
1.2. ¢Iki Tunm aBroMariB BaMm Blaomi?

1.3. DB gomy mojidarae pizuuiig MizK aBTomMaroM Mypa Ta aBTOMaTOM
Mii?

1.4. ki cmocobm 3aaHHg aBTOMATIB BU 3HAETE?

1.5. Ko Mu Kaxkemo, III0 CTaH ¢ CKiHYeHHOro aBToMara A € mocs-
JKHUAM 13 cTany p?

1.6. Ilobynysaru rpad ckindennoro apromara A = (Q, X, Y., f, qo),

e Q ={qo,q1,q2}, X = {0,1,2}, Y = {a,b, c}, a dyukuii nepexois §
i BuxoaiB f 3a/1aHi TAOJIUIISIMMU:
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§|10]1]2 fl10|1]2
Q|91 | q1|q @ |a|bl|a
Qg a2 | qo qu|b|c|b
2| q1|qo | g2 @ |clalb
BI/ISHaHTe, B dKe€ CJIOBO HepeTBop}oe aBTOMAT A KO>XKHE 3 HaCTyHHI/IX

BX1JHUX CJIIB:

a) 012;
6) 001022:

B) 100000;

r) 000111222.

1.7. Ilobynysaru rpad ckinuennoro asromara A = (Q, X,Y, 0, f, qo),
ae Q = {QOa ql}v X = {(Oa 0), (0, 1), (1,0), (1, 1)}7 Y = {07 1}7 a bynKil

mepexo/IiB 0 1 BUXOiB [ 3ajaHl TaOIUISIMU:

51000 ]aolay]  floo]on]wy]a
g | Qo qo qo 1 g | O 1 1 0
q1 do q1 q1 q1 q1 1 0 0 1

B gomy mosisirae poboTa JlaHOr0 aBTOMAaTa?!

1.8.

B domy mnosngrae pobora asromara A = (Q,X,Y,0, f,qo), 1e

Q = {QO7Q1}7 X = {0717*}7 Y = {0717+7_}7 a ®YHKH11 HepeXOﬂiB
0 i BuxomiB f 3ajaHi TabaUIIIMMU:

O 10| 1]« f1011] %
Q| |q | Qo |01 ]+ |7
1] 91|90 | 9 a1 |0|1]—

1.9. Ckinvennnit aBTromat A 3amgannii rpadom:

ot
%
__+>‘=’ afb

S

/b
(@)Y

b/a
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Bajatu fioro sk mictky A = (Q, X, Y, 0, f,qo) i 3’sgcyBaTu y oMy 11o-
Jsirae poboTa aBTOMAaTA.

1.10. Hexait X = {a,b,c}, Y = {*,+,¢}. Ilobyaysaru merepminosa-
HUII CKIHUYeHHUI aBTOMAT, KW peaJisye aJropuTM mudpyBaHHI BXi-
JTHOT'O CJIOBa MMM POM TTPOCTOI 3aMiHU, MIHIIOYN OYKBY a Ha *, b Ha +
1 c Ha o.

1.11. Hexait X =Y = {a,b,c,d}. [lobyaysaru cKiHueHHUIT aBTOMAT,
KUt mrdpye OYKBU BXITHOTO CJI0BA, TKI 3HAXOAATHCA Ha TMTapHUX TTO-
3UIsAX, MKU@POM 3CyBy Ha JiBI OYKBU IPpaBOpydY, & HA HENAPHUX — HA
Tpu OyKBHU JIIBOPY.

1.12. Hexait X =Y = {0,1,2}. IlobynysaTu CKiHUYe€HHWII aBTOMAT,
AKUi mudpye BXiTHE CI0BO, 3aMiHIOIYHN UMDY T Ha TO3UIIi 3n+ Kk >
1, ien >0, k€ {0,1,2}, ocraueto Big gisenns r + k Ha 3.

1.13. Ilobynyeatm “memucppyrodi aproMmaTn’ g aBTOMATIB 3 JTBOX
ToTiepeIHIX TTPUKJIAIIB.

1.14. IloOyayBaru cKiHUYEHHHII aBTOMAT 3 BUXOJIOM, Y SIKOT'O BXIiIHIIT
andasit X = {0,1,a} i Buxiguuit Y = {0, 1, p, n}. Buxigxa nocinos-
HicTh 3 0 Ta 1 30iraeThbcd 3 BXIiAHONIO, a Ha KOXKHUI CHUMBOJI 3alUTy G
JIPYKYETHCS P, SIKIIO KijibKicThb 0 Bijf moyaTKy poboTu rmapHa, i n — sKImo
HeTTapHa.

1.15. Hexait X = Y = {a,b}. IlobyayBaTn ckiHvdeHHU{T aBTOMAT,
SIKMI JIa€ Ha BUXO/1 CJIOBO, IO CKJIAJAETHCHA TIAbKK 3 OYKB @, TOI i
JIMIIIE TOJ1, KOJIX BXiTHE CJIOBO MICTHTBH IIpedikc ab.

1.16. Hexait X = Y = {a,b}. IlobyayBaTn ckiHYeHHHU{T aBTOMAT,
KU JIa€ Ha BUXOJI CJIOBO, IO 3aKIHYYEThCs OyKBOIO b, TOJI 1 Jiuiie
TOJT, KOJIM BXi/THE CJIOBO He MICTUTH cydikca bbb.
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§ 2. /lerepmiHoBaHI1 CKIHYEeHHI aBTOMAaTHN 0€3
BUXO/TY

B nnroMy maparpadi Mu Ha TpUKJIaJaX PO3TISTHEMO METOIN TTO0YI0-
BU jJleTepMiHoBaHuX ckinueHHux apromartis (JICA) 6e3 Buxory. 30Kkpe-
Ma MOKaXKeMo, 10 KJJac (pOpMaJTbHUX MOB, 9Ki PO3II3HAIOTHCA JIeTepMi-
HOBaHWMU CKIHYEHHUMU aBTOMaTaMU, € 3aMKHEHUM BiTHOCHO 00 € THaHHSI,
IIepeTuHY, JOIIOBHEHHSI, PI3HUI Ta CUMETPUYHOI PI3HUIII.

2.1. TIPUKJIAL. 3uaiitu dopmaabHy MOBY, 10 posmizHaeTbes JICA
A=(Q,X,9,qo, F), axuii 3aganuii momigenum rpadom:

Haramaemo, 1o cioBo w € L(A) Toxi i TibKu TO/, KO aBTOMAT
A 3yunHse aHaJi3 w B OJHOMY 3 KIHIIEBUX CcTaHiB MuHOXKuHK F'. fIKImo
IIPX aHaJI31l CJI0BAa W aBTOMAT MEPEXOIUTH B CTAH (g, TO JaHe CJI0BO He
po3mizHaeThca A, 1 HaBmaky, MepefImoBINT B KiHIEBHUiT CTaH ¢3 aBTOMAT
po3ImizHae ca0Bo w. OTxKe, HAM TTOTPIOHO TPOAHAII3YBATH, 9K 31 CTaHY
go MOXKHA TIepelTh B CTaH ¢3. Bchoro € Tpm Tumnm MIAXiB 3 o B 3:

(q07q17QQ7°°°7QQ7Q3); (QO7Q17q57°°'7Q57Q3); (QO7Q47Q57"'7Q57Q3)'

Boum BignoBijgaroTh ciioBaM, TpediKCH SIKUX HaJIeXKaThb PETYISPHUM
moBaMm 011*0, 000*1 i 100*1 Bigmoiguo. Taxkum dmHOM,

L(A) = (011*0 + 000*1 + 100*1)(0 + 1)*.

2.2. [TpukJiA 1. Tlobynysaru rpad JICA A = (Q, X, 6, qo, F) i 3uaiitn
MOBY, sika posmizHaeTbest A, skimo @ = {qo,q1,q2,q93}, X = {0,1},
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F ={q1,q2}, a dyukiis nepexois § 3a1ana TabIUIEO:

01011
qo | 91 | g3
q1 | g2 | g3
qz | q2 | G2
43 | 43 | 43

[Tomiuenwuit rpad aBromara A Ma€ BUIVIsI:

0
@@,
— Y0 | /——= Yyl )|/
1 1

Buaiinemo moBy L(A), gka posmnizHaeTbcd aBTroMarom A.

3 rpada JJCA BUIHO: MEPERIIOBINN B CTAH ¢3, aBTOMAT 3aJIUIIAE-
ThCS B HBOMY 10 KiHIst pobotu i w ¢ L(A). 3 irmoro 60Ky, mepenrnos-
I B KIHIEBUU CTaH @2, aBTOMAT HIKOJW He IIOKWHE JAHOT'O CTaHy, 1
Taki cjaoBa posmizHaroThesa JICA. 3 BuimeckazaHoro BUTLIABAE, 110 MO-
Ba L(A) micturs cioBo 0 (aHasi3 sSKOTO 3yNUHSIETHCS B CTaHi q1) i BCi
cyioBa, gki Matorh npedikce 00. Takum aunom, L(A) 3anucyernes pery-
aspuauM supaszom 0 4 00(0 4 1)*,

2.3. ITpukiag. Ilobynysaru JICA, skuii po3mi3Hae BCi cioBa B OiHap-
Homy asidpasiti X = {0, 1}, axi mators mpedike 01.

JIerko 0aunTH, MO peryaspHuil BUpa3 NIykKaHol popMaabHOI MOBU
mae surisig 01(0 4+ 1)*. Tlobymayemo rpad mporo peryasipHoro BUpasy:

° (@)

Janwnit rpad #me € rpadom JACA, ockinbku B rpadi JICA 3 KoxkHOT
BEPIIMHNA ¢ MA€ BUXOJAUTH €JIMHA CTPIJIKA 3 MO3HAYKOI @ JJIT KOXKHOI
napu (q,a) € Q x X. II1o6 BUKOHATH IO yMOBY, TOOYIyEMO JIOAATKOBY
TYTTUKOBY BEPITUHY @3 1 CTPLIAKW qo — ¢3 1 q1 — q3 3 mo3HagkaMu 11 0
Bianosigno. Hlykanuit rpad JCA mae Burisa:




54 II. CKIHYEHHI ABTOMATU

— () ——@)"

0

ol

2.4. ITPukaagd. Ilooynysatu JACA, skuit posmizHae Bci ciaoBa B OiHap-
Homy asidpasiti X = {0, 1}, axi micrars migcmaoso 00.
Crepriry 3ayBaKuMo, 1110 3 peryagpuoro supasy (0+ 1)*00(0 + 1)*
He MOXKHA Bu3HauuTu nepiie BxokenHd mapu 00 y BXIIHOMY CJIOBI.
3 apyroro 6oky, mykaauit JICA mae usgsigarn 00 BxkKe IPHU IEPIIOMY
itoro BxoKerHHl. [IpoanasmizyeMo many mpobaeMy JeTaJTbHITIIE.
[TpumrycTuMo, M0 Ha CTPIYIN 3alucaHe CJI0BO W = X1X2...ITy, I
xz; € {0,1}. Mu maemo mepeBipaTH KOXKHE IiJICA0BO XT1X2,L2T3, . . .,
Tn—1Tn, 1 9K TLIBKHA BUSIBUATHCH, 110 Jiesdka Iapa pisaa 00, pobutn Bu-
CHOBOK, II10 CJI0BO w po3mizHaeTrhes JJCA. 3Biacy BUILINBAE HACTYITHIH
aJITOPUTM TOOYIOBM Tpada aBToMaTa:
Kpok 1. byxayemo rpad

° — (@)

3 KIHIIEBOIO BEPIIIMHOIO @2, 3 JIOTIOMOTOI0 sIKOT PO3MI3HAIOTHCS CJA0BA, 110

MicTsaTh 00. 3okpema, akimo x1ze = 00, TO CJIOBO W PO3MI3ZHAETHCH.
Kpoxk 2. dkmo x; = 1, 70 3a/mmmaeMo miJc/I0OBO T1T2 1 IIEPEXOIUMO
JI0 TIepeBIpKU Tox3. TaKUM YMHOM, aBTOMATYy HMOTPIOHO ITepeiiTu B CTaH

qo, T06TO 6(q0,1) = qo-

1

(0)— (@)D

Kpok 3. dxmo 1 = 01 29 = 1, TO HI mMACIOBO T1X2, HI Xoxr3 HE
nopisaioe 00. OTxke, Kepyrounit npuctpiit JICA mae nmepeiitu B cTaH g

NI aHAMI3Y MiacaoBa x3x4. TakuMm auHOM, mOKJIageMo 0(qr, 1) = qo.
I'pad mykanoro JICA mae Burisa:



§ 2. ZETEPMIHOBAHI CKIHYEHHI ABTOMATH BE3 BUXOIY 55

1

—(@ — (@)

2.5. I[Ipukagd. Ilobynysat JACA, akuit posmizHae BCl ciaoBa B biHap-
Homy asidpasiti X = {0, 1}, axi micrars migcaoso 00101.
AnaJjioriufo, K 1 B IOIEPEeTHBOMY IPUKJIAIl, KPOK 3a KPOKOM 0Y-

ayemo rpad JTCA:

(0) ()= () (1) @)es
\_/

1
1

0

—_

—

0 0 1 0
(a0) (o)~ (s2)—(w) @os
v
1
1 0

1

3 ;
—_— —_—
~—
1

—_

@)

1 0
0

2.6. ITPukiAz. Ilobynysaru JICA, skuii po3mi3Hae BCi ciaoBa B OiHap-
Homy asdasiti X = {0, 1}, axi mators cydike 01.
Cuepiy 1modyyemMo HacTymHui rpad:

0 —()
—_—
Cranu gp Ta ¢ BKa3VIOTh, 10 “He 3Haiimeno npedikca caosa 017 Ta
qo q1 y y 1 A p

“spaiigenuit npedikc 0 ciaosa 01”7 BigmosBigHo. AHAJJIOTIYHO, SIK 1 B IIO-
HepeIHbOMY MPUKJIa, mokIagaeMo d(qo, 1) = qo i 6(q1,0) = q1. fAxo
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MEPERTIIOBIIA B CTAH @2 aBTOMAT HE 3aKIHYWB aHaJI3 BXIJIHOTO CJIOBA,
10 HeoOximHo mokJactu d(ge,0) = q1 i 6(qe,1) = qo. Takum guHOM,
mykanuit rpad ACA mae Buris:

1
1
/\
—>00

2.7. I[TPukiAJl. Ilobynysaru JICA, axkuii po3mizHae BCl ABIfIKOBI HATY-
paJibHI ducaa, 9K1 KOHTPYEHTHI HYJII0 33 MOJIYJIeM 3.

Inest mobymnosu gamoro JICA monmibra 0 imel moOymoBu aBTOMATIB
3 II0oIepeIHiX JBoX mpukJjaaiB. [lodymayemo n’sthb craHiB qg, g1, .- -, Q4
1 BBaXKa€MO, III0 KOXKEH CTaH ¢; Ma€ 3HAUYeHHs ‘HpediKC « BXIiIHOIO
coBa Mae BiaacTuBicts o = i(mod 5)”. Tobro morpibHO BH3HAYNTH
d(qo, x122 ... TE) = @i, AKIIO T1T2 ... T, = i(mod 5).

K »Ke 1100y 1yBaTH CTPIJIKM MiXK CTaHAMU aBTOMAaTa, BUKOPUCTOBY-
foun 110 imeo? Haramaemo, mo g GpyHKIN 11epexoaiB 0 BUKOHYETHC
HACTYTTHA PIBHICTH:

0(6(qo,w), a) = 6(qo,wa)

nst Oyib-sikoro GiHapHOro cjaosa w i gosiabaoro a € {0,1}. ITpumy-
crumo, mo 0(qo,w) = ¢; 1 6(qo,wa) = g;. Toni MaioTs BUKOHYBaTHUCH
KOHTpyeHtil: w = i(mod 5) i wa = j(mod 5). Takum auHOM,

Jj = wa(mod 5) = 2w+ a(mod 5) =2 i+ a(mod 5).

Orxke, nokmagemo 6(¢g;,a) = ¢, gaximo j = 2 -4+ a(mod 5). Ha-
npukaag, d(qa,0) = q4 i 6(q2,1) = qo. Kpim Toro, cran qp € eaunum
KiHIIEBUM CTaHOM, OCKLIbKHU (g, w) = qo 03HaYaE, mo w = 0(mod 5).

Hacavkimernb 3ayBaskuMo, IO ABIHKOBHUIT 3aTMC HATYPAJTHHOTO 9H-
CJ1a 3aBXKJIM MTOYMHAECTHCA 3 1. Takum 9uHOM, TTOTPIOHO JT0/IaTH HOBUMA
MMOYATKOBUI CTaH S 1 TYIUKOBUI CTaH p K MOKa3aHO Ha rpadi:
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2.8. I[IPukAgd. Ilobynysatu ACA, skuit posmizHae Bci ciaoBa B biHap-
Homy asidpasiti X = {0, 1}, saki mictsars migcaoBo 00 abo 3aKiHIYIOTHCS
Ha 01.

[Mlykana MoBa € 00’€THAHHAM [BOX MOB, 3aMUCAHUX PETYIAPHUMN
supaszamu (041)*00(04+1)* i (041)*01. B mpukmamax 2.4 ta 2.6/ Mu mo-
oynysasm JICA, ski posmizuaiors 11 181 MoBH. 151 mepeBipKn TOTO, Un

BXi/THE CJIOBO W HAJEXKUTH 00’'€IHAHHIO MUX MOB, MOXKHA aHAJI3yBaTH
CJIOBO W JBOMA aBTOMaTaMu napaJsenbno. Hampukian, nexait w = 0101.
Ha meprmomy JICA obuncaoBaIbHUN MIIIX A9 CJIOBA W Ma€ BUTJISI
(90, g1, 90, q1,q0), @ Ha APyTOMY — (G0, 1, G2, 41, G2)- OCKimTbKY amamis3 w
ma apyromy JICA 3aKkiHIyeThCsT B KiHIIEBOMY CTaHi, TO CJIOBO HAJIEXKUTH
00’€ IHAHHIO MOB.

Lnes mobynosu ACA mist 06’eqHaHHs IMX MOB IOJISITAE€ B PO3LJISAIL
Tak 3BaHOTO M00YTKY aBToMaris. Hexait A1 = (Q1, X, d1,qo, F1) i Ay =
(Q2, X, 02, qo, F») — nBa aBroMaTu (3ayBaxkumo, 1Mo Q1 1 Qo MOXKYTH
MaTW CTaHW 3 OJITHAKOBUMHU Ha3BaMWU, SIKi BUKOHYIOTH Pi3HI YHKIII B
nsox JICA). Buznauumo dobymox A = Ay X As aemomamis Ay i Ag
nactynauM annoMm. Hexait A = (Q, X, 4, qo, F'). Iokmamemo

Q=01 xQ2={(g,9) | @ € Q1,q € Qa2},

0((gi,q5), @) = (61(gi, a), 02(g5, @) i Go = (qo, qo)-

Hampuksaa, obuncaoBaabanii muigax caoBa w = 0101 B mobyTky
aproMaris A mae suraam: (qo,qo); (q1,q1); (q0,92); (q1,q1); (qo,q2)-
Axmo g € Fy abo g; € Fy, To nokmnanaemo (gi,q;) € F, tobro F =
(F] X Q2) U (Q1 X F3). Ouesnano, mo marnit apromat A poamizmae
00’eTHAHHS MOB, sIKi PO3II3HAIOTHCI aBToMaTamu A ta As. ['pad mry-
kaunoro JCA mae Buriisi:
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(qo, QQ)

1

3BepHEMO yBary Ha [IBa BaxKJanWBl (hakTH, MOB’'d3aHl 3 aBTOMATOM
A. Tlo-niep1rre, ockinbku ctanu (qo, q1), (q1,q90) Ta (g1, q2) € HETOCSKH-
MU 3 ITOYATKOBOTO CTaHy (qo, qo), TO Mu ix omyckaemo. [lo-npyre, cra-
1 (g2,q1), (g2,90) Ta (q2,q2) MOXKYTH OyTr 00 € THAHI B €MHUI CTaH,
OCK1JIbKM BCl BOHM € KIHIIEBUMU 1 HEMOXKJIMBO IX IMOKWMHYTHU, TKIIO AB-
TOMAT TIEPEHTIIOB Xo4a O B OJAWH 13 HUX.

2.9. ITpukag. Tlooynysatu JICA, axkuit po3mizHae BCi ciaoBa B HiHAp-
Homy ascpasiti X = {0,1}, gaxi micrars migcaoBo 00 i 3aKiHIYIOTHCS
mna 01.

Jlana MOBa, € IEPpEeTUHOM JBOX MOB, 3aIllUCAHUX PErYASPHUME BUPa-
3amu (041)*00(0+1)* i (04-1)*01. B upusazni|[2.8/moby10BaHo 100y TOK
aBTOMATIB, AKWI pO3MizHAE 00’'€THAHHA 33/JaHnX MOB. TyT MU pPO3TJId-

HeMmo Toit camuii 7o0yToK JICA, B gKOMYy JIHIIE HOMIHIEMO MHOXKUHY
KIHIIEBUX CTaHiB, mokjgaBmu F' = F; x Fy. I'pad mrykamoro aBTOMa-
Ta TaKWil ¥Ke, 9K 1 aBTOMaTa 3 TPUKJIAIY 3 TI€ PI3HUIEIO, IO
MHOXKWHA F' KIHIIEBUX CTaHIB MICTUTBH TiIbKM CTaH (g2, q2).

2.10. ITpukJiAJ. Ilooynysaru JCA, axuit po3mizHae BCi cjioBa B OiHap-
Homy asdasiti X = {0, 1}, aki micrsars migcaoso 00 1 He 3aKiHIYIOTHCS
Ha 01.

Jlara MOBa € PI3HUIEIO MOB, 3alMCAHUX PETYIAPHUMHU BUPA3aMU
(0 + 1)*00(0 + 1)* i (0 + 1)*01. Tomy Mu MOKEMO BHUKOPHUCTATU TOI
caMuii 700yTOK aBTOMATIB, IO 1 B TMPUKJIAIAX Ta [2.9] BRITIOUMB-
I B MHOXKWHY KIHIIEBUX CTaHIB Tl MapH, MepIia KOMIOHEHTa SIKUX €
kiamnesuM cranom mepiroro JICA, a apyra KoMIIOHEHTa HE € KiHIEBUM
CTaHOM JIPYroro aproMara, To0To mokaasmu F' = F1 X (Q2 \ F3). I'pad
MIYKAQHOT'O aBTOMaTa TAaKWl ¥Ke, 9K 1 aBTOMaTa 3 MPUKJIALY 3 TIEI0
pi3HUIE0, MO MHOXKWHA F KIHIEBUX CTaHIB MICTUTH cTaHu (g2, (o) i

(g2, q1)-
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YacTKOBUM BUIIAIKOM Pi3HUI POPMAIbHUX MOB € JOINOBHEHHS L =
X*\ L. B npomy BuUIaJKy BUKOPUCTOBYEMO HACTYIIHY KOHCTPYKIIIO.
3aysBaykumo, 1o st apromata A = (Q, X, 0, qo, F') BXimHe cJIOBO w €
L(A) Toai i mineku Tomi, kKomm 6(qo,w) € F. Anmanoriuno w ¢ L(A)
Topi i Jimme roxi, ko 0(qo,w) ¢ F. 3Bincu Bumusae, mo JCA
(@, X, 9, q0,Q \ F) posuizuae gonosuerns mosu L(A).

Taxkum IMHOM, MU JOBEJU HACTYIHY TEOPEMY:

2.11. TEOPEMA. Kaac hopmasvHULT MO8, AKi PO3NI3ZHANOMBCA demep-
MIHOBAHUMU CKIHYEHHUMU GBMOMAMAMU, € 3AMKEHEHUM 610HOCHO CKIH-
YEHHUT 00 cOHanb, nepemunie, JonoBHEHHA, PIBHUYL a4 CUMEMPUBHOT
DIBHUYT.

PekomengoBana jitepatypa : [3], [12] c. 289-294], [17] c. 23-38].

IIlutanag Ta BupaBu g0 naparpada 2.
2.1. 4k 6yayerhcsa mobyTok A = A X Ag aBToMatiB Aj 1 As?

2.2. CdopmymoiiTe TeopeMy IIpO 3aMKHEHICTh KJiacy (OopMaJIbHUX
MOB, {KI PO3II3HAIOTHCS AeTePMIHOBAHUMHU CKIHYeHHMMH aBTOMaTaMMU.

2.3. BwuswaunTu, gaxkwnit 3 6ITOBUX pPAIKIB

a) 1110 5) 110001010010
6) 101010 r) 000000000111

POBIIBHAETHCA JETEPMIHOBAHNM CKIHUYEHHUM aBTOMATOM 0e3 Buxony A,
0 3a/1aHu TpadoM:

0
m
e

—() (1)—(2)
~— ~—
1 1

0 0
0 0

1
2,
@@
1

2.4. Cepen caiB peryaspaol mosu (10)* BusHaunTH Ti, SKi HaIEKAThH
moBi L(A) aBromara A 3 1omepeHbOr0 MTPUKIATY.
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2.5. Posrasanemo JICA 6e3 Buxony A, q = (Q, X, 6,90, F), 1e m,d €

N7 Q — {QO7Q17"'7Qm—1}; X = {0717'°°7d_ 1}7 F = {Q1} 1 5((]“]{7) —
q(di+k)mod m- 1100ynyBaTn rpad asromara A72 1 BU3HAUUTH, AKNUN 3
6iToBUX pankiB posmizHaeThea JCA:

a) 0101 B) 1101101010
6) 11010 r) 11110000.

2.6. 3muaiitu Moy, 1o posmizHaeTbea JICA 6e3 Buxoay:

a)
ey
1 0 1 0,1

0,1 1
() (@) —~(®=)_(s)
—_  —
~ ——— ~ ——
1 0
0 1

1
1 0
0
1 1
0 0,1 0,1

2.7. Tlooynysatu JICA 6e3 BuXO0dy, dKi po3mi3Ha0Th (DOPMaJIbHI MO-
BU:

0,1

a) {0,1}; B) {0" | n=2.3,...}
6) {10,101}; ) {0"1™ | n,m € N}.

2.8. Ilobymysarum JCA, sikmit posmisHae BCi cjoBa B OiHapHOMY aJi-
dasiti X = {0, 1}, mo mictsars migcmoso 100101.
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2.9. Ilobymysarum JACA, sxuit posmisHae BCi cjoBa B OiHapHOMY aJ-
dasiti X = {0,1}, mo marors mpedike 10.

2.10. Ilooynysaru JICA, sxkuii po3mi3Hae BCi c10Ba B OiHapHOMY aJl-
dasiti X = {0, 1}, mo 3akinuyrorbest Ha 11.

2.11. Ilooynysaru JICA, sxkuii po3mi3Ha€E BCi c0Ba B OiHAPHOMY aJi-
dasiti X = {0, 1}, mo nmounnarorbes Ha 10 abo 3akinuyroTbes Ha 11,

2.12. Ilooyaysaru JICA, sxuii po3mi3Ha€e BCi c10Ba B OiHAPHOMY aJi-
dasiti X = {0, 1}, mo mounnarorbesa Ha 10 1 He 3akiHgyOThCs Ha 11,

2.13. Ilooynysaru JICA, sxuii po3mi3HA€E BCi cj10Ba B OiHAPHOMY aJi-
dasiti X = {0, 1}, mo ue mictars migcmosa 00 i 3akinayorbes wa 101.

2.14. Ilooyanysaru JICA, axuii po3mi3HA€E BCi cj10Ba B OiHApHOMY aJi-
dasiti X = {0, 1}, mo marors npedike 010, cydike 101 i micTars mij-
csioso 0000.

§ 3. HenerepmiHoBaHiI CKIHYEHHI aBTOMAaTU
0e3 BUXOdy

Henerepminosannii  ckingennnii apromar (HCA) 6e3 Buxojy
A= (Q,X,6,q, F) susnauaerbesa Tak camo, sk i JICA, 3a BUHATKOM
TOro, 110 0 He 000B’SI3KOBO € BCIOIM BU3HAUEHOIO (PYHKITIEIO, & MOXKE
OyTm # BigHOmeHHsM. lle o3Hadae, MO JJd KOXKHOTO CTaHy ¢ 1 BXi-
aHOT OykBU @ 3HadeHHs (¢, a) € TMIMHOXKUHOK MHOYXKHUHU CTaHIB (),
d(q,a) = {p1,p2,...,Pk}, TOOTO mpoaHai3yBaBiIiu OYKBY @ B CTaHi ¢
aBTOMAaT MOKe IlepeiiTh B AOBLIbHUII 31 CTaHiB P1, pP2,..., Pk. JKIIO
d(q,a) = 0, TO aBrOMAT HE IIEPEXOJUTH B KOJEH CTAH, 1 BBAKACTLCH,
110 BXiAHEe cJI0BO He posmizHaeThca HCA, He3BaxKaoun Ha Te IO Je-
K1 OYKBW CJIOBa IIle He TTpOoaHaJJi30BaHi aBTOMaToM. B IboMy BUIaI-
Ky KaxxyTh, mo HCA mepeiimos B Tynukosuii ctan. KpiMm mepexosis B
nekinbka crariB, B HCA 103BOISIOTHCS TaKOXK e-Tiepexonn (e-TakTh).
[Tpu e-miepexojii TOJOBKA aBTOMAaTa HIYOr0 He BUKOHYE (He YuTae i He
PYXAEThCsl ), ajle CTaH MPU IHOMY MOXKe 3MIHUTHUCS Ha JIOBLILHAN 13 3a-
JTAHUX UM TIePEeX0/0M CTaHIB.

3 CKa3aHOI'0 BUIME BUILINBAE, 0 0 MOXKHA BU3HAUYUTH SIK (DYHKIIIO,
3HAUYEHHsI sIKOI € IJIMHOXKHMHAMU MHOXKHWHU CTaHiB (), TOOTO

§:Qx (XU{e}) — 29,
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e gepes 29 mosHavaeThCs ciM’s BCIX MIMHOXKHH MHOKIHH ().

QyHKINO 0 3PYyYHO 3a4aBaTH 3a JIOIOMOIOI TAOJINI, CTOBIYUKN
SIKOI BiAMideH] pi3HUMMT OYKBaMM BXiZHOTO aJadaBiTy, a PIIKN — CTaHa-
Mu aBToMaTa. s dyHKIII mepexo/iB Ha MePEeTHH] ¢-T0 PsIIKa, BlaMide-
HOI'O CTAHOM ¢ € (), i j-T0 CTOBIUMKA, BijMiveHoro 6ykBoio a € X U{e},
3HAXOUThCA 3HadeHHs 0(q, a) = {p1,p2,..., Pk}

3.1. ITPUKJIA/. PyHKIisg 0 aBTOMATA
A= ({Q(% qi1, QQ}a {07 1}7 57 q0, {QQ})

331a€THC TAOIUIIEIO:
) 0 1 e

@ | O |{q,q}|{a}
a1 [ {2} | {a,e}| 0
q2 {QQ} 0 {Ch}

HCA, mak gax i JICA, 3agarorbcss rpadamu, BEPIIUHAMHA AKUX €
CTaHU aBTOMAaTa, a 3a JOIOMOI'OI CTPLIOK 300ParKyHThCs EPEXO/IN.
dxmo §(q,a) = {p1,p2,-- -, Pk}, TO IPOBOIUTLCSA k CTPLIOK 3 BEPIITHHN
q J10 KOYKHOI 3 BEPIIUH P1, P2, - - - , Pk, 1 BCI CTPLJIKU TTOMIYaIOTHCsI OYKBOIO
a. Hanpukia, rpad aBromara A 3 mpukiamy Ma€ BUTJISAT:

1 1 0
e 1
/\ /\
1 \0/
e

Bxigme cs1oBo w MOKe MaTu OLILIINE OQHOTO OOYNCIIOBAILHOTO TILII-

xy. Hampukian, cioBo w = 01 mMae Tpu 00UMC/TIOBAIBHI TIISIXA:
e 0 e 1

q0 q1 q2 q1 q1,
e 0 e 1
q0 q1 q2 q1 q2,
e 0 e 1 e
q0 q1 q2 q1 q2 q1-

OOumnc/iroBa/IbHI ILJISXU BXiJIHOI'O CJIOBA W YTBOPIOIOTH KOpPEHEeBe
JIepeBO BUBEJIEHHsI, 00 BCl BOHM BUXOASTHb 3 OJHIEl 1 Ti€l K BEPIINHU
¢o Ta 1X TLIKW He YTBOPIOIOTH IHUKJIB. 300pa3MMoO JIepeBO BUBEICHHS
cioBa w = 01 (MU J0/18€MO CTPIIKY 2 _°. g2 > 11100 HATOJIOCUTH, IO

JPYTUH TMIIX 3aKIHIYETHCA B BEPITHUHI q2):
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/
e 0 e e

qo q1 q2 q1 1 q2 q2

N

q1

Hedaxi 3 nx 00YMC/IIOBAIBHIAX MIJISAXIB 3aKIHIYYIOTHCHA B KIHIIEBOMY
CTaHl, a 1HIM — Hi. 2K XKe B 1IbOMY BUIAIKY BU3HAYUTU, UM PO3TI3HA-
erbca Bxigme caoso HCA? BpakaioThb, 110 aBTOMAT PO3IN3HAE CJIOBO
W, AKIIO TPUHANMHI OJIMH 3 00YMC/TIOBAJIBHUX IIIAXIB 3aKIHIYETHCA B
KiHneBoMy craHi. Hanpuksam, aApyruii 004uCI0BaJIbHUN ILISIX CJIOBA
w = 01 3akiHIyeThCSa B @2, 1 TOMY BOHO posmizHaeTbca HCA A 3 mpu-
kitaay [3.1]

[T106 BusuauuTu crporo, ko HCA posmisnae BXigHe CJI0BO w, IO-
TPIOHO BBECTHU MOHATTA e-3aMUKaHHA MHOXKWHU. HazBemo e-samuran-
HAM TiaMHOXKUHA P C () MHOXKHMHY CTaHIB, sKi JIOCSATal0ThCs 3 CTaHIB
q € P e-mepexomamu (BKIIOYAIOYN TIepexoan 3 ¢ B q). TobTo

cle(P) ={p € Q|(p € P)V(3qo,---,qm)[q0 € P, q¢m = p,qi+1 € 6(gi, e)]}-

Hampukmaz, cle({q0}) = {90, 01}, a cle({q2}) = {q1,q2} nnst aBromara
3 IPUKJIATY

IIpomos:xumo dyHKIO nepexois § va muoxuny 29 x (X U {e}),
TOKJIABIIN

5(Pya)=clo( | d(qa)),

a naji mposoBxuMo iT Ha 29 X X * HACTYIIHEM YHHOM:
d(P,e) = cl.(P),
d(P,wa) =9(0(P,w),a), akmo w € X" ia € X.

Tak, y npuksiaii|3.1|maemo, mo 6({qo},0) = {q1, 92}, a 6({q1,¢2}, 1)

:{QI7 QQ}7 TOMY 5({q0}701) — {Q17QQ}-
Baysaxkumo, 1m0 d({qo},w) € MHOKMHOIO BCiX OCTaHHiX cTaHiB (He

060B’s13K0BO KiHTeBuX!) 0OUNCTIOBATBLHUX TIJISIXIB CJI0BA W.
Temep moxkna crporo Busnauntu, mo HCA (Q, X, 6, qo, F') posni-
aHae ca060 w, ko d({qo},w) NEF # (). Yepes L(A) no3nauaemo MOBY,
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sika posmiznaerbess HCA A, To6To
L(A) ={we X" | 6({qo},w) N F # 0}.

3.2. ITpukJjiaj. Ilooynysaru HCA, skuit posmiznae Bci ciioBa B 6iHap-
Homy asipasiti X = {0, 1}, mo mictars migcaoso 010.

Bynyemo manwmit aBromar tak camo, sik Mu oyaysanan JICA, Tiabku
B II0YATKOBOMY CTaHI JogaemMo Bl netii 3 mo3Hagkamu 0 i 1. 3 ix j0-
IIOMOI'0OI0 aBTOMAaT YeKae J0TH, JOKH He 3Haiige nigcioso 010. Maroun
i 7Bl eTti, He moTpibHo MokmamaTu 0(q1,0) = q1 i §(qe, 1) = qo, 9K 11€
pobusiocst At JICA. Crpagsi, jocraTHbo nmpocto nokjaactu §(qgp, 0) =
d(q2,1) = 0. 'padp HCA mae Burms:

1

1
—_
0

0

3.3. ITPukIAa. Ilobynyemo HCA, akuit po3mnizHae BCi cjioBa B OiHap-
Homy asdasiti X = {0, 1}, mo nounuatorbes 3 010 abo 3aKiHIYIOTHCS
ma 110.

MnuoxknHa Bcix OiHApHUX CJiB, dki moumHaioThed 3 010, posmisz-
naetbess HCA, 3agannm rpadom:

0,1

—_—
MHuoxxknHa BCix OIHAPHUX CJIIB, SK1 3aKiHIYIOThCI Ha 110, po3mis-
HAETHCSI aBTOMATOM:

O O RO O

3ayBaXnMo, M0 B IILOMY aBTOMAaTI KIHIIEBUiT CTAH HE Ma€ BUXIIHUX
cTpinok, To6To §(s3,0) = d(s3,1) = (). Takum auHOM, AKIO AHATIZYO-
YM BXiJIHE CJIOBO W, aBTOMAT IEPEXO/IUTh B TYMUKOBUI KIHIEBUII CTaH
S3 paHilre, Hi2K CJI0BO w IOBHICTIO npoanadidyerbcas HCA, To 3 moro-
MOTOI0 T[HOTO TILISAXY W HE PO3MI3HAETHCA (aJie e He 03HavaE, M0 W He
posmiznaerbest HCA).
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Hacamkinenb o0’eaHaeMo 1 aBa rpady B OAWH, JOJIABIINA HOBHIA
MOYATKOBWI CTaH 1 /Bl e-CTPLAKMU, IK1 BUXOATHh 3 HHOTO B CTapl TO-
4arkoBi cranu. B pe3yabrari o/iepKUMO HACTYHHUM Ipad IyKaHOI'O

HCA:

0,1

3.4. TTrukAa. Ilobynyemo HCA, sixkuit po3mizuae Bci cjioBa B GiHAp-
Homy asichasiti X = {0,1}, mo MmicTsTh TpUHANMHI JBa BXOKEHHS
mizicsoBa 01 1 3akinuytorbesa Ha 11.

Bukopucraemo e-mrepexosn, 1mob o6’egaaru Tpu npocrimux HCA B
oJvH. B pe3yabTaTi OTpuMaEMo:

0,1

(0)——(1)——()
_—

oy

0 (@
1
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SayBaxkumo, 110 OykBa 1 JApyroro BxojKeHHs IijgcioBa 01 moxke
CIIIBIIACTU 3 HepIIo O6ykBoio cydikca 11, aje 1e He € Ipod/IeMoIo y
punaaky HCA: ciig mpocTo go7aTh 11e OJIHY e-CTPLIKY 3 CTaHy (5 B
CTaH (7.

3.5. ITpukIAad. Hexait A1 i Ay — mBa HCA. Tlobynyemo HCA A, mas
sroro L(A) = L(Aj1) o L(A2).

Hexait A1 = (Ql,X, 51,q(1),F1) 1 A2 = (QQ,X, 52,Q(2),F2), e Ql M
Q2 = 0. Tlobyayemo asromar A = (Q, X, J, qo, F') HACTymHUM YHHOM.
Toxnagemo Q = Q1 U Qo. Houarkosuii cran ¢ apromara A; € noda-
TKOBHAM CTaHOM aBromara A, a muoxkmua F' kinnesux cramiB A mopis-
nioe Fy. Taxkox ansa koxuoro q € Fy nosusnaummo 6(q, e) = g3, T06T0
TPOBEJIEMO e-CTPLKM 3 KOXKHOTO CTany ¢ € F) B mouaTkosmit ctan ¢f
aBTomaTa Ao. Ha pemry mabopax pyHKINA § BH3HATAETHCA TaK Ca-

MO, Ik YHKIl d1 1 d9. Jlerko 6auwnTn, mo aBromar A po3mi3Hae MOBY
L(A) = L(Ay) o L(As).

3.6. IIPukAad. Hexait A1 — HCA. Ilobynyemo HCA A, mas skoro
L(A) = L(Ay)*.

Hexait A1 = (Q1, X, 01, qo, F1). llobyayemo rpad aBromata A, mo-
JTaBIN HOBUM MOYATKOBUI CTaH S 1 eamHnit Kinnesuit cran f. IIpose-
JIeMO e-CTPLJIKKM 3 CTaHy § B cTapuil 1o4daTkoBHil cTaH ¢y € (1 Ta 3
KOXKHOTO ¢; € Fj B moBuii Kinnesuii cran f. Jlai Biuk/iamzemMo 3 Ko-
JKHOTO CTaHy ¢; € F] e-CTpiaKy B MOYATKOBHUII cTaH ¢o aBToMaTa Aj.
Hacamkibenp g01aMo0 e-CTPIJIKY 3 TOYaTKOBOTO CTaHy S B HOBUU KiHIIe-
Buit cran f (Ipu bOMY MMOPOXKHE CJIOBO € PO3IIBHAETHCS aBTOMATOM).
[MTyxanuit HCA moka3zaHo Ha PUCYHKY:

e

PR
Y 2O

e

3 npuksrazis 3.5 Ta [3.6] BunmBae Hacrynma reopema:

3.7. TEOPEMA. Kaac popmarvhur mos8, AKi po3ni3Haomscsa nedemep-
MIHOBAHUMU CKIHYEHHUMY GEMOMAMAMU, 3GMKEHEHUT G1OHOCHO KOHKA-
meHayLi ma 1mepayii.
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PekomengoBana Jjitepatypa : [3], [6) c¢. 309-312], [15] c¢. 134-138], [17]
c. 38-45).

IIlutannga Ta BupaBu g0 naparpada 3.

3.1. Y uomy moasrae pizaung mixk JICA 1 HCA?

3.2. 4k 3a mepeBoM BUBEIEHHS BXIJTHOTO CJIOBA 3’sICYyBaTH, UMW PO3ITi-
3HAETHCS BOHO aBTOMATOM !

3.3. Cdopmyiroiite TeopeMy IIpO 3aMKHEHICTH KJiacy opMaJIbHUX
MOB, 9Kl PO3MHI3HAIOTHCA HeAeTepMIHOBAHUMHU CKIHYEHHUMU aBTOMAaTa-
M.

3.4. BwuswaunTu, axkuit 3 6ITOBUX pAIKIB

a) 00010 B) 110001111000
6) 11000 r) 000000000111

POBMIBHAETHCA HEJIETEPMIHOBAHNUM CKiHYEHHUM aBTOMAaTOM 0e3 BUXOIY
A, mo 3amanuit rpadoM:

BHalTH e-3aMUKAHHS MHOXKUHU {qo, q1 }-

3.5. Cepen ciiB perysuspraol Moy 01" BusHauuTu Ti, 9Ki HaJIEXKaTh
moBi L(A) HCA 6e3 Buxoy A 3 TOTEpeHBOTO TPUKIATY. 33TaTH HOTO

gk w'aTipky A = (Q, X, 6, qo, F).

3.6. 3maiitu MoBy, 1o posmizHaeTbcas HCA 6e3 Buxomy:

a)
e
e —_—
$_/
1
0
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() g:::.

1

1\
0 (a2 )~—()
O,e \*?/ € ‘

OGP

1

_—

@D

3.7. llobyumysaru jnepepa BuejieHHsi cioBa 010011 jjisgs KOXKHOIO aB-
TOMaTa 3 MOMEePeIHBOr0 MPUKJIILY 1 3 IX JIONOMOIroI0 3’dCyBaTh, 9Kl 3
aBTOMATIB PO3II3HAIOTH JIaHE CJIOBO.

3.8. Ilooynmysaru HCA 6e3 Buxoay, g9Ki po3mizHAOTL (GOpMAIbHI MO-
BI:

a) {1,e}; B) {0" |n=2,3,...};
6) {01,101}; r) {0"1™ | n,m € N}.

3.9. Ilobymysaru HCA, saxwit posmizHae BCi cjoBa B OiHapHOMY aJ-
dasiti X = {0, 1}, mo micrsts migcsoso 00101.

3.10. Ilooynysaru HCA, axuii po3mi3Hae BCi cj0Ba B OiHaApHOMY aJi-
dasiti X = {0, 1}, mo marors mpedike 111.

3.11. Ilooynysaru HCA, axkwuii po3mi3Hae BCi cji0Ba B OiHAPHOMY aJi-
dasiti X = {0,1}, mo 3akinuyrorsesa va 001.

3.12. Ilooyaysatn HCA, axuit po3mizHae BCi c10Ba B OiHapHOMY aJl-
dasiti X = {0, 1}, mo mounuatorhest Ha 111 abo 3akirayorbest wa 001,

3.13. Ilooynysaru HCA, axwuit po3miznae Bci cioBa B asidasiti X =
{0, 1}, mo micTars moHaiiMmer e Tpu BXozKenHs migcaosa 010.



§ 4. IEPETBOPEHHA HCA IO JCA 69

3.14. Kopucrynounch po3nistHyTO B puKJIa/i 3.5 maparpada 3| kon-
CTPYKIIIEIO TTOOYyBAaTH aBTOMAT, IKWH PO3MI3HAE BCI CJIOBA B aJIaBiTi
X ={0,1}, mo mounraroThest Ha 11 i 3akimayoThes wa 01.

3.15. Kopucrywouucsk posrisinyToro B npukJiaii[3.6|naparpada 3| kon-
crpykiieto mobynysaru HCA, skwuit po3mnizuae peryaspay mosy {1,01}*
B andasiti X = {0, 1}.

§ 4. IleperBopennas HCA nmo /1CA

HenerepminoBani CKiHYeHHI aBTOMATH OYIYIOTHCS IMPOCTIIIE, HiXK
JTeTepMIHOBaHI CKIHYEHH] aBTOMATH, aJie BOHU € 1/1eaJI30BaHUMU MallTu-
HaMHU 1 He MOXKYTb OyTH e(eKTHUBHO 3aCTOCOBAaHI Ha MTPaKTHIl, 00 pe-
aJIbHa, MAINHa, MOXKe MPAIIOBATHA TIALKU 33 OJHO3HATHO BU3HATEHUM
AJITOPUTMOM. BUABISEThC, 110 € TPOCTHIl MeTOH J/id IepeTBOPEHHS
HCA B piBaocuibamit JICA B ToMy po3ywminHi, mo o0ugBa aBTOMAaTH
PO3II3HAIOTE OJHY 1 TY K (POPMaJIbHY MOBY.

Posriissnemo HCA A = (Q, X, 0,qo, F). dna koxuoro w € X*
MO3HAYUMO 1Yepe3 (), MHOXKWHY OCTaHHIX (He 0DOB’sI3KOBO KiHIeBux!)
CTaHiB 0OYMCIIOBAIBHUX TLISIXIB CI0Ba w, T06TO QL = 0({q0},w), me
6 — dyukiis nepexois, Busnadena ma MuoxkuHi 2¢ X X*. Bokpewma,
Qe = cle({qo0}). Takum aurOM, CJ10BO W posmiznaerbest HCA Toi i Tijib-
ku 1o, Ko QQ, N F # (). Orxe, MoxKHA B3aTH miaMHOXIHA (., C @
B IKOCTI cTaHiB HOBOro piBHOCHIbHOrO JCA. IHmuvu croBaMmu, mody-
ayemo JICA A" = (Q', X, ', Qe, F') 3 HACTYTHUMU KOMITOHEHTAMH:

Q/:{Qw‘WGX*}a F/:{Qw|meF7£®}a
6 (Quya) = Qua, tew € X* a € X.

Koxen cran @, € Q' € migvmuroxnao0 MEOKIAN (). OCKIILKYA MHO-
KuHa () MICTUTH 21Q miaMHOKIH, TO Q' € CKIHYeHHOI MHOXKHHOIO.
Axio Qp = Qu, 10 Que = Que g BCiX a € X. 3BijcK BUILIABAE,
0 o3HadYeHHs (PyHKIII mepexodiB ¢’ € KOpeKTHUM. JaHa KOHCTPYKILis
Ha3UBAETHCA No6Yydosoto JICA 3a donomo2010 nidMHONCUH.

Posrigaemo jgedkl mpukaaIn.

4.1. ITpukaAa. Ilobynysaru JICA, sikuit posmizHae Ty K (HOpMaJIbHY
MOBY, IO i HCA A = (Q? {07 1}757 qo, F)) A€ Q — {QO7Q17QQ7 q3, Q47Q5}7
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F ={q3,q4} 1 dyHKIs mepexo/iB 3aaHa TabIUIIEO:

) 0 1 e

q | {a0} | {90, 2} | {a1}
@ | {as} | {ae} | 0
a2 | {93} 0 0
g3 | 0 0 {q
qa | {g3} 0 0
d5 0 {Q4} 0

}

N

Cuepmry mobyayemo rpad 3amanoro B ymosi HCA:
0,1

[Tobynyemo piBaocuibauit JICA 3a HACTYIHUM aaIrOPUTMOM:

Kpok 1. Hexait Q. = cle({qo}) — mouarkosuit cran mykarnoro JJCA.
[Moknagemo Q' = {Q.} i F' = 0. dxmo Q. N F # (), To nomaemo cran
Q. no muoxkwuHU F’ KiHIEBUX CTaHIB.

Kpok 2. IToBTopio€MO HACTYIIHI IyHKTH J0TH, 10KK 3HadeHHs 0 (Qy,, a)
He Oyjle BU3HAUYEHE It BCiX craniB @, € Q' i Bcix a € {0, 1}:

e Butupaemo taki Q, € Q' i a € {0,1}, mo 3uauennsa §'(Qy, a)
PYHKIIT TIepexo/IiB Ile He BU3HAYEHE.

e TTokmagemo Qg = 0'(Qu, a).

o Jdxmo Quq ¢ Q', To nomaemo cran Qq A0 MHOKUHK CTaHIiB Q'
a TaKOK JIOJTaEMO HOro 10 MHOKIMHA KiHIeBAX cTaHiB I, aKkIo

Qua NF # 1.
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Pegymbrar poboTn ajqropuTtMmy MOJAHWI y TaOJIHIIL:

o’ 0 1

Qe = {0, 01} {90,91,95} {90, 91,92}

Qo = {90, 91,65} {90, 01,95} = Qo {90,91, 92,94}

Q1 = {q0,q1, g2} {90,91,93,94, 95} {90, 01,02} = @1
Qo1 = {90,901, 62,94} {90,91,93,04, 05} {90, 01,02} = @1
Q10 = {90,91,43,04, 95} | {90,91,63,04, 95} = Q10 | {90, 01,92, 04} = Qo1

3ayBaxkKuMoO, IO IPU BUKOHAHHI KPOKY 2 He IOTPIOHO PO3IJisijlaTh
crann Qoo, Qooo, Qoo1 1 T.1., 60 Qoo = Qo, Qooo = Qoo = Qo 1 Qoor =
Qo1. Ockinbku Q11 = @)1, TO He Tpeba TAKOXK PO3rvIgaaru cTanu (11
aJist Koxkuoro w € {0, 1}*,

I'pad piBrOCHABHOTO 10 HCA JICA Mae Bursiz:

HC_IO, qi1,492, C]4}D

{q0,q1,q2} ﬂ{(Jo,(J1,Q37Q4,Q5}H
glf )

0

4.2. TIpukaAn. Ilobyaysaru JACA, axuit pisnocnabamit 10 HCA
A= ({p,q,r},{0,1},6,p,{q,r}),

e (DyHKIIST IepexXoIiB ¢ 3a/1aHa TabJIUIE0:

) 0 1
p|{p,q} | {p}
q| 0 |{r}
r 0 )

Bo06pasumo rpad ganoro HCA:
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(Oilw/
—O——0———0

BukopucToBytoum ommcaHWii B TMPUKJIAIL AJTOPUTM TIOOY 0BT
pieaocusibaOoro g0 HCA JICA, ogepxxkumo mHacrymny Tabauiro yHKI
mepexonis JJCA:

o’ 0 1

Q. = {p} {p,q} {r} = Q.
Qo={r,q} |{p.a} =Qo | {p.7}
Qo1 = {p,7} [ {p,q} = Qo | {P} = Qe

Takum oM, mykaauii JICA 3agaeTbes g9k m'saripka

A= ({{p}.{p, a. }, {p. v}, {0, 1}, 6" {p}. {{p, ¢} {a. 7}}),

a oro rpad Mae BUTISAI:

1 0 0
%}“ & %\{p,r}

3 Bummeckazanoro BumnBae, 1o aas koxkuaoro HCA icaye ICA,
skl posmizHae Ty K MOBY, 1m0 1 HCA. Ockinbku koxken JICA € gac-
TkoBUM BuTa KoM HCA, To MU I0BeIM HACTYIIHY TEOPEMY:

4.3. TEOPEMA. @opmanvra mosa posniznacmoes HCA modi 1 auwe
modi, koau eona podniznaemsvcs JCA.

Teopema, nae npocruit Meron nodynosu JICA, akuii posniznae
MoBYy L: crieprity mu 6yayemo HCA nnst L, a moTiM miepeTBOPIOeMo foro
B piBHOCHIbHUN JICA.

4.4. TIpukjiaa. Hexait A = ({p,q,r,s},{0,1},9,p,{q,s}) — HCA, ne
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{g,s} | {¢}
{r} |{q1}
{s} | {p}

0 {p}

VI e B =T i« B I

[obynysar HCA | skuit posmiznae moBy L(A).

[MIeuako nodbyaysarn mykanuit HCA A’ no zamanomy HCA A me
BJacThCst, 60 posriasHyTril B npukiasii [2.10] qua JICA meron 3aminu
HEKIHIeBUX craHiB aBroMara A Ha Kinnesi cramm asromara A’ B na-
HOMY BHIIAAKYy He3acTocoBHuUiA. JiiCHO, MOXKJIMBA, CUTYAIlisl, KOJIU JJIs
7esIKOT0 ¢J10Ba w obuasa neperuan Q, NF i Q, N (Q \ F') HermopoxHi, i
TOMY CJIOBO W pO3misHAaETLCA 000Mma apromaramu A ta A’. (Hanpuknan,
mpu Qo1 = {p,q,7} i F = {q, s} caoso 01 posmizHaeTrhca gk A, Tak i
A’.) Takuwm uunom, L(A") # L(A).

3aMiCTh IIHOI'0 MOYXKHA 3aCTOCYBaTH KOHCTPYKIIIO MiJIMHOXKWH JIJIsI

modyaoBu mykanoro HCA. Cmepiy 3HaxogumMo piBHOCHJIBHHI 10 A
ICA Ap, a norim 6ynyemo asromar A’, rpad gxoro rakmii xe, sK
i aBToMaTa Ap, 3a BUHATKOM TOIO, IO KIHIEBUMH Ta HEKIHIIEBUMU
cranamMn apromaTta A’ € Bigmosinno mekinmesi Ta kimmesi crtamm JCA
Ap.

BukoprcToByHOUM KOHCTPYKITIO TAMHOXKWH OOYIYEMO JIeTePMiHO-
Banuit asromat Ap = (Qp,{0,1},6p, {p}, Fp), ne MmuOoRUHA cTaHiB () p
i dyHKIIS mepexoaiB dp 3agaHi TabJIHUIEO:
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op 0 1
Qe = {p} {a,s} | {d}
Qo = {q, s} {r} {p,q,7}
Q1 ={q} {r} {g,7}
Qoo = {r} {s} {p}
Qo1 ={p.q,7} |{g.,r,s} | {p,q,1}
Qu={q¢r} |{ns}t |{p.qr}
Qooo = {S} 0 {p}
Qoo = {q,7,s} | {r,s} |{p,q, 1}
Q110 ={r,s} | {s} {p}
Qo000 = 0 0 0

Muoxuna F'p KiHIIEBUX CTAaHIB MA€ BUTJISII:

Fp={AC{p,qnrs} | An{q s} # 0} =

{{Q}a {3}7 {Q7 S}v {Cb T}v {7“, 3}7 {p7 q, 7“}, {Q7 r, 3}}
Takum ammnom, JTCA

Al — (QD: {07 1}9 5D7 {p}7 QD \ FD)

posniznae Moy L(A), ne Qp \ Fp = {{p},{r},0}.

B maparpadi |3| mepIrroro po3aisly IJis peryasipHOro Bupasy Oyiio
BU3HAUEHO Horo momivenwii rpad G(r) Tak, mo caoBo w € L(r) Toxi i
JIUIIIE TOI, KOu icHye muagx B G(r) 3 TOYATKOBOI BEPIIWHN B KiHIIEBY
BEPIIKHY, IO3HAYKK KO0 YTBOPIOIOTEH CJI0BO w. KoxKua crpinka rpada
G(r) momivena oxmieto Oyksoro 3 muOKuHE {e} U X. Jlerko Gauurn,
mo G(r) e rpacdom HCA, axwmit posmiznae moBy L(r). Takum auHOM,
OJIEPKYEMO TBEPIKEHHS:

4.5. TBEP/I?KEHHA. Kooicha pe2ysapra mMo8a Po3nid3HaEMbCa 0eAKUM
HEOEMEPMIHOBAHUM CKIHYEHHUM ABTOMATNOM.

PosristaremMo JiesKi mpuKJaiin.
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4.6. ITPukaAg. Ilooyaysaru JCA, gaxuit po3mizHae peryasipHy MOBY,
3ajmany perynaspunm supaszom 10 + (0 + 11)0*1.

Cuepmy mooyayemo HCA, saxwuit po3mizmae qamy MOBY, BUKOPHCTO-
BYIOUM ONKCAHUI B maparpadi |3| mepiroro pos iy MeTo:

Hani mepersopumo pannit HCA B JICA, BUKOPHCTOBYIOUHM KOHCTPY-
Kiifo miamMuoxkuH. 'pad mykanoro JICA mae Buris:

4.7. ITpukaAnd. Iooynysarn HCA, sakwuit po3miznae BCi ciaoBa HEITapHOI
nosxkuuu B 6inapuomy asdasiti X = {0, 1}, saki mictars migcaoso 00,

CroBo w, gke mictuTh mijcaoBo 00, Moxke OyTH 3amucane K w =
o006 mua geakux ciaiB «, 8 € {0,1}*. Jlane cioBo Mae HemapHy J0B-
KWHY TOJI 1 juime Toji, Koqm jpoexkweu | 1 |B| cais o 1 B marorh
pisny mapHicTh. Takum uynnoM, L 3annuieTbess HaCTYITHUM PEryIapHuM
BUPA30M:

(04 1)%)*00((0 4+ 1)*)*(0 + 1) + (0 + 1)((0 + 1)*)*00((0 + 1)*)*.

BukopucroByrouu onucanuii B naparpadi (3| mepiioro posjiiy mMe-
Toj1, mobyayemo rpad mykanoro HCA:
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0,1 10,1

PekomengoBana Jriteparypa : [7, c. 429-434, 452-461], [15] c. 138-140],

[16], (17}, [20].

IIlutanaga Ta BupaBu g0 naparpada 4.

4.1. 94k nmooynysaru HCA, axuit pisnocuabauit 3aganomy HCA?

4.2. 4k 3a 3amanum peryasgpHuM Bupasom r mobyaysaru JCA, axuit
posmizaae dpopmasibiy MoBy L(r)?

4.3. Ilobyaysaru JICA, axuii posmizuae Ty K (GpopMaabHy MOBY, IO

i HCA A = (Q,{G,b},é, QOvF)a Ae Q = {QO7QI7QZ7Q37Q4}7 F = {Q4} i
PYHKIIs TepexoIiB 0 3ajaHa TabIATIEr:

) a b e
9 | {90, a2} | {a} |{a}
d1 {as} {aa} 0
q2 0 {g3,q4} | 0
| {g3} 0 {as}
g | {gs} | {ast | 0

4.4. Tlobynysatu JICA, siki po3mizHaioTh Ti K GopMaIbHI MOBH, 10

it HCA A ra A’, 3amani rpadamvm:
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b

1\
a _—
a,e <~ e
e

A

b/\
N O O OE o)

b

4.5. llobynyBaTn meTepMiHOBaHI CKIHYEHHI aBTOMATH, 9Ki PO3Ti3HA~
torh MoBu L(A), L(A’) ta L(A)NL(A’), ne A tra A’ — aBromarn 3
[IOIIEPEJHBOIO IIPUKJIALY.

4.6. Ilobynysaru HCA, akwmit posmizHae BCi cjoBa B OiHapHOMY aJ-
dasiti X = {0, 1}, mo saxinuayorsesa w#a 00 abo 11 abo 10.

4.7. TIlobyaysaru HCA, skwmit posmizHae BCi cjoBa B OiHapHOMY aJi-
dasiti X = {0, 1}, mo nmoumnraroThesa Ha 11 1 3akinayorbest Ha 01.

4.8. Ilobyaysaru HCA, skwuit posmizHae BCi cjoBa B OiHApHOMY aJi-
dasiti X = {0,1}, B sxkux Tperhoio OyKBOW 3/iBa Ta cripasa € 0.

4.9. Ilobyaysaru HCA, skwnit posmizHae BCi cjoBa B OiHAPHOMY aJi-
dasiti X = {0,1}, mo micrars ognodacuo 11 i 00, abo He micTsaTh Hi
00, mi 11.

4.10. CkJjacru peryjsgspHuii BUpa3 JJid MHOXKMHK BCIX HEIIAPHUX Ha-
TypaJbHUX YUCEsI, 3alIMCaHNX B YeTBIPKOBIi cuCcTeMl YUCJIEHHS, Ta, T0-
oynysatu JICA, axuit po3mizHae gJaHy MHOXKUHY.

4.11. nsa koxHOTO peryigapuoro supasy r nodoyaysaru JICA, axuii
posmizHae perynspay Moy L(r):

a) (0+10)*(1+01)*;

6) (04+1)*0(0+ 1)(0+ 1)0(0 + 1);

B) 000+ 1)*0+ 1(0+ 1)*1.
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§ 5. CkKiHYeHH] aBTOMAaTHU 1 peryjasapHi MOBU

B mmbomy maparpadi Mu mokaxkeMo, 10 CKIHYeHHI aBTOMaTH PO3ITi-
3HAIOTH BUKJJIIOTHO PETYAAPHI MOBH.

5.1. TEOPEMA. Jlaa ¢popmanrvroi mosu L nacmynmi ymoeu préHoCUb-

1) L — peeyaspna mosa;

2) L = L(A) daa deaxozo demepminoeanozo CKIHYEHHO20 GGMO-
mama A;

3) L = L(A) daa dearozo nedemepminosanozo ckinuennozo a6mo-
mama A;

4) mosa L nopodocyemupea 0earot0 npasosinitinol 2pamamuron.

HOBENEHHA. PiBHOCHIBHICTS 2) < 3) moBenena B Teopemi |4.3) a im-
rikamist 1) = 3) B TBep/KenHi [4.5]

3) = 1) Hexaii dopmanbra moBa L posmiznaerbes HCA A =
(Q, X, 4, s, F). Ilokaxxemo, sik 0Oy IyBaTH PeryjsipHUil BUpa3, M0 110~

suadae MoBy L(A) = L. Cneprry meperBopumo aBromar A 10 piBHO-
cuabHOTO aBTOoMaTa A’ 3 €IMHNM KiHIeBUM cTaHoM. IJId Horo 3aMinm-
MO KiHIIEBI craHu aBroMara A Ha HeKIHIIEeBl CTaHHU, 10JaMO HOBUH KiH-
nesuii cran f ¢ () i mpoBeIeMO e-CTPLIKHU 3 KOXKHOI'O CTaporo KiHIeBoro
crany B HoBuil Kinnesuit cran. Queswuno, mo L(A") = L(A). T'pad as-
tomara A’ € momivenum rpacdom G, KOXKHA CTPLIKA STKOTO MTO3HATCHA
enuaUM cuMBooM 3 MHOXKWHN {e} U X. Taki rpacdu posrasmamucs B
naparpadi [3| mepmoro posmiiy.

Jltst KOXKHOTO ILISIXy 7 3 BEpIIUHU S B Bepinuny f depe3 r(7m) mo-
3HAYUMO PEryJIdpHUil BUPA3 7172 ...Tk, YTBOPEHU! MO3HAYKAMU CTPi-

JIOK 3 7r.

1 2 T3 Tk
S %1 %) . v = f

Ouesunno, mo L(A) = (J{L(r(n)) | # — max 3 s g0 f}.

JoBegemo iHIYKIIE 33 KijabKicTio BepimH rpada G, BiAMIHHHX
Bi s 1 f, mo dopmanbaa MoBa L(A) € peryaspHo0 MOBO.
Baza inaykuii. Iasg n = 0 rpad G Mae TiIbKH ABI BEPIUHU S Ta,

f abo emmmy Bepmmuy s = f. 3aMiHMMO BCi mapaJiebHI CTPLIKA 3
IIO3HAYKAMU 71,72, ..., m, 9KI 1JyTh 3 BEPIIMHU S B BepIIMHY f, HA
OJIHY CTPLIAKY 3 MO3HAYKOIO 71 + 72 + ... + Iy
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T1+72

Gy = O

@i;i@ _ @m+m<>

K HaC/I 0K OTPUMAEMO OJIMH 3 JIBOX I'Padib:

a C
f)a (Y a (Y
b
e a, b, c,d — peryaspHi BUpas3u.

Ouesngno, o gy meprmoro rpada G moBa L(A) = a* i € pery-
JgpHo0. Posryisinemo japyruit rpad i nwisx m 3 s jgo f. [Ipumycrumo,
0 MIAAX 71 npoxoauThb k > 1 pasie udepes Bepmuny f. Tomi m mo-
JKHA IOMATH 9K IOCJII0BHICTD M7 ... Tk, A€ ] — e ILIIAX 3 S B f, a
T, ..., M — TaKi nuisgxu 3 f B f, 1110 B KO2)KHOMY 3 HUX f HE € IIpPOoMi-
KHOIO BepmmHoo. OueBnmano, mo (7)) = a™b qaa gesikoro ny > 0,
a jiusg j = 2,...,k Bupasz r(m;) popisuioe ¢ abo da™ib i gestkoro
n; > 0, robro r(m) € a*b(c + da*b)*. Orke, L(A) = a*b(c + da*b)* i
Oa3a IHIYKIII JOBeIeHA.

InpykTuBHMit Kpok. /Lig n > 1 obepemo BigminHy Bijg s Ta f Bep-
MIAHY V 1 BUIaJIUMO 11 HacTynHuM unHoM. CrepIny 3a BUKOPUCTaHUM B
6a3i 1HAYKIIT MeTOJ0M BUJIYYMMO IapaJiesibHi CTPiIKu. TakuM 4uHOM,
MOKHa, BBaXKaTH, IO iICHY€E He OL/IbIne O HIE€T CTPLIKHU 3 JIOBLIBHOI Bep-
IMITHA U B JOBLIBHY BEPIIUHY w. [laji mpumycTuMo, o ¥ Mae et 3
ITO3HAYKOIO ¢. ButammMo BepIuHy v pa3oM 3 Ii€l0 metTieto. /s 1oBiib-

noi mapw (v,w) Bepumn rpada G 3 cTplIKaMu o, %o 5, , 2o .,

v _d. ( BAJAJINMO CTPLIKU o — %o, 1 4 _ b w Ta 3aMIHIMO TIO-

3HAYKY d CTPIIKU U — W HOBOIO MO3HAYKOW d + ac*b (Ko crpiikm
v — w B rpadi G He icHye, TO BBaXKaEMO, IO BOHA MAa€ MMO3HA4IKY ().
Jlane repeTBOpEeHHS TOKA3aHO HA PUCYHKY:
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di1 di1+aic*by
ai b1
as by
@ , — din—+aic*by,
am, n
v
dmn O O dmn+amc*by

(ILo6 3pobuTn gaHUii prCyHOK IIPOCTIIIMM JIJIsl PO3YMiHHSI, MU OILYy-
CTUIU JIedKl CTPLIKA 3 PO3TAIIIOBAHUX JIIBOPYY BEPIINH Yy BEPIIMHNI, IKI
PO3MIITIEH] TTPaBOPY Y. BBarkaemo, 10 CTpLIKa, dKa Beje 3 1-TOI BEPIITH-
HU 3/1iBa JI0 j-TOT BEPIINHE CIIPABA, HOMiu€HA CUMBOJIOM d;;.) 3ayBazKu-
MO, IO JTaHe ITepeTBOpenHs He 3MiHioe (popmasbaol MoBu L(A). Takum
YUHOM, 3a IHIYKTUBHUM TIpunymieHHaM MoBa L(A) € peryaapHoio.

2) = 4) Hexait moBa L posmizunaerbes JCA A = (Q, X, 6, qo, F).
Bes BrpaTtu 3aragbHoCTi MOzKHA BBazkary, mo Q N X = (). ITo6yayemo
npasosiniitny rpamaruky G = (N, T, S, P), ne N =Q, T = X, S = qq,

P={q—ap|d(qga)=ptu{f—e|feF}

MaTreMaTUYIHOIO IHIYKITIEIO JIETKO JOBOIUTHC, 10 M1 OVIb-IKHUX P, q €
Q) i koxHoro w € X, §(q,w) = p Tozi i TIABLKU TOJIL, KOJIM ICHYE BUBEJIE-
HHsI ¢ = wp B rpamatuill G. 3okpema, w € L Toji i Jmtie Toji, KOau
icHye BuBedeHHs qp =" wf = w a4 geskoro f € F. 3Biacu BUILIUBAE,
mo L C L(G). Binbie Toro, OCKiIbKY €INHUME TpaBUIaMu B P, ski
B IIpaBiil YacTUHI HE MICTITb HeTepMiHAJbHUX CUMBOJIB, € f — e, Je
f € F, To Bume3rajgaxi Bupegenns € equaumu B rpamaruni G. Takum
ynnoMm, L = L(G).

4) = 3) Hexait G = (N, T, S, P) — npasosiniiina rpamaruka. [lo-
OyIyeMo TIoMiveHn# opieHTOBaHMi rpad HACTyITHUM YrnHOM. MHOXKWMHA
seprms crisnagae 3 NU{f}, ne f ¢ N. Cran S € mo9aTKOBUM CTaHOM,
a f — eIWMHUM KIHIIEBAM CTaHOM aBToMaTa. /L1 Koxmol mponykiii B G
uay A — wB, ne A,B € Niw € T* nposoanmo ctpinky A = B B
rpadi, a It KoxKHOI TpoayKil ursiny A — w, ne A€ Niw e T
IPOBOAUMO CTPLIKY A > f.
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Jlerko 6aumTu, 1Mo KOXKHEe BUBEeIeHHS S = w rpamaruku (G Biammo-
Bijla€ NMLIAXY rpadya BiJl IOYATKOBOI BEPIIUHE S 10 KiHIIEBOI BEPIIUHA f,
MMO3HAYKH TKOTO YTBOPIOIOTH CJIOBO w. TaKUM YWHOM, MOBa, dKa BiJIIIO-
BiJlae maHOMYy moMmideHomy rpady, cmiBmagae 3 Moot L(G). Ockinbku
KOXKHOMY TaKOMY IToMideHoMYy opieHToBaHOMY rpady Biamnosigae HCA,
KWt po3mmizHae Ty K MOBY, TO MoBa L(G) € peryasapHoio.

[]

5.2. IIPUKJIAJL. [Tobymyemo mpaBoOiHINHY TpaMaTUKY, SKa ITOPOIXKYeE-
ThCS PETYJIIPHOIO MOBOIO, IO PO3MI3HAECTHC JIETEPMIHOBAHUM CKIHYEH-
HUM aBTOMAaTOM, KU 3aJaHuii rpadoM:

1 0,1

BUKOPHCTOBYIOUM NOBEIEHHA TEOPEMHI 100Yy1yEMO I'DAMATUKY
G = (N,T,S5,P), ne N = {S,A,B,C}, T = {0,1} i muoxwuna P

NPOAYKIIA MICTUTh HACTYIIHI [IPAaBUJIA:
S—0A|1B, A—-0A|1C, B— 0C|1B, C —0C |1C |e.

5.3. IIPUKJIA/. IloOymyemo HemeTepMIHOBaHWI CKIHUYEHHUI aBTOMAT,
SIKW# PO3II3HAE MOBY, 110 MOPOJIXKYETHCA TTPABOJIHINHOIO IPaMaTUKOIO
(G, 9Ka MICTUTHb HACTYIIHI IPOIYKIII:

S—1A|0B|1, B—~ 0A|1B, A—0B|O0.

['pad aBTOMaTA MaTHME BUTISI:
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Busnaunumo wacmky gopmasvhur mos L1 i Lo HACTYITHUM YHHOM:
Li/Ls ={w | (v € Lo)|wv € L4]}.

Hanpuknam, gaximo

L; ={w € {0,1}" | w micTuTsh mapHy KUIbKiCTH BXOIKEeHB 0},

Ly =1{0}i Ly = {0,00}, ro L, /L3 = {0,1}*, a

Li/Ls = {w € {0,1}" | w MicTuTh HemapHy KiTbKICTH BXOIKEHD 0}.

5.4. TBEPJIXKEHHA. Hxuwo Ly i Lo € peeyaaprumu mosamu, mo Li /Lo
MedNC € Pe2YAAPHOI MOBOI.

JIOBEJIEHHSA. Hexait moBa L1 po3mi3HAETHCA JIETEPMIHOBAHUM CKiH-
gennum apromarom A = (Q, X, 6, qo, F'). Ilobyayemo apromar A’, axwuii
posmizaae MoBy Lj/Lo. 3a 03HAUEHHSIM 9acTKW MOB JIJIsT CJIOBA W €
L1/Ls icuye take cioso v € Lo, mo 6(qo,wv) = §(6(qo,w),v) € F. He-
xait apromar A mpu aHaJi3i cJI0Ba w MEpexXouTh B cTaH ¢ = d(qo,w).
Axiio icaye Take v € Lg, mo 6(q,v) € F, 10 CJI0BO w Mae po3Mi3Ha-
Batuca A’, a ToMy ¢ CHif BUSHAYNATH KiHIICBUM CTAHOM ABTOMATA, JIJIs
moBu L1 /L. Takum 9uHOM, TOKIAIEMO

F'={qeQ|(3vels)[bqrv)eF]}iA=(Q,X,0,q,F").

Jlerko 6aunrtu, mo A’ posmiznae moBy Lq/Lo.
[

3 reopewm [5.1] [2.11] i [3.7] Ta TBepKeHHS BUILTUBAE HACTYITHUI
HaCJILJI0K:
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5.5. HACIIIOK. Kaac peeysapHur mo6 3amMKHeHUuli 810HOCHO CKIHYEH-
HUX 00 ’edHaMnD, nepemunie, 0onosHeH s, PIBHUYL, CUMEMPUYHOT DI3HU-
U, KOHKAMEHAULE, 1Mepausi ma 4acmru.

3 macaiaky [5.5] BuminBae, 1o Kjac peryasipHuX MOB € JJOCHTb TITHPO-
kuM. [IpupogHo BUHUKAE MUTAHHA: 91 JaHWI KJIAC CITIBIIA/Ia€ 3 KJIaCOM
ycix dpopmasibaux MoB? HacrylHa jieMa CTBEPJXKYE, 1110 1€ He TaK.

5.6. JIEMA. (npo posdysanns das peeyaapnur mos) Hexat L — neckin-
YEHHA PE2YAAPHA MO8, Modi ichye maxka (3anedcna 6id L) xoneman-
ma S, Wo KodMHCHE €080 w € L, axe 3ad0680avHAE HEPI6HICML |W| > S,
MOICHA MaK Po3bumu Ha mpu nidcaosa w = af7y, wWo SUKOHYOMBCA
HACMYNHL YMOBU:

a) B8] > 1;

6) |aB| <'s;

B) daa wooicnozo k > 0 caoso oSy € L, mobmo aff*y C L.

JIOBEJIEHHSA. Hexait L — peryasipHa MOBa, TOJI 3TiJTHO 3 TEOPEMOIO |9.1
icaye JICA A, axuit po3niznae mo moBy. Hexait KiJIbKiCTh CTaHIB aBTO-
MaTa A mopiBHIOE § (KOHCTAHTA, AKa PIirypye y (hopMyTOBaHHI JIEMH).
Axmo w € L, To 00UnC/IIOBAIBHUN TIJISIX JIJIsT CJIOBA W MOYNHAETHCS B
IIOYATKOBOMY CTaHI ¢ 1 3aKIHYy€ThCA B KIHIIeBOMY cTaHl qy. [leit muisx
MICTUTDH |w| CTPiIoK, 60 KOXKHA CTpLIKA MO3HAYEHA €IUHOI0 OyKBOIO
cioBa w. TakuMm YMHOM, BiH MICTHTH MOC/ITOBHICTH 3 |w| + 1 craHiB,
Ockinbku |w| > s, To 3rigao npunnuny Jipixie peskuit cran B 009w-
CJIFOBAJIBHOMY HIIAXY 000B’a3KOBO mOBTOpUThCA nBivi. Hexait ¢;, = g
— OEepIIUd TaKU CTAH.

% T % o

Hexait 0 — Ta qacTuHa cj10Ba W, KA CKJIAIAECTHCs 3 OYKB, 9Ki I103Ha~
YaIOTh CTPUIKH TLINIIAXY BlJI MEPIIOrO BXOIKCHHSA CTaHy ¢;, M0 JpY-
roro Moro BXOJI2KEHHSI B O0YMC/IIOBAJIbHIN MIIAX cjoBa w. [TozHagnmo
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yepe3 (v YaCTUHY CJI0Ba w Tiepes 3, a 4yepe3 y — MOro 4acTuHy TMiC/Is
B. Ouesumno, mo |B] > 1 ra |af| < s (ockinbku BCi cTranu 10 aApyroi
mosiBu @;, pizni). Bimbrme Toro, c10Bo afBFy nas 6ynp-sKOTO THIOTO He-
BiJI'€MHOTO YMCJIa kK TIEPEBOJIMTH aBTOMAT Y TOW caMuil KiHIIEBUM CTaH,
110 it ctoBo afB~y. Cupasai, wactuna B crosa a Sy mpocro nepesosuTh
craHy aBTomMara A B30BK IETJI, sIKa HOYMHAETHCS Ta 3aAKIHIYETHCS B
craui ¢;, . Ilg nerng npoxoguTts k pasis. 3BlACH BUILIMBAE, IO aBTOMAT

A posniznae ciosa a8, Tomy Bci Taki ciosa Hasexars MoBi L.
]

5.7. ITPukIAZ. Hosegemo, mo mosa {0™1™ | m = 0,1,...} He pery-
JIIPHA.

[Tpunyctumo, mo moBa L € peryngproro. Tomi L pos3mi3HAETHCS
HCA, skuit mae s cramis. Hexait cioBo w = 01 i |w| = 2m > s.
Toni 3a Jemom0 PO po3ayBaHHS ¢I0Ba w = 0™1™ = afy ta aFy ma-
jgexxatb MoBi L, mpuaomy [ # e. CimoBo [ He MOXKe MICTUTH BOTHOYAC
"y i onuHEuMi, 60 Toxi A% micrmiao 6m 10 i af?y He HamexKaTO 6 MO-
Bi L. Ot1xke, cj0B0O [ CKJIQIA€ThCsd ab0 BUKJIFOYHO 3 HYJIB, a00 TiAbKU
3 OAMHUIL, ajle ToAl 3%y MicTurh abo 3abararTo HysiB, abo 3abararo
OJWHUIIG 1 He HaJaeKuTh MoBl L. Ilg cynepedHicTb TOBOJUTD, IO MOBA
L={0"1"|m=0,1,...} ne peryasipHa.

5.8. TIpukJiAZ. Ilokaxkemo, mo moBa {0P | p— mpocre uucjio } He €
PeryJIIpHOIO.

[Tpunycrumo, mo L = {0P | p— mpocre 9ucio } € peryaspHO Mo-
Boro. Tomi L posmizaaerncs JICA. Hexait s — KiJIbKICTh CTaHIB aBTO-
Mara. 3adikcyeMo mpocTe YmMcao p > S. 3ayBaxkumo, mo 0P € L i
0P| = p > s. Takum umbOM, 3a JjieMOI0O PO posayBants 0P MoKHA
sarmmcatu sik 0P = afy, npudomy |B| > 11 af*y C L.

Hexait i = |a| + |y| Ta j = |B|. Toxi 3 ymoBu af*y C L Buminbae,
o 1 KoxkHoro k > 0 coso afffy = 0°T*1 € L, 10610 mig KoKHIoro
k > 0 uucao ¢ + kj e mpoctum. 3okpema, npu k = 0 mMaemo, II10
e mpoctuM uncjaoMm. OTxke, ¢ > 2. Ilokmasmm k = 4, oTpuMaeMo, II10
i(14j) — mpocre aucao. Tum e mente, ockiabku B # e, T03 j = |G| >
1 BumuBae, mo i(1 + j) € ckmagennm. Jlana cynepedsicTsb JTOBOIUTH
Hepery/sipaicts Mmopu L = {0P | p— mpocre 9ucio }.

5.9. ITpukA. Hosememo, mo moa L = {0™ | m— ckirajgene aucao }
HE PEeryJIspHA.
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[Tpunycrumo, mo gana MoBa L € peryasipHOIO, TOAL 3 HACJIAKY
suriuBae, mo mou L ta L\ {0} = {0P | p— npocre uucyio } € pery-
JIIPHUMH, 10 CYIEPEeIUTh IIPUKJIALY

PekomengoBana Jjiteparypa : [12) c. 294-303], [15, c. 141-147], [17|
c. 53-69).

IIlntanaga Ta BupaBu g0 naparpada 5.

5.1. 3 gkuMm KjacoMm HOpMaIbHUX MOB CIIiBIIaIal0Th MOBH, IO PO3-

mizHaroThesa JICA abo HCA?
5.2. lafiTe o3HaYEHHS YaCTKU IBOX (DOPMAaJILHUX MOB.
5.3. Yu cuiBuajae Kjaac popMaJibHUX MOB 3 KJIACOM PEryasipHUX MOB?

5.4. CdopmyaroiiTe JeMy Tpo PO3AyBaHHS [JId PEryJIapHUX MOB. st
49010 i1 3aCTOCOBYIOTH?!

5.5. IlobymyBaTn mpaBoJHINHY IPAMaTUKY, sIKa TTOPOJIKYE MOBY, IO
posmiznaeTrbcas HCA 6e3 Buxoy:

a)
0,e 0,e
—_—
'$_/ '$_/
1,0 0
0 1

0
1 1,0
0,e e,1 0,1

5.6. IlobyayBaTu rpaMaTuky, sika MOPOJXKY€E peryaspuy Moy L(r),
3ajany peryaspaum supaszom 7 = ((0+ 11)*10)*.

5.7. IlobymysBaru HCA, saxwuit po3misHae MOBY, MOPOIKEHY IpaMaTH-
koto (7, 10 3ajlaHa MHOXKMUHOIO NPOAYKIii P:

a) P={S - bB|aA,A— a,B— b};

6) P={S —aB | aA,A— aB | ab, B — b};

B) P={S > bA| B,A— aaA | aa,B — bB | b}.
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5.8. Ilobymysaru JCA, sikmit po3misHae MOBY, TOPOIKEHY IpAMaTH-
K010 (G 3 IIOIEePEeIHbOIO IIPUKJIAJLY.

5.9. Bukopucrosytoun gosenentst reopemu [5.1] mobymyBaTu peryssip-
HUM BUpPa3, AKUAN MMO3HAYAE PETYIAPHY MOBY, MO PO3IMI3HAETHCI aBTO-

MaTOM.
0
m
T
—(w) (@)—() (=)
SN M ~—
1 1

0 0
\ . /
P

@@
1

5.10. Josectu abo CUpOCTYBaTU TBEPIKEHHI:

a) skio MoBa A € perysgpuoio i A C B, o MmoBa B Tex € pery-
JIAPHOIO;

6) skio MoBa A € peryispaoio i B C A, To MoBa B — peryJsipHa;

B) gxmo MoBa A? € peryasproo, To MOBa A € pery/spHOIO;

r) axmo moBu A i AB e peryaspHuMu, TO MOBa B TakoxK pery-
JISpPHA,;

n) sakimo Moeu A i B e peryisipuumu, To Mosa USS (A N BY) mex
€ PeryJsipHOIO.

5.11. 3’gacysBaru, U € peryaspHUMN HacTyIHI hopMaabHI MOBHU:
a) {0%"1" | n > 0};
6) {0*" | n >0}
B) {0™"1™2"™ | n > 0};

) {0°" | n >0}

1) {0 | n >0}

) {0m1" | m £ n),

e) {07 | p,q — mpocri ancaal;

x®) {0M1" | m,n >0, m=2n+1};

3) {0™1" | m,n >0, m # 3n+ 1};

u) {a"b™c* | n,m, k>0, n#m abom #k abo k #n};

i) {ww? | we {0,131

=

@
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§ 6. ABToMaTu 3 Mara3smHHOIO I1aM’ SITTIO

Agpromat 3 marazuaHo am’sa1Tio (MII-aBromar) — e cKinvueHHMIT
HeJIeTePMiHOBaHUM aBTOMaT 0€3 BUXO/1Y, 110 Ma€ JIOJATKOBUI HPUCTPIiii
maM’gTi THITY CTE€K 3 TOJIOBKOIO, sIKa BUMMAa€E 1 3aHOCUTH JIaHl y CTEK.
Y creky KOxKeH ejieMeHT iHdopMaliil 3aHOCUTBCS B BEPXHIO KOMIPKY
maM’gTi, 3MIIYIOY TUM CAMUM BeCh 11 BMICT Ha OJHY KOMIPKY BHHU3,
1 JlicTaeTbCd TLAbKU 13 BEPXHbOI KOMIDKHU I[1aM’{dTi, 3MIILyI04Yd BeChb 11
BMICT Ha OJIHY KOMIPKY Bropy. Ilpm 1mpoMy y KOXKXKHWHI MOMEHT Yacy
TOCTYTHUI TIIBKNA BEPXHIil eJleMeHT cTeKy. TeopeTnaHo ob0’em mam’sdTi
MII-aBromara meodomexxkenuii. Cxema MII-aBTomara Mae BUIJISII:

6.1. OBHAYEHHY. Asmomam 3 mMa2a3UuHHO0 NAM AMMI0 — 1€ IICTKA
M=(Q,X,Z,6q,F), ne Q, X, qo 1 F BUBHAYAIOTHCA TaK caMo, K i
B HCA, Z — ckinuennnit Mmarazuuamii andapit (MHOKUHA JTOMYCTUMUAX
OyKB mamM’sTi), a 0 — (DYHKIIIsST TTepexOIiB:

§:Q x (XU{e}) x (ZU{e}) — 2@x(FUHeh),

Ha mouarky poborn MII-asromar M = (Q, X, Z, 0, qo, F) 3aBxau
mepedyBae B IOYATKOBOMY CTaHI (g, MO0 CTEK IOPOXKHIA 1 I'0JIOBKA
CTPIYKYW aHAJTI3y€e TEPITy 3/11Ba OYKBY BXIJTHOTO CJI0Ba, TKe 3alnucaHe Ha
crpiuni. Axmo MII-apromar M mepedyBa€ B cTaHi ¢, 3UUTYE 3 CTPIUKH
OyKBy a 1 BHiiMae 3i cTeky BepxHiO OyKBY u Ta (p,v) € 0(q,a,u), TO
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M 3amifioe © Ha v, TOJOBKA CTPIYKN MEPEMITIYETHCHA Ha OJTHY KOMIPKY
MTPaBOPYY 1 KepYIoUnit MpUCTpiif TePEBOANTH aBTOMAT y cTaH p. Po3ris-
HEMO BHIIQJIKU, Ko v abo u jiopiBHIOE €. ZKino v = e, To MII-aBromar
MIPOCTO BUJIAJISIE BEPXHIO OYKBY U CTEKY, He BUUMaIO4YN P IIHOMY Ha-
ctynmHOl OykBu. Y Bunajaky u = e MII-aBTromaT 3aHOCUTDH B CTEK OYKBY
v, He 3auimaroun BepxHLOI OykBu creky. Komanma (p,v) € (g, e, u)
anasioriaaa e-takram HCA, Tooro MII-aBromar M Bukomye omepariio,
K 1y Bunajaky (p,v) € 0(q,a,u), aje mpu MpOMYy He 3YUTye OYKBU
31 cTpiukyu (TOJIOBKA CTPIYKM HE 3MIIYEThCST MPaBopyt). BraxkaeThes,
o MII-apromar M po3snizHae BXijHe CJI0BO, FKIIO X04a 06 B OJHOMY 3
0OYMCIIOBAIBHAX TJIAXIB BiH TTOBHICTIO ITPOAHAJII30BYE CJIOBO, MA€ TI0-
POXKHIN CTeK 1 3yMWHSEThCA B KiHmeBomy ctani ¢ € F. Yepes L(M)
[IO3HAYAETHCA MOBa, K& CKJAAJAETHCA 31 BCIX CJAIB, 9K1 PO3II3HAIOTHC
aromaTom M.

6.2. ITPUKJIIAA. Posragraemo MII-aBTomar
M = ({q,p},{a,b,c}, {a, b}, 4, ¢, {p}),

e (PYHKIIISI IePeX0iB ¢ 33 1a€ThCs TaK:

6(q,a,e) ={(q,a)}, d(p,a,a) ={(p,e)}, d(g,b,e) ={(q,b)},

6(p,b,b) = {(p,e)},d(q,c,e) = {(p,e)}.

Buaitnemo Moy L(M).

[eit aBTOMAT Ipallioe HACTYIHUM YMHOM. B mogaTkoBOMYy cTaHl q
BiH 3aHOCUTH OYKBU @ Ta b B CTEK JOTH, JIOKW T'OJIOBKA CTPIYKM HE 3Ha-
iine OykBy c. [licig anaaizy OyKBU ¢ BiH TePeXOIUTH B CTaH p. B crani p
apromar M 1OpiIBHIOE KOXKHY OYKBY CTPIYKHU 3 BEPXHBOIO OYKBOIO CTe-
Ky. K110 BCl BiZIMOBITHI OyKBU CTPIYKHM Ta CTEKY CHIBIA/1ai0Th, TO M
PO3ITI3HAE BXITHE CJIOBO.

Hexait w € {a,b}* — npedikc BXigHOro cjioBa nepej nepumm BXo-
TKeHHAM OyKBU ¢ 1 v — cydIKC BXITHOTO CJIOBA MICJIT TEPITIOTO BXO-
JKEHHS ¢. 3ayBakKmUMo, 1110 B TOi dac, Koau MII-aBTomar nmepexomnTsb
B CTaH P, CJIOBO W 3AIHCaHe B CTEKY B O0EpPHEHOMY MOPAMAKY (mepima
OyKBa CJI0Ba W 3allMCAHa BKIHII CTEKY, a OCTaHHS OYKBa — Ha BEpPXY
creky). TakuMm 9MHOM, KOJIM aBTOMAT MOPIBHIOE Cy(diKC v 3 OyKBaMu
CTEKY, TO CIIEPIITy MOPIBHIOETHCI TIePIa OYKBa CJI0BA ¥V 3 OCTAHHBOIO
6ykBOIO c10Ba w i T.;1. OTKe, BXiJIHE CJIOBO PO3MI3HAECTHCA TIIBKHU TO/II,

ko v = w!t, mob1o L(M) = {wew’ | w € {a,b}*}.
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[MTo6 kparre 3po3yMITH 9K aBTOMAT IPAITIOE Ha BXITHOMY CJIOBI,
BBeJEeMO IOHATTS wongieypauti MII-aemomama. Koudiryparis — e
3anuc iHdopmMmarlil mpo podoTy aBTOMaTa Ha IIEBHOMY KPOI aHAaJI3y
BXiJIHOI'O CJIOBa, SIKMII BKJ/IIOYAa€ aKTUBHUN cTaH, OYKBU CTPIYKHU, SKI
1€ He IIPOoaHaII30BaHl, 1 CUMBOJIHT, IKi HA JaHUl MOMEHT € B cTeKy. OT-
x&e, Koudiryparig MII-asromara M = (Q, X, Z, 9, qo, F') € ememenTom
MeKapTOBOTO 0OYTKY Q X X * x Z*. Koudiryparis (q,w, ) o3Ha4aE, 1110
MII-apTromaT miepedyBa€ B CTaHi ¢, HEMIPOAHAJI30BaHUH CYdIKC BXIiTHO-
ro CJI0Ba JOPiBHIOE w (TOJIOBKA CTPIUKM aHA/II3ye mepiry OyKBY CJIOBA
w) 1 cTeK MiCTHTBH CJI0BO <y (mepirna OyKBa CJI0Ba Y € BEpXHBOK OyKBOIO
CTEKY ).

Hexait (q,w1,3) 1 (p,ws2,7y) — aBi koudiryparii. Kaxemo, 1o xom-
dieypauia (p,wa,y) 6esnocepeduvo caidye sa (q,wi,S) 1 3amucyemo
(q, w1, B) F (p,wa,7), gximo icHye Taka iHCTPYKIs (p,v) € d(q, a,u), 1m0
w1 = awsz i B = ua, ¥ = va A4 AesiKoro cjioBa o € 4%, e a, U, U MO-
JKYTh JIOPIBHIOBATH IIOPOXKHBOMY CJIOBY €. Byaemo KazaTu, 1o xoHngiay-
payis (p, wa,y) caidye sa (q, w1, B) i sanucysaru (g, wi, 8) H* (p,w2,7),

SIKIIO ICHY€ TaKa I0C/i0BHICTh KoHdirypauiit Cy, C4, ..., Cy,, mo Cy =
(q,w1,0), Cp = (p,wa,7v) i C; F Ciy1 ang sBeix ¢ = 0,1,...,n — 1.
[ocaimosuicts (Co, C1, . .., Cy,) Koudirypariit MII-aBromata M nazu-

BAETHCA 004UCABAALHUM WAATOM asmomama M, aximo Cy € moda-
TKOBOIO KoHDirypariew (qo,w,e), C, He Mae HACTYTHOT KOHMDIryparil
i C; F Cipq i Beix ¢ = 0,1,...,n — 1. Haragaemo, 1Mo B 3arajibHO-
My Bunagky M € HegeTepMiHOBAHMM aBTOMATOM, & TOMY MoOxKe OyTwu
bararo 00YKUC/IIOBAILHUX ILISIXIB, KI IOYMHAIOTHC 3 II0YATKOBOI KOH-
dirypamii. Kpim Toro, koudiryparis (¢, w, §) Moxke He MaTH HACTYITHOI
koHdIiryparii HaBiTh npu w # e. Takum amunom, MII-apromar M po3-
MM3HAaE CJIOBO W TOJL 1 JIMIIIE TOMl, KOJU ICHYE OOYMCIIOBAJIBHUAHN TTLIAX
apromara M, KUl MOUMHAETHCS 3 MOYATKOBOI KOHMDIryparii (qo,w, €)

i akinuyerhcst KoHpirypariieo (f, e, e) st JesKOTo KiHIEBOro CTaHy
f € F, tobro

L(M) ={we X" | Bf € F)|(q,w, e) " (f,e,€)]}.

Hanpuknam, po3rassHeMo Tpu obumncaoBa bHi muigsxu MII-aBTomara
M 3 npukstamy aad ciaiB abeba, abeb 1 abcbab BinmoBimHO:
(q, abcba, e) - (q, beba, a) - (q, cba, ba) = (p,ba,ba) & (p,a,a) F (p,e,e);
(q,abcb, e) F (q,behb,a) F (q,cb,ba) = (p,b,ba) F (p, e, a);
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(q,abcbab, e) F (q,bcbab,a) = (q,cbab,ba) = (p,bab,ba) - (p,ab,a) F
(p,b,e).

3ayBaskUMO, IO 3 JOMOMOTOI0 APYTOro OOUNCIIOBAILHOTO ILIAXY
cJ1I0BO abcb He posnizHaeTbed aBromaroM M, 60 cTek He CTa€ IHOPOKHIM
MICJIA TOTO, 9K CJOBO IIPOAHAIIZYETHCS aBTOMATOM. Tperiit MIdx Tex
He PO3Ii3HA€ BXIiTHOTO CJIOBA, OCKLIBKY Mic/ast (p, b, e) He icCHYe HACTY-
THOT KOHMITYypaliil, a BXi/THE CJ0BO IIe He IMPpoaHaJi30BaHe TTOBHICTIO.

Ananoriuno sk 1 HCA, MII-aBTomat 300paskyerbes rpadom. Bep-
IMIHE T'pada € cTaHaMH aBTOMAaTa, a KOXKHa CTPIIKa 3 BEPIINHU ¢ B
BEPILUHY P 3 [O3HAYKOWO “a, u/v” 300paxye nepexin (p,v) € 6(q,a,u).
Hanpuknas, rpad aBToMara 3 MPUKJIAILY Ma€ BUTJISI:

b,e/b b,b/e
a,e/a a,a/e

(N c, efe N
— ®
6.3. IIPUKJIAA. [lobynyBaru MII-aBromar, akuii po3Ii3HAE MOBY
{ww? | w e {a,b}*}.

[eit mpuk/Ia] aHaJOTIIYHUNA 0 IIONMEPEIHBOTO, 33 BUHATKOM TOIO,
III0 BXIJHE CJIOBO HE MICTATH BCEPEWHI OYKBHU € 1 TOMY He 3pO3yMLIo,
KOJIM TTOYWHATHU TOPIBHAHHA MiXK OyKBaMM BXIJHOTO CJIOBa 1 OyKBaMu
cTeky. Ak ke BupimuTy 1o mpobsiemy? Haragaemo, o MII-apromar €
HCA, a Tomy MOXKHa B OyIb-gIKU Yac MOUYMHATH TMOPIBHIHHSI. Bxigme
CJIOBO QHAJIBYETHCA JIOTH, JOKU BX1AHI OYKBU, 1110 3aJIUIIUIUCH, 31CTaB-
JITIOTHCA KOPEKTHO 3 OyKBaMU CTEKY 110 BIJHOIIEHHIO J0 JEsKOl TOYKHU
ojiry. 3Bijicu cainye, mo mykanuii MII-apromar 3a1aeTbest rpadom:

b,e/b b,b/e
a,e/a a,a/e
(N e, efe N

—( ®

[Tobyayemo Tpu ob4Uuc/IFOBaAbHI NLIAXU JJid ciaoBa abba, nepiuii 3
KX PO3MI3HAE JIaHe CJ0BO, a JiBa 1HIM — Hi:

(g, abba, e) & (g, bba, a) - (g, ba,ba) = (p,ba,ba) - (p,a,a) - (p, e, €);
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(¢, abba, e) = (q,bba, a) - (¢,ba,ba) - (g, a, bba) - (p, a, bba);
(q,abba, e) F (q,bba,a) - (p,bba, a).

6.4. ITPUKIAA. TlobynyBaru MII-aBTOMAaT, dK1it PO3II3HAE MOBY
{0"1" | n=0,1,...}.

Kopncryrounch TiM ke METOIOM, 1110 1 B puK.Iai (6.3 mobymyemo
rpad MIyKaHOro aBTOMATA:

0,e/0 1,0/e
Cm e, e/e N
q @
Januii aBroMar 34uTy€ y I1aM siTh EPIIY [T0JOBUHY BXIJHOI'O CJIO-
Ba, 110 CKJIQJIAETHCS 3 HYJIB, a IOTIM BHJAJILAE 3 1AM dTi 110 OJHOMY

HYJIIO Ha KOXKHY OJWHUITIO, IO ITOCTYyHA€E Ha BX1A. Kpim Toro, nmepexoan
CTaHIB rapaHTYIOTh, 110 BCl HYJI IEPEJIYIOTh BCIM OJMHUIISIM.

3 mpukIaIiB i BUILIUBAE, [0 KJIAC MOB, SIKi PO3II3HAIOTHCS
MII-aBTomMaTamu, PN Bl Kjaacy peryaspuux MoB. Jlani MmoBu Ha-
3UBAIOTHCS KOHMEKCMHO-BLADHUMU.

6.5. IIPUKJIAA. [lobynyBaru MII-aBromar, akuii po3Ii3HAE MOBY
{a'Vc* | 0,7,k >0,i+k=j}.

OcHoBHa i/est 151 PO3B’si3aHHS ITi€] 3a1a49l TOJsITa€ Y BUKOPUCTAH-
HI PI3HUX CTaHIB JIJII TOTO, 100 30epiraTu MpaBUAbHUN TTOPSITOK BXO-
JI2KeHb OYVKB @, b 1 ¢, a TaKOK Y BUKOPUCTAHHI CTEKY JJId JOTPUMAHHS
BUKOHAHHA PIBHOCTI ¢ + k = j. Takum unaOM, mobyayemo MII-aBTomar
3 TPpbOMa CTAHAMHU S, ¢ 1 P, Je S — MMOYATKOBUI CTaH, & P — €JIMHUN KIHIe-
BUii cran. B crani s aBTOMAT KOKHY OYKBY @ 3aHOCUTH Yy cTeK. B crani
@ BIH CIIEPIIY B3a€MHO OJIHO3HAYHO CIIiBCTaBJisse OykBu b 3 OykBaMu a
31 cTeKy, a II0TIM 3aHOCUTHL pemTy OyKB b y crek. B crani p aBromar
aHaJ1i3ye OyKBH c 1 criBcraB/ige 1X 3 OykBamu b 31 cTeKy.

b,e/b
a,e/a b,a/e c,b/e
€, 6/6 m e, 6/6 m

S @) ®
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6.6. ITPUKIAL. TTooynyBaru MII-aBTomMaT, akuit po3mizHAE MOBY
L= {a'¥ | 2i = 35}.

s Toro, mob cJ10BO HaJiexkKaJj0 MOBi L, MaloOTh BUKOHYBAaTHUCH PiB-
HocTi ¢ = 3k Ta j = 2k g jpeskoro 1iioro k > 0. Takum auHOM, 714
lami Koxkay OYKBY b BXIZTHOTO CJIOBa Tpeda CHIBCTAaBUTH 3 TphoMa Oy-
KBaMH a CTeKy. K Ke 3amecTu 1Bl OYKBU a y cTek? MoKHa 3aHeCcTH
onHy OYKBY @ y CT€K, a IIOTIM IIepeiiTu B JOLHOMIXKHUI CTaH sl 3aHe-
CeHHs JPYTol OYKBHU a. AHAJIOTIYHO CIEPINY IIOPIBHIOEMO KOXKHY OYKBY
b BXiJTHOTO CJIOBa 3 OJTHIEI0 OYKBOIO @, a ITOTIM MEPEeXOoNMO B JIBa 1HIIII
JIOTTOMIYKHI CTaHU JIJId BUJIAJEHHS JIBOX 3aiBUX OyKB a 31 cTeky. ['pad
MII-aBToOMaTa Ma€ BUTISII;

e, efe
—(m)

e, aje

PekomengoBana Jriteparypa : [2] c. 399-402], [6], c. 374-382], [15] c. 192—
220).

IIurtanna Ta Bupasmu mo naparpada 6.

6.1. JlafiTe o3HAUEHHS aBTOMAaTa 3 MAra3swHHOIO MaM SITTIO.
6.2. Yum Bigpisuserscs MII-apromar Big HCA?
6.3. Illo Bu posywmiere mig cTeKoM?

6.4. OO6rpynryiiTe, YoMy KJac MOB, 110 po3mizHatoTbea MII-aBToma-
TaMU, TAPIIAI BiJT KJIaCy PETryIgpHUX MOB.

6.5. ¢k HaszmwBawTHCA MOBH, 9Ki po3mnizHatThca MII-aBromaramu.
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6.6. Ckinuennnit MII-apromar M 3amanuii rpacdom:

0, e/0 N
e, ¢/0 Q

p
W@ (0)

Bagaru fioro sk mictky M = (Q, X, Z,0,qo, F) 1 3uaiitu MOBy, sika
posuiznaeTrbea MII-aBromaromMm.

6.7. Ywm e moma, 1mo po3mizHaeThca MII-aBTomaTom 3 momepe HBO-
ro HPUKJIaLy, peryiasipHoio? Zkio Tak, To mobyayBaTu piBHOCUJILHUIA

TICA.

6.8. 3maiitu moBy L(M), sika posmizaaerhesa MII-aBromarom M, 3a-
JTAHUM T'pacoMm:

0,e/0 1,0/e
N R

e, e/e

Yu MoxkHa OOy IyBaTH MPABOJIHINHY TPaAMaTUKY, dKa MOPOIKYE MOBY

L(M)?

6.9. Iloboymysaru MII-aBromar, skuit po3mizHae MOBY:
a) {0"1™2" | n,m > 0};

6) {a'b/c* | i, j,k > 0,i+j=k};
B) {a't/cF | i,5,k>0,i=7+k};
r) {0"13" | n > 0};

a) {0"1™ | n,m >0, 2n = 5m};
e) {a't/cF | 4,5,k >0,i+ 2k = j}.



Poznin II1
dopmaJIibHI aJITOPUTMIYHI MOIEJIi

§ 1. Mammuna Tropiara

B nmonepenaboMy po31iii MU BUBYWJIM JIBA THIW OOYMCITIOBAJIBHUX
MO/Iesieil: CKIH9eHHI aBTOMAaTH 1 aBTOMAaTH 3 Mara3uHHOIO TaM SITTIO, SIKi
PO3II3HAITh Pery/sipHi Ta KOHTEKCTHO-BLIbHI MOBHU BiJIIOBiIHO. 3PO-
3YMLITO, IO JTaHI MOJIesIi MafoTh O0OMeXKeHl 009INCIIOBAIbHI MOXKJTMBOCTI
B TIOPIBHSAHHI 3 pPeaJlbHUMHU TEPCOHAIBHUMU KOMTI IoTepaMu. Harmpu-
ka7, dpopmanbra MoBa {a™b"c” | n > 0} He PO3MBHAETHCS KOTHUM
i3 3raJIaHNX BUIIE CKIHYEHHUX aBTOMATIB, aJie MOxKe OyTH JIETKO 00Un-
cJIeHa 3 JOTTOMOTOI0 KOpoTKol mporpavu Ha ITK.

B 1tpoMy po3isii MU OTIATIIEMO HOBY OOUMCIIOBAIBHY aJTOPUTMIUHY
MOJIe/Tb, sika, HazuBaeThesa Mamuuoo Tropinra (MT). OchoBHi BijMiH-
HOCT1 MIXK MalmmHoi0 TIOpIiATa Ta CKIHIYEHHUM aBTOMATOM TOJATAIOTH
y Tomy, 1o ctpigka MT € meckingennoro 1 MT moxke mepecyBaTnch 10
cTpiumi (um 3MimyBaTh CTPiuky) B Oyab-akoMy Hanpsmky. Ile wamae
MAaIlTMHI TTOTEHIIITHO HeOOMEKeHY TTaM aTh, AKY MOXKHa BUKOPUCTOBY-
BaTHU I Yac 00YUC/IeHD.

MT cknagaerhbcd 3 Kepyiodoro MPUCTPOIO, M0 MICTUTH T'OJOBKY 1
30BHIIIHBOT mam’aTi (crpiuku). [omoska mamuau TiopiHra Moxe pyxa-
TUCS B3JI0BXK CTPIYKHU IIpaBopy4 abo JIBOPYY, YUTATU Ta 3allUCyBaTU
CHUMBOJIN, 1, OTK€, IIOBOJUTHCS aHAJIOIYIHO, SIK 1 CIIPaBKHIN KOMII'FOTED.
Mamwnna Tropiara mae 1i K caMi 004HC/IFOBaIbHI MOXKJIMBOCTI, 1110 1 Oa-
raTo iHIIUX KOMII'IOTEPHUX MOJeJIei.

Pozryignemo jietajibHilIE OCHOBHI CKJ1a10B1 Malmuau TropiHra.

Crpiuka BUKOPUCTOBYETbCH J1Jisd 30eperkenHs iHdopmariii. Boxa 1o-
JIiJIeHa Ha KOMIPKH 1 € HeCKIHYeHHOI0 B obuaBa 6oku. KoMmipKu He HO-
MepyroTbcd. KoxkHa KOMipKa MICTHTH €IWHUNA CUMBOJ 13 CKIHYEHHOTO
asipaBity A. Byksu andasity A = X UY U D aingarbca Ha Tpu IPYIIA.
Byksu andasity X HazwBawTbcd 8TidHuMU OYK6amu abO CUMBOAAMU
(3 HEX YTBOPIOIOTHCS CJIOBA, AKi 3allMCaHl HA CTPIUIl Mepej] MOYaTKOM

94
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poborn MT). Yepes Y mnosnauaeTbcss MHOXKWHA OYKB, siKi Ha3MBaIO-
ThCSI UTIOHUMY OYK6aMU 46O CUMEOAAMUY (3 HUX YTBOPIOIOTHCS CJIOBA,
SK1 3aIiCaHi Ha CTpivm micasa 3apepirentas poboru MT). D — MHOXKHT-
HA JONOMIHCHUL CUMBOAIE, 10 AKUX BIIHOCUTHCH IIOPOXKHIl CUMBOJI F#.

Muoxunau X Ta Y MOXYTh NepPETUHATHUCS.

#la|lal|b|al|b|al|#

@Y @
..

l'omoBka mamuan TropiHTra MOXKe PyXaTHCcd B3J0BXK CTPIUKH KOMIP-
Ka 3a KOMIPKOIO IIpaBopy4 abo JyiiBopyd. KpiMm TOoro, BOHa MOXKe YuTaTh
OYKBY 3 KOMIpKHU, Ky aHaJI3y€, & TAKOXK BUAJAITH OYKBY 1 3alUCyBaTH
B KOMIpKY HOBY OYKBY. B KOXKeH MOMEHT 9acy TOJIOBKa PO3MIMITYETHCS
ITiJT OJTHIEIO0 3 KOMIPOK CTPIYKM 1 aHasi3ye i1 BMmicT. Jlana KIITHHKA Ha-
3UBAETHCI AKMUBHONW, & CUMBOJI, SIKUI B HIl 3HAXOAUTHCH — AKMUSHUM
cumB040M. BMICT KJIITUHOK, sIKi He € aKTUBHUMH, TojoBKa MT He aHa-
JM3ye 1 He 3HAE, 9K1 CHMBOJIM B HUX PO3MITIIEHI.

['omoBka mammnu TiopiHra KOHTPOJTIOETHC KEPYIOUUM TPUCTPOEM,
SIKMI CKJIQJa€ThCsl 31 cKindeHHOl KinbkocTi cramiB. Cepen HUX € JBa
BUJILJIEH] CTaHMU: nmodarTkoBuil 1 Kinnepuii. IloyarkoBuii cran 3a3BudYaii
HNO3HAYAEThCA Yepe3 s abo qp, a KiHneswit — gepes q¢. MHOXKUHY cTaHiB
mo3HaYnMo depe3 (). B KoxKeH MOMEHT Yacy Kepyrounil MpUCTPIil Ie-
pebyBae B OJHOMY 31 CTaHIB, SIKi IIO3HAYATHUMEMO U€Pe3 (1,q2, . . -, (n.

[Tepebysatoun B esHomy ctani, MT Bukonye jesKy J1it0 (HATPUKIA,
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PYXAE€ThCA MPABOPYY, MIHIIOUA MPUA ITHOMY BMICT KJITWHOK Ha MOPO-
KHit cumBost #). Ilicis Toro, sIK roJIOBKa MPOYUTAE CUMBOJI 31 CTPi-
YK, Kepyo4unii NpuCcTpiii Bu3Hadae, 9Ky [0 BUKOHYBAaTU (KW CHM-
BOJI 3aIIUCYBATH 1 KYJIW PYXATUCS: TIPABOPYY UM JIBOPYY) 1 IEPEXOTUTH
B iHmmit ctan. MT Moxke BUKOHYBaTHU TITHKM TPU eJIeMeHTapHl Jiil: 3a-
MUCYBATH B aKTHUBHY KOMIPKY HOBUII CHMBOJI, TIEPECyBATUCH Ha OJIHY
KJITUHKY JIIBOPYyY a00 IpaBopyd, nepexoauTu B HoBuil craH. 2KomgHux
inmux it MT BukonysaTtu me Mozke! Tomy OiibIn cKaagHI Oil TOBUHHI
BUpazKaTucs depes eaqemenTaphi. i gil onucyooThes gynkuiero nepexo-
die (npoepamoro):

0:Q xA—QxAx{L,R}.

Axmo qns dyukii § Bukonyerhest d(q,a) = (p,b, R) ( 6(q,a) =
(p,b, L)), To 11e 03HAUAE, IO MepebyBarodr B CTaHi ¢, NOJIOBKA aHAJIi-
3ye 6ykBy a (T06TO OyKBa @ € aKTWBHOIO), MiHge ii Ha b i pyxaerbcd
IpaBopy Y (BLAIOBIAHO JIBOPYY), KePYIOUNii MPUCTPIil IpH ITHOMY TIepe-
XOIUTh 31 cTaHy ¢ y cran p. Onucanuii mpoiec Ha3UBAETHCSI MaAKMOM
pobomu mawunyu Tropinsa. Takum anaom, MT mpairoe Takramu, 110
BU3HAYAIOTHCS PYHKIIEIO 0.

[Iporpama MT 3amnucyerbcs y BUIVIsI)II HACTYIIHOI TAOJIMIIL:

) ap | ag | ... a; el | Ap #
S

q1

QJ q/,&/, [LaR}

dm

3J/1Ba 3alUCYIOTLCA BC1 CTaHK, KPIM KIHIEBOIO ¢f, 3 MHOXKMHU CTa-
HIB
Q - {S7QI7"'7Qj7"‘7Qm7Qf}7
B SKHX MOKe 3HaxojuTucd Kepyrouuit npucrpiit MT. 3Bepxy — Bci 6y-
kBU 3 ajgdasity A (cepe skux 060B’A3K0BO € # ), siki rososka MT Mo-

JKe aHaJi3yBaTh Ha cTpivmi. Ha mepermHax psjaKiB 1 CTOBIIB TaOJIUIII
BKa3yIOThCd Tl TAKTH, KOTP1 TOBUHEH BUKOHYBATH KEPYIOUMIT TPUCTPIH,
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3HAXOIAYNCH Y BIAMOBITHOMY CTaH1 i aHAJII3yI0YN BIITOBIAHY OYKBY HA
CTPIYII.

[lizcymoByOUM BCe BUINEHANTMCAaHE, MallTnHa TIopiATa Moxke OyTh
BU3HadeHA AK I'atipka MT = (Q, A, 9, s,qf), Ae () — CKiHUeHHa MHO-
KuHA cTaHiB, A — ckingennuit aiadapirt, 0 — QyHKIsS Iepexomis, s € )
— II0YaTKOBUIl CTaH, ¢f € () — KiHuesuit cram.

Bxione cao6o — 11e cKiHueHHA MOCII0BHICTE OYKB 3 asipaBiTy X C
A, 3ammcaHnX 3J1iBa HAIIPABO II0 OJHIM B KOXKHIM KJ/IITHHIN CTPIYKH.
Bcepenmal BXigHOTO CJI0Ba MOPOXKHIX KJIITUHOK HeMmae. Bcel KITWHKH
JBOPYY 1 TPaBOPYY B KJIITUHOK, 3alTOBHEHNX OYKBaMU BXiTHOTO CJIO-
Ba W, BBAXKAIOTHLCA MMOPOXKHIMH, 1 B HUX 3HAXOAUTHCA CUMBOJT #. K10
BX1/IHEe CJIOBO HOPOXKHE, TO Ha CTPIYIl BCl KJITUHKUA 3aIlIOBHEH] MTOPO-
>KHIM CHUMBOJIOM #.

Jlnst Toro o6 MOSICHUTH, K MallliHa 1IOPiHTa MTpalfoe 3 BXITHUM
CJIOBOM W, BU3HAUNMO TOHATTs KoHiryparii MT. ITpunyctnmo, 1110 Ha
nesgkoMy etari poborn MT mepebyBae B cTani ¢, 11 CcTpiuKa MIiCTUTH
CUMBOJIN ... HH#HT1X2. . . TpyHFHFH ..., e x; € A, 1 =1,...,m, 1 T0-
JIOBKa aHaJii3ye OYKBY Tk. B Bunajky, kosu k < m, OyJeMo IIUCaTu:

(¢, 2122 . . . TH—1ZKTht1 - - - Tm),

11100 MO3HAYMUTH 1110 KOoHMIryparito. AKImo Xk k > m, TO MO3HAYUMO ITIO
KOHMDIIypalio HACTYIIHUM YTHHOM:

(@, w122 .. Ty #HE . F).
——
k—m

Takum unHoM, KoH(Diryparisa — e nmapa (q,w) € Q x A*. Koudiry-
pattisi (¢, 1T2 ... Tp_1TkpTEi] - - . Tpy) MO3HAYAE TOH (DAKT, 110 MAITHHA
mepebyBa€ B CTaHl ¢, 11 CTPivKa MICTUTD CJIOBO T1X2 . . . Lkp—1TETk41 - - - T
1 TOJIOBKA aHaJI3ye OYKBY Tf.

B:xwBaroanm 111 mo3HAYEHHH, pe3yabTaT KokHOTO pyxy MT moxkna
OTIMCATH HACTYITHUM YHUHOM:

e axio 0(q,xx) = (p,a,R), To mcass OJHONO TAaKTy KOHMDIry-
parisa (¢, 122 . .. TxTk41 - - - Trp) 3MIHIOETECS Ha, KOHMITYpAIIio
(p, 122 ... ATK11 - - - Tim);

e axiio 6(q, Tm) = (p,a, R), T0o micjst 0JHOrO TakTy KOHPIrypa-
nisg (¢, T122 . . . Tpy) 3MIHIOETBCSH HA (P, T122 . . . aFf);
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e sxiio d(q,xx) = (p,a, L), To micast ogHOrO TAKTy KOHQIrypa-
mig (¢, 172 ... Tr—1Tf - . - Tpy) 3MIHIOETBCA Ha KOHDIrypariro
(p,T1T2 ... Th_1G ... Tpy);

e kim0 §(q, 1) = (p,a, L), TO M OMHOTO TAKTY KOHMITypaItis
(q,z172 ... Ty 3MiHIOETBCS HA (P, #AT2 . .. T);

e B Koudirypauil (gf, 122 .. %x;ﬁ_l— . Tm) MT 3ynunse cBoto
po0OTY 1 Ha BHUXOI A€ CJIOBO X1X2 . ..Tm.

Akmo koudirypartist a; = (¢, wi1aws) 3MIHIOETHCA Ha KOHOIrypa-

o oy = (q,v1bve), TO nucaruMemMo o — . KO Mu MaTHMe-
MO TIOCJTITOBHICTH KOHMITYPAI 1, 2, . . . Oy, TAKUX, MO O —> Qit1,
1=1,...n— 1, To IMcaTuMeMO 1 = Q.

Ha mouarky poboru mamuna Tiopinra mepebyBae B IOYaTKOBOMY
CTaHl § 1 TOJIOBKA aHAJI3Y€E MEPITY 3J1iBa HEMOPOXKHIO KMTUHKY. Jlasi
MMOYMHAETHCS BUKOHaHHs mporpamMu poboru MT. V Tabautii odbupaerbed
KJITHHKA Ha [IEPeTHHI HepIioro psjka (60 kepyoduii npuctpiii 3Haxo-
JUTHCS. B MMOYATKOBOMY CTaHI §) Ta TOTO CTOBIYWKA, KWl BiMOBITa€
nepIriit OykKBi BXIJJHOI'O CJIOBA, 1 BUKOHYETHCHA TaKT, BKa3aHWl B I
kiiTunmi. Takum ynaom, MT nepeitjie ;10 HoBol KoHiryparii. [Torim
BUKOHYIOTBCS TakKi K JIil, aJe B¥Ke B HOBLil KOHMITypaIlii: B TabInIl 3Ha~
XOMMO KJIITUHKY, III0 BIJIIIOBITA€ CTaHY KepPyYOoro MpUCTPO 1 OYKBI
i€l KoH@iryparii, i BUKOHYEThCA TAaKT 3 i€l KITHHKHA 1 T.;1 1 T.00. Ile-
peiimosnmm B Kinnesuit cran gp, M'T synurgae csoro poboty, 1 Ha BUXOI
0JIEP2KYEMO HOBE CJIOBO, dKe 3amncaHe B KoMipKax crpiuku MT micia
3aBepirneHHd 11 poboru. /lane c/I0BO HA3UBATUMEMO GULLOHUM CAOGOM.
Kaxkemo, 1110 €4060 w = T1X3 ... Ty PO3NIZHAEMDBCA MawWUHO Tropi-
ns'a, axkmo MT, ananizyioun w, 3ynuHde CBOI0 poboTy B CTaHi qf, TOD-
TO (5,21%2 ... Tm) = (qf,Y1Y2 - - - Yk - - - Yn). B TpoTHICIKHOMY BUTIAAKY
CJIOBO w He posmnizHaeTbcsa MT.

B MoMmeHT 3ynuMHKHN BCepeauHl BHUXIJTHOI'O CJIOBA HE MOXKE MICTH-
TUCH TIOPOXKHIX KJIITUHOK, XOYa B TPOIECl BUKOHAHHS MTPOTPaMU TaKl
KJITUHKHA BCEPEINHI ITPOMIZKHOTO CJIOBA MOXKYTb 3 SIBJIITUCS.

Moxke TpamuTHcd Tak, II0 B Ipolieci 0OpoOKH BXIJHOI'O CJIOBA W,
MT nikonu He mepefine B KIHIEBUit CTal ¢¢. Y IbOMY BUTAIKY KazKeMo,
mo MT szayuraroemvca 1a 6T10HOMY CA061 W 1 CJIOBO HE PO3IIZHAETHCS
MT. dkmo dyukiig 0 ve Busnadena wva nabopi (g,a) i MT, nepeiirios-
M1 B CTaH ¢, aHaJi3ye OYKBY a CJIOBA W, TO y ITHOMY BUIAJIKY TAaKOXK
Oy/1eM0 BBarkaTH, IO CJAOBO w He po3i3HaeThess MT.
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1.1. ITPUKJIAA. Hexait mammuaa Tropinra 3ajaHa gk m'aripka MT =

(Qa A7 67 S, Qf)a LS Q — {87 qi1, q2, Qf}u A= {CL, b7 07 17 #}7 X = {CL, b}:
Y ={0,1}, D = {#}, i mporpama poboru § 3ajaHa y BUTIIL TAOIAI:

) a b +#

s | s,0,R |q,1,R| qo,#, L
@1 |q,0,R|q1,1,R| q,0,L
2| q2,0,R|qg,1,R| q2,0,R

[TouaTtkoBa koHpiryparis MT wa BximHOMY cJyioBI aababa MaTnme
Burnan (s,aababa). IMounnarounm 3 1miel komdirypariii, pobota MT mHa
cioBi aababa Moxke OyTu OlKMCaHA HACTYITHUM YHMHOM:

(s, aababa) — (s,0ababa) — (s,00baba) — (q1,001aba) —

(q2,0010ba) — (g2,00101a) — (g2,001010%) — (g2,0010100%) =

(g2,001010...04) — ...

YEeHHO PYXaTUMEeThCd MPAaBOPYY, MiHAIOUN MPHU ITbOMY ITOPOXKHI CHMBO-
au Ha 0. [ammMvu ciioBaMu, B cranl go MT 3anuk/roeTbes Ha BXiTHOMY
cyioBi aababa 1 mane ciioBo He po3mizHaeThess MT.

Ha Bximaomy caoBi aaaabb MT mparioe iHIITUM IMHOM:

(s, aaaabb) — (s,0aaabb) — (s,00aabb) — (s,000abb) — (s,0000bd)
— (g1,00001b) — (g1,0000114#) — (g, 0000110).

Ockinbku MT nepeiinia B cras ¢ £, TO BOHA 3YIIHMHAE CBOIO POOOTY.
Bxinne cimoBo aaaabb po3mniznaerbea MT. Buxigaum ciiosom € 0000110.

Jna 3pyanocti MT 300pakyioTh MOMiYeHUM OPIEHTOBAHUM Tpa-
dom G(MT). Bepmmmaamu maxoro rpada € crand Kepyrdoro mpu-
crporo MT. Koxna crpisika rpadga mae mosnadky suay “a/b; R’ abo
“a/b; L. dxmo 6(q,a) =(p,b, R) (6(q,a) = (p,b, L)), To rpacd micturs
CTPLIKY 3 mo3HauKoM0 “a/b; R’ (Bimmosimuo “a/b; L), mouaTkoM sIKOT €
BEPIINHA ¢, a KiHIleM — BepmuHaa p. [Ipu mpoMy, 9KIo cTpijiKa MiCTUTD
aBi mosnauku Bumy “a/b; R’ i “c/b; R’ (Bigmosiguao “a/b; L” i “c/b; L),
TO JIJIsT KOMITAKTHOCTI 3aITUCY TUIIIEMO TO3HaUKYy “a, ¢/b; R’ (BiamosigHo
“a,c/b; L"). Kpim Toro, 1106 TIKPECUTH TOYATKOBUN CTAH S, MaJIFO-
€TLCS CTPLIKa 0e3 IMOYATKOBOI BEPIINHN, KiHIIEBOIO BEPIIMHOIO SIKOI €
craf s. KiHnesuil cram 1o3Ha9a€ThC JBOMA KOHIIEHTPUIHIME KOJIAMHU.
Hanpuknan, rpadp MT 3 npukiary Ma€ BUTJIS/T:
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b/1;R

5

a/0;R /1R #/0;L

—>@ a/0;R

#/#;L

q2

a,#/0;b/1;R
Mosoro Li(MT), wo posnisnaemvca mawunoro Tropinsa, HazuBa-
€ThC MHOYXKWHA BCIX CJiB, sKi posnizHatoThcss MT, TooTo
Li(MT) ={w € A" : w po3uiznaersca MT}.
Jlerko 6auntn, 1mo B npukaai (1.1 MoBa, Mo po3mizHAETHCS MAIN-
noto Tropiara Ly (MT) = {a™b" : m > 0,n > 1}.
Kazkemo, mo dopmaabHa MOBa L PO3IM3HAETHCSI MAIIUHOK T10PIi-
Hra, sikio icaye Taka MT, mo L = L(MT).
Mosorw La(MT), wo nopodotcyemves mawunoro Tropinsa, wasu-
BAa€ThCI MHOXKWHA BCIX BUXIJHUX CJIB, 9Kl YTBOPIOIOTHCH 3 BXI1IHUX

caie mosu Li(MT), mo posmiznaerbea marmmaoo Tiopinra. Hampu-

KJIaJ, B TPUKJIAI MOBa, IO MOPOKYEThC Marmmaono Tropinra
Lo(MT)={0"1"0:m > 0,n > 1}.

PekomengoBana Jjirepatypa : [10, 11], [12] c. 312-318], [16], [20] c. 76—
82].

IIluranaga Ta BupaBu g0 naparpada 1.

1.1. laitTe o3navenHsa MammmAan TTopiHTa.
1.2. IIlo Bu posymiere mig TakToMm podboru MT?

1.3. Omnwuimits nponec oopodku MT BxinHOTO CiioBa.

1.4. 4k oymyerbca rpacp MT?
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1.5. Hexait MT 3anana ax w'aripka: MT = (Q, A,6,s,q¢), 1e Q =
{s,q¢}, A=1{0,1,#]}, a nporpama poboru ¢ 3aJaHa y BUIIAI] TAOJIHUIII:

) 0 1 +#
s|s,1,R|qr,0,R|s,#,R

Bumnucyioun na koxknomy rTakti poboru MT oxep:kany xouddiry-
paliito, BU3HaUTe, B sIKe CJIOBO rneperBoptoe MT KokKHE 3 HACTYIHHUX

BX1THUX CJIIB:

a) 100;
6) 001;

B) 0010;
r) 0000.

1.6. 3obpasirs rpad MT 3 nonepe iHbOro IPpUKJIAILY Ta BU3HAYTE MO-
BY, ITI0 po3mizHaeTbced ganoro MT.

1.7. B gomy nonsirae pobora mamunu Tropinra MT = (Q, A, d, s, qy¢),
e Q ={s,qr}, A={0,1,#}, a uporpama poboru § 3a/iaHa y BUIVIsLI]
TaOJINTI]:

o 0 1
s|s,0,R|qr,1,R

7" ?
qr,1, L

1.8. Hexait MT 3anana ax n’aripka: MT = (Q, A,d,s,q5), e Q =
{s,q,qr}, A = {0,1,#}, a nporpama poboru § 3a5ana y BUIVILI Ta-
OJImIIi:

sl 0 1 ]
S 8707R 8717R Q7#7L
q|qs,1,L|q0,L|qs1,L

[Ipoanasizyiite pobory MT Ha HacTymHUX BXiJHUX CJI0BaX:

a) 00;
6) 100;

B) 10011;
o 111,

Baxkatoun BXiHI CI0Ba 3alTMCaMU HATYPAJLHUX YUCET B JIBIITKOBIH
CHUCTEMI YUCJIEHHH, BKaXKiTh 3arajbHy 3aKOHOMIPHICTH POOOTH MalllMHU
Ha YyCIX BXIJHUX CJOBaX.
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1.9. Hexait MT 306pazkena rpadom:

a/b;R b/a;R

C b/a;R #/b;R

4 /#:R %
(o)

a,b/b;R, #/#;L

3agaiire 1T ax n’aripkgy MT = (Q,A,d,s,qy) Ta BU3HAYTE MOBY,
10 po3imi3Haerbes ganown MT.

1.10. 3naiiTu MOBY, II0 HOPO/KYETbCA MaIIKMHOI TTIOpiHTa 3 101epe-
JTHBOT'O TIPUKJIALY.

1.11. IlobyayBaTu rpad Ta mpoaHasizyBaTh poboTy Marmuam Tiopi-
ura MT = (Q, A,9,s,q5) na cioBax 1" =1...1 ne Q = {s,q1,¢2,qr},

n
A ={0,1,#}, a mporpama poboTn § 3amaHa y BUTJISI TAOJIAII:

0 0 1 +#

s g L,R|q,#,R| ¢, 1, R
1| g LR |q# R | @ #, R
2|9 1L, R| ¢ 1,R | ¢ 1R

Ax nparroe marmmmHa Ha c1oBi 10000007 Ay moBy posmiznae gana M'T?

1.12. B uowmy noJisirae pobora marmuu Tropinra MT = (Q, A, d, s, qf),

e Q = {s,q1,92,q3,9r}, A = {a,b, #}, a nporpama poboTu J 33/1aHa
y BUTJISI TaOIUTI:

) a b #
s | q,a,R| q2,b, R
q | q1,a, R | q2,a, R | q3,#,L |7
@ | q,a,R| q¢,b,R | g3, %, L
q3 | qf,a, R | g5, %, L
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1.13. 3mnaiitu MmoBy, gKy posmiznaec MT, 3ajgana rpadom:
a)

0/0, b/b;R 0/0, b/b;L

@ 0/a;R 1/b;L

b/b:R a/a;R
b/b;RC@ 7/ #:; L
6)
0/0, 1/L;R

o
0/#;L
R
#/# 0/0, 1/1;L

1/#;R 1/#;L

#/#;L

0/0, 1/1;R

§ 2. Aaropurmu cunre3ly MT

Y npomy naparpadi Ha MPHUKJIAAAX IOSICHIOIOTHCSI OCHOBHI HpUiioMuU
cKIagagHd aaropuTtMiB aaga MT.

2.1. ITPUKJIAA. [lobynyBaTn MmammHy TrOpiATa, 9Ka PO3Mi3HAE BCl CJIO-
Ba B andariti X = {a,b} i Bumasse i3 BXiTHOTO CJIOBa #HOTO OCTAHHIO
OyKBY.

g posB’a3anHs 1i€l 3a/1a4i 10oTpidHO mepemMicTuTu rosioBgy MT
TMiJ] OCTaHHIO OYKBY 1 BujmanuTw ii. Hexait s — cTtan, B 9KOMY KepyOduii
npuctpiit MT mepemirye ro10BKY KOMIPKa 3a KOMIPKOIO TpaBOpyd, He
3MIHIOIOYN OYKBU 1 3a/IUIIAI0OYNACh B CTaHl S. TyT BUHUKAE HEBEINKA
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npobsiema: MT anasizye TIIbKM aKTUBHY KOMIPKY 1 HE MOYKe BU3HAUN-
TH, YW HACTYITHA KOMIpKa € MOpOoKHKOI. Tomy TomoBka MT crmeprmry
Ma€ TIePEMICTUTHCS T TMEPITy TOPOXKHIO KOMIpKY (B Hili 3ammcaHmnii
CUMBOJI #), Ka PO3MIIIEHa TCId BXITHOTO CJIOBA, & MOTIM KePYHOIHit
IPUCTPIii, IlepedyBaloyuy B CTaHI S 1 aHAJI3YI0YU CUMBOJI #, MA€ Iepe-
fTH B HOBMI CTaH ¢, B 9KOMY BHJIAJIUTh OCTAaHHIO OYKBY 1 3YIIUHUTH
cBoto pobory (nepeiisie B Kinnesuil cran ¢r). Takum uunom, rpad Oyze
MaTW HACTYITHUN BUTJIS:

a/a,b/b;R
Y

@ #/#;L a,b/#;L

[Ipoanamnizyemo poboty manoi MT nma Bxigumx cioBax abb, a 1 mo-
POXKHBOMY CJIOBI €.

(s,abb) — (s,abb) — (s,abb) — (s, abb#) — (q1,abb) — (qyr,ab).

(S,Q) — (S?aﬁ) — (Q17Q) — (qf?ﬁ)'

(Saﬁ) — (Q1aﬁ)

Mu 6adumo, 1m0 Ha DOPOXKHLOMY Cja0BI podora MT mHeBM3HaUeHA i
BOHA& HE PO3II3HAE IIOPOKHBOI'O CJIOBA. ¥ 3B'I3KY 3 IIUM JJOMOBUMOCH,
110 1nopoxkHe cjiopo MT we 3minroe. Ocrarodyno, rpad MaruMe BUATJISIL:

a/a,b/b;R
Cy

@ #/7:L #,a,b/#; L

Taknm unnom, MT 3amaersea ax m'aripka MT = (Q, A, 9, s,qy), ne
Q= 1{sq1,q9¢}, A={a,b,#}, X =Y = {a,b}, D = {#} i nporpama

poboTu ) 3ajaHa y BUIJISl TaO/INII:

) a b +#
) S,CL,R SabaR Q17#7L
q1 Qfa#aL qfa#aL Qfa#vL

2.2. [TPUKJA . [lobynyBaTn mammay TropiATa, dKa po3Mi3HAE BCl CJIO-
Ba B andasiti X = {0, 1} i 3amintoe Ha 1 KOXKHY Apyry OYKBY BXiTHOTO
CJIOBA.

i posB’sg3anHs 1€l 3a/1a4i MOTPIOHO HABYMTUCHA BU3HAYATHU, YU
3HaXonThcda rosioBka MT i OyKBOIO, siKa MICTUTBHCS Ha ITapHIM 10-
3UII] BXiJTHOT'O CJIoBa. /IJIst 1IbOTO PO3IJISHEMO JIBa CTaHHW S 1 ¢1, B sIKi
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Kepyunit IpucTpiii Oyae moduepropo mepexoauT npu pyci rojoBgu MT
paBoOpydY 1 aHaJI31 cjioBa OyKBa 3a OYKBOIO, MOYNHAIOYHN 3 MEPITO] Oy-
kBu. Takum guaoM, gkimo MT mepebyBae B cTaHl S, TO BOHA aHAJI3YE
OYKBY, 110 3HAXOJUTHCA Ha HEMAPHIN MO3UIIT Y BXITHOMY CJIOBI; SKIIIO
K MT mepebyBae B cTaHi ¢, TO BOHa aHAJI3Y€E OYKBY, IO 3HAXOIUTHC
Ha mapHii mosurii. JJomoBuMocs Takox, 1mo MT He 3MiHIOE TOPOKHBO-
ro ciaosa. Orxke, HeoOXiHO Bu3HaunTu pobory MT Tak, mob y crani s
rosoBka MT nHe 3miHtoBasa OykBH, a B cTanl g 3amiHoBasa 0 1 1 #a
1. ITincymoBytoum Bce BuIlieckasane, mooyayemo rpad MT macTymHuUM
YUHOM:

0,1/1;R

#/#;L

Mlyxana MT 3anaersca ax nw'aripka MT = (Q, A,6,s,qf), e Q =

{s,q1,q7}, A = {0,1,#}, X =Y = {0,1}, D = {#} i nporpama
poboru ¢ 3ajaHa Y BUIVISII TAOJIMII:

51 0 | o
S Q1707R QIalaR Qf7#7L
qi1 SalaR 8717R Qf7#7L

2.3. ITpuksiAfg. IlobymyBaru mamuny Tropinra, ska po3Ii3Hae BCi He-
nopoxkHi ciosa B anadasiti X = {a,b,c} i gonucye y Kifmi BXigHOTO
CJI0Ba, fioT0 1epiny OyKBY.

st po3B’sa3aHHs JaHol 3a/a4i HeOOXiIHO BUKOHATHU HACTYIIHI JIil:

® 3armaM ATaTH TepPITy OYKBY;
e miepeMicTUTH ToI0BKY MT mpaBopyd mij meprity MOPOXKHIO KO-
MIPKY 1 3ammcaT B Hel TiepIry OYKBY.

K TIepeMinTyBaTHCA TPABOPYY MU BKe 3HAEMO 3 TOTEPETHIX TPU-
k1a/0iB. Ajte sik 3anam’statu nepiry O0ykBy? Ajxe B MT memae inrmoi
maM’gTi, KpiM CTPiYKH, a 3amaM STOBYBaTH OYKBY B sKili-HEOy b KO-
MipIIl HeMag CeHCy: sIK TiAbKH rojoBka MT mepemicTuThCcd JiBOPYY Un
npaBopy4 Bifa miel kaiTku, MT Bigpasy x 3abyne gany OykBy. K ke



106 III. POPMAJIBHI AJITOPUTMIYHI MOJIEJII

BuiiTh 3 1iel curyaril? CTaHIapTHUM BUPIIIEHHSIM ITi€l TpobJieMu € Ha-
CTYTIHE — JIIsT KOYKHOI OYKBU Tpeba BUKOPUCTOBYBATH OKPEMY MHOXKUHY
CTaHIB. ZIKITO mepInoio OYKBOIO € @, TO MOTPIOHO MEepelTH B CTaH ¢, B
sagomy rojsioBka M'T mepeMintyeTbest IpaBopyd 1 3allUCy€ y KIiHI CJIOBaA
OykBY a. K110 )k mepiio OykKBoio € OyKBa b, TO Tpeba mepeiiT B CTaH
q2, B IKOMY BUKOHYIOTHCS T1 YK caMi Jiil, TIIbKW y KIHIIl CJ0BA JOTHCY-
eThcsd OyKBa b. Y BUMAAKY, AKIIIO TEPIO0 Oyaa OyKBa ¢, MEPEXOIUMO B
CTaH (@3, B IKOMY JIOIIMCYEMO Y KiHIII BX1JHOI'O cjioBa OykBy c. Lleit mpu-
ifom OyJIeMO BUKOPUCTOBYBATH 1 HaJAaJ Il JIJId 3allaM ATOBYBaHHS PI3HUX
OykB BxigHOTO caoBa. [lincymoByroun Bce ckazane, rpacd MT moxkna
300pa3nUTN HACTYITHUM YUHOM:

a/a, b/b, c/c;R

#/a;L
a/a, b/b, c/c;R

b/b;R @ #/b;L

c/c;R

#/c;L

a/a, b/b, c/c;R

IIporpama poboru ¢ mammuu Tropinra MT = (Q, A, d,s,qy), ne
Q — {87Q17Q27Q37Qf}7 A= {CL,b, Ca#}a X =Y = {CL,b, C}a D = {#}7

3aJIA€THCS Y BUTJISIIL TaOJTHATI:

) a b c +#
s |q,a,R|q,b,R|q3,c, R —
Q| q,a,R|q,b,R|q,c,R|qsa,L
@ | q,a,R|q,b,R|q,c,R|qsb L
g3 | 3,0, R | g3,b, R | g3,¢, R | qf,¢, L

2.4. ITPukaA. Ilobymysaru mamuuy Tropiara B andasiti X = {a, b},
SIKQ, TIPAITIOE HACTYIIHUM YHHOM: SIKIIO IIEpIIa i OCTaHHsS OYKBU HEIIOPO-
»KHBOT'O BXIJTHOI'O CJIOBA CIIBIIaJal0Th, TO CJOBO 3aJIMMIACTHCA HE3MIH-
HUM, B ITPOTUJIEXKHOMY BUTIAJIKY 3aMIHIOE MOT0O Ha MOPOKHE CJIOBO.
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Jlns po3s’sa3aHHS M€l 33/a91 MOTPIOHO 3amaM’ aTaTi 1epiry OYKBY
BXIJTHOTO CcJ10Ba, iepemictuTu rossoBKy MT mij octannato OyKBY 1 MOpiB-
HATHU 11 3 mepiroro. Axmo 1mi 0yksu ogHakori, To M'T mae mepeittu B
KIHIIEBUHM CTaH 1 3yMMUHUTH CBOIO POOOTY, B TPOTUIEKHOMY BUTAJIKY —
BUJIAJIUTU BCl OYKBU B CJIOBI. 3 MOMEPEIHHOTO TTPUKJIATY MU BXKE 3HAE-
MO, IO AJI9d KOYXKHOI OYKBHW MOTPIOHO CTBOPUTH CBOI0 MHOXKWHY CTaHIB
TJIA 3amaM STOBYBAHHSA JTaHO!I OYKBU 1 MOPIBHAHHY 11 3 OCTAHHBOIO OY-
kBoto. Hexait Takumu ctanamu mag OYKBU a OyAyTh q1, B akomy MT
3alaM SaTOBYE @, 1 @2, B 9KOMY II€PEBIPIETbCA YU OCTAHHBOIO € DYKBA
a. Anajioriuni cranu Ajig OyKBU b mmo3HadumMo depe3 q3 1 qq. fKimo 2k
B craHi qo rosioka M'T anaJiizye 6ykBy b abo B crani g4 rosioka MT
aHa/i3ye OYKBY @, TO Ili OYKBY BUJAJISIIOTHCSI (3aMIHIOIOTHCS TIOPOYKHIM
cumBoJioMm #) 1 MT mepexouTh B HOBHiL CTaH @5, B skoMy rojioBka MT
MEPEMIIIYETHCS JIBOPYY Ha MTOYATOK CJIOBA, BUIAJISIIOUN TIPU ITHOMY BCl

oykeu. Takum anHOM, Tpacd MT Oyae MaTnm HACTYITHUN BUTJISIT:

a/a, b/b;R
7 /9 L @
a/a;R b/ L
R
—C oot ((a5)—=
;L
b/b;R a/#; b/b;L
() ()
a/a, b/b;R

Or:xe, MT 3anaerscs ax n’aripka MT = (Q, A,6,s,q¢), 1e Q =

[s,q1.05}, A = {a,b,#}, X = Y = {a,b}, D = {#} i nporpama
poboTu ¢ 3aaHa Y BULVISL TaOJIMII:
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) a b +#
s | q1,a,R | g3,0, R —
@ | q1,0,R | q,0,R | q2,#, L
q | qr,a,L | g5,%, L —
q3 | g3,a, R | q3,b, R | qu, %, L
qa | 95, %,L | q5,b, L —
a | g5, %, L | g5, #, L | qf, #, R

2.5. [IPUKJIA. IlobynyBaru mamuHy TropiHra, sika po3Ii3Hae BCl CJIO-
Ba B andasiti X = {a,b} i Bugange i3 BximHOTO CIOBa HWOTO IPYTY
OYKBY.

Ha nmepmmit oryisaa 31aerbed, mo taky MT mobyayBaru HaI3BU-
JaifHO IIPOCTO: JocTaTHLO 3MicTuTu 1010BKYy M'T Ha ojHy OYKBY Iipa-
BOPYY, a MOTIM BUJAJUTU JIPYTY OYKBY BXIJTHOTO cJIoBa. AJjie y KiHII
poborn MT BuxigHe cI0BO He MOYXKe MICTHUTH TPOIMYCKIB, TOMY ITiCJIs
BUJIAJIEHHS JPYTOTO0 CUMBOJIY MOTPIOHO CTUCHYTH CJIOBO, TOOTO Tiepe-
MicTuTh Hepiay OyKBY B KOMIPKYy mpasopyd. lIpore, nepemimiyrodnuch
paBoOpydY JI0 APYroi OYKBU, a TOTIM TMOBEPTAIOYNCH HA3aJI 0 TEPIIol
OYKBU, MA BUKOHYEMO 3aiiBY poOOTY: sIKa PI3HUIA UM TEPEHOCUTH TIep-
1y OYKBY B HOPOXKHIO KOMIPKY 41 B KOMIPKY 3 gKOIOCH OyKBOI0O? Tomy
3araM’ STOBYEMO TEPITY OYKBY, BUAAIAEMO 1 3alIUCYEMO 11 3aMiCTh JPY-
roi OykBu. Kpim Toro, BBaxkatumemo, 1mo MT He 3MiHIOE TOPOKHBOTO
ciaoBa. Otxke, rpadp MT marnme HaCTyIHUN BUIJISII:

a/#;R

[Ipoanasizyemo pobory MT Ha BXigHOMY CJIOBI, SIK€ MICTUTH Ti/JILKU
oHYy OYKBY. AHajizyoun gany OykBy, rososka MT Bugaants i1, mepe-
MICTATHCA Ha OJIHY KOMIPKY TIPABOPYY 1 3aIUIIe B TIOPOKHIO KOMIPKY
maHy OykBY. TakuM YMHOM, CJI0OBO i3 OJTHIE] OyKBHU MTPOCTO 3MICTHUTHCH
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Ha KOMIpKYy mpaBopyd. Ile momyctumo, 60 KOMIpKM CTPiuKW HE HOMeE-
PYIOThCsI, TOMY PO3TalllyBaHHS CJOBA Ha CTPidlll HisiK He (IKCYeTbhCs
1 TTepeMIIIeHHd CJI0Ba JIBOPYYT UM TTPABOPYY HEMOXKJIMNBO MOMITUTH. B
3B’{I3KY 3 IIMM HE BUMaraeTbcd, Mob BUXIJHE CJOBO 0DOB’SI3KOBO 3Ha-
XOMJIOCH Ha TOMY 2K MiCIli, Jie OyJI0O BXiJTHE CJ0BO: pe3yJabTaT MOXKe
3MICTUTHUCH JIIBOPYY UM IIPABOPYY BlJ MOYATKOBOI'O MICIIH.

[lykana MT sanaersca sk m'aripka MT = (Q, A,6,s,q¢), ne Q =
{501,025}, A = {a,b,#), X = Y = {a,b}, D = {#} i nporpava
poboTu ) 3ajaHa y BUIIsSI TaOJ/INII:

) a b +#

s | qi,#, R | ¢, #, R | qs,#, R
1| g0, R | qr,a,R | gr,a,R
@ | 97 0,R | q,b,R | q7,0, R

2.6. ITPukJIAL. Ilobynysarm mamuny Tropiara, gka 3a Teprnoi Oy-
KBOIO HETIOPOKHBOTO cyioBa B ajdasiti X = {0, 1,2} BcraBase 6ykBy
2.

[Mykana MT mae cmouaTKy BUBLILHUTH Micrie fisd Oyksu 2. [lma
IIHOTO TIOTPIOHO ,POSTUCHYTH CJIOBO. Mn MoxKeMO 3amam’aTaTh Tep-
1y OyKBY, BUJAJATH, 3aMUCATH 11 B KOMIPII JIBOPYY, a IIOTIM y OPO-
JKHIO KOMIPKY 3ammcar OykBy 2. AJjie, aHAJIOTIIHO SIK Y IIOIEPETHBOMY
MPUKJIAI, MOYXHA 3pOOMUTH IIe TIPOCTIIE: 3araM aTaThu Hepiny OYKBY,
3amrcaT Ha 11 Miciie OyKBY 2, a MOTIM TEePEMICTATHUCS JIBOPYHY 1 3a1u-
caTH B IOPOKHIM KOMipIl nepiry 6yKBY BXiJIHOIO cjioBa. TakKuM 4UHOM,
oTpuMyeMmo HacTymHmi rpad MT:

2/2;L

#/2;R

Orzxe, MT 3zanaersca ax n’aripka MT = (Q, A,6,s,q¢), 1e Q =
0,1,2), D =

{S7Q17qQJQ37Qf}7 A = {071727#}7 X =Y = }7 {#} 1
mporpama poboTr § 33aHa y BATJISA TaOIUIII:
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5| o 1 2 4
s |q1,2,L | qg2,2,L|q3,2,L —
q1 — — — qr,0, R
Q| - - - g5 LR
B3| - — - 1q52,R

2.7. TIpukJia . Iobyaysarn mammuuy Tropinra B andasiti X = {1, 2,3},
sKa Y HEOPOXKHBOMY BXITHOMY CJIOBI 3aMiHIOE BCl OYKBU 3 HAa OyKBU
2 1 BIIOPSJKOBYE ITOCTIOBHICTH OyKB 1 1 2 Tak, mob crodaTKy Oyau
3anucani Oyksu 1, a mmorim OykBu 2.

[Tykara MT wmae BOOpgaKyBaTW BXIJHE CJA0BO, 3aMIHWBIINA TIPH
bOMY BcCl OykBu 3 Ha OykBu 2. IlpmHmum i1 podboTrn Moxke OyTH OIH-
caHuil HacTynHuUM 4YrHOM. fIK 3aBxKam, Ha mouarky poboru MT 3Ha-
BXiTHOTO cjaoBa. B crani g1 rososka MT anasizye Bci OykBu 1 cjoBa,
pyXalduch IIpaBopyy JIOTH, JOKK He 3Haiije mepiiny OykBy 2 abo 3. /la-
JIi Kepylounii MpUCTpiii mepexoauTh B CTAH @2, B dKOMYy TojoBka MT,
PYXalUHUCh TPABOPYY, aHAJII3YE OYKBU 2 1 3, MIHAIOYYN ITPU ITbOMY 3 Ha, 2
JTIOTH, OKU He 1mo0aunTh HacTynuy 1. [Tic/ig mboro BoHa MiHAE MicCIsgMU
B cTaHl q3 1 3 2, 1110 3HAXOAUTHCHA JIBOPYY, 1 3HOBY ITOBEPTAETHCS B I10-
TATKOBUI CTaH, TOBTOPIOIOYN JaJIl aHAJOTITHI KPOKW ark JOKHW BXI1THE
cjioBO He Oyze Briopsgjakoane. I'padd MT mae Burss:

1/1;R

[Tpoanasizyemo pobory manoi MT wa BxigHomy csosi 132113,
(s,132113) — (q1,132113) — (g9,122113) — (g2,122113) —
— (q3,122213) — (s,121213) — (g2,121213) — (g¢s3,122213) —
— (s,112213) — (q1,112213) — (q1,112213) — (go,112213) —
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— (qo,112213) —
— (g3,112223) —
— (g2,111223) —

(g3,112223) — (s,112123) — (go,112123) —
(s,111223) — (q1,111223) — (q1,111223) —
(g2,111223) — (g2, 1112224) — (gy,111222)

Hlyxkama MT 3amaernea ax m'aripka MT = (Q, A,6,s,qf), Ie Q =

{s,q1, 92,053,957}, A={1,2,3,#}, X ={1,2,3}, Y = {1,2}, D = {#}
i mporpama poboTn d 3ajaHa y BUTsIAl TabJIUII:

4] 1 2 3 #
s g, 1,R|q,2,R|q,2,R —
o |q,,R|q,2,R|q,2,R|qs#,L
Q2| q3:2,L | q2,2, R | q2,2,R | qf, 7, L
q3 — s,1,L — —

2.8. ITPurIAJZ. Ilobynysaru mamuny Tropinra B aadasiti X = {a, b},
siKa 110/IBOIOE y BXiJIHOMY CJIOB1 BCi BXOJ2Ke€HHs OyKBU 0.

Y monepeaHiX TpUKJAagax MU O0aduuan, IO BCTABUTH YN BUIAJIUTH
xo49a 0 oHy OYKBY 31 CJIOBA JOCUTH HEMPOCTO. ToMYy HOBE CJIOBO OyIeMo
OyyBaTH Ha BIJIBHOMY MICII, a caMe, ITpaBopyd BT BXITHOTO, Momepe-
JTHBO JIOMTMCABINK Y KIiHI[I BX1/THOTO CJIOBA JOTOMIXKHUH cuMBOJ =. [L1d
IIbOI'0 B TIOYATKOBOMY CTaHl § IEPEMIITYEMOCH TPAaBOPYY Y KiHEIb CJIO-
Ba, MIHIEMO HepIuii MOPOXKHIT CUMBOJI Ha = 1 IIePeX0JIMMO B HOBHUIA
CTaH 1.

a/a, b/b, =/=;R

a/a, b/b;R aja, bjb, =/=L #/GL

#/=;L

#/##;R

(@)
b/#/_/#;R
#/b0;R

a/a, b/b, =/=;R
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JMasti Ham OTPiOHO TTepeHoCu T OYKBHU 3a 3HAK =, MO/BOIOIOYH MTPH
mboMy OykBY b. las mboro B cTani ¢ ,01KUMO” Ha TTOYATOK CJIOBA,
IIePeXOAUMO B CTaH (9 1 3aliaM iTOBYEMO IIePIIy OYKBY: SKIIO 1€ OYKBa
a, TO TIEPEeXOIMMO B CTaH (3, 9KIO b — B q4. B cranax ¢z 1 g4 “6izkumo”
MMPaBOPYY /IO TEPIIOl MOPOXKHBOI KOMIPKM 1 3aMMCYEMO B Hel TEpITy
OykBY, jybsror0un 11 B cTaHi @5, 9KIIO 1i€o 6ykBoro € b. IloTim 3HOBY
MTOBEPTAEMOCH JIIBOPYY /0 Ti€l OyKBHU, siKa CTaJa MEPINO0 y BXITHOMY
CJIOBI, 1 TIOBTOPIOEMO OMMCAHI BUIIE JIil 3 II€I0 HOBOIO TIEPITIOK OYKBOIO.

Januii UK/ 3aBEPIINTHCA TO1, KOJIM B cTaHl g2 rosoBka MT Oyue
aHaJI3yBaTh CUMBOJI =. Ha ocTaHHbOMY eTalli BUTUPAEMO JTOITOMIXKHUIA
CHMBOJI = 1 IEPeXOAUMO B KIHICBHII CTaH (.

IIporpama poboru 6 mamuunu Tropinra MT = (Q,A,d,s,qy), ae
Q = {37Q17Q27QB7Q47Q57QJC}7 A= {CL, bv:v#}a X =Y = {avb}a D =
{#, =}, 3amaerbcsa y BurIsii TabIHIIL:

) a b = #

s | s,a,R | s,b,R q,=, L
@ | q,a,L | qi,0,L | q1,=,L | q2,#, R
@ | g, # R qu # R|qr,#, R —

93| g3,a,R | q3,0,R | g3,=, R | q1,0a,L
q4 | q4,0, R | q4,0, R | qu,= R | ¢5,0, R
g5 — — — q1,b, L

2.9. ITpurAJZ. Ilo6ymysaru mamuny Tropinra B andasiti X = {a, b},
sIKa TIOIBOIOE CJOBO, TTOKJIABIIHA MK HAM 1 HOT0 KOMIE€ 3HAK =.

[Isa 3amava po3B’s3YE€ThCS AHAJIOTIYHO 10 TOTEPEIHBOI: TTPaBOPYH
BiJI BX1JTHOT'O CJI0BA JIOIMMCYEMO CUMBOJI =, IIOTIM IIOBEPTAEMOCS HA I10-
JaTOK CJIOBA 1 B THMKJI KOTIOEMO BCl MOTO OYKBHW B MOPOXKHI KOMIPKH
MTPaBOPY.

OaHak, TyT € 0OJHa BiAMIHHICTH: OYKBU BXiJIHOI'O CJIOBA HE BUJIAJISI-
I0ThCH, 1 T1€ TPUBOJIUTD JIO TAKOI POOJeMU. 3aTUCABIM CIIPaBa KOO
HACTYIHOTO CJIOBA, MU TTOBUHHI TIOBEPHYTUCH 0 BX1JTHOTO CJIOBA B TTIO3U-
1ifo miel OyKBHU 1 HOTIM HEPEMICTUTHUCA IIPABOPYY 10 HACTYIIHOI OYKBH.
Ajte gk gizHaTHCT, B 9Ky IMO3UINI0 BXIJHOTO CJ0Ba MOTPIOHO MOBEp-
HyTruca! B momepeaniit 3amadi MU 3aBXKIM TOBEPTAJIUCT 0 TEPIIOl 3
OYKB BXIJHOI'O CJIOBA, SIKi 3aJ/IMIIUJIACA, & Telep MU He BUJIAJIAEMO Oy-
KBU, 1 TOMY HE3PO3yMLJIO, dKi OYKBU MU BXKe MPOJyOJIIOBaJIM, a dKI —
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Hi. Harajgaemo, mo 8 MT koMipKu cTpiukyu He HOMEPYIOTHCS, HEMAE B
MT i miamnbHUKIB, 9Ki O JO3BOMUIN BU3HAYUUTH, CKITBKI OYKB MU BiKe
POy OJTFOBAJIH.

B zaraabHoMy BHITaIKYy, IpodJieMa, 3 9KOI MU CTUKHYJINCH, HACTY-
MHa: 9K 3adIKCyBaTH HA CTPIYI JedKy MO3UINI0, B SIKiii MU B¥XKe Oy/n
1 70 gKOI Ii3HiIle TMOBUHHI MOBEpPHYTHUCA! 3a3BUYaii I IpodIeMa BU-
pIITyeThCcd TaKUM YUHOM. KoM MU OTMHAEMOCS B ITi# TTO3UTIT MEPIITHiA
pa3, TO 3aMIHIOEMO aKTHBHY OYKBY Ha 11 ABIMHUK — HOBUI JIOIOMIXKHUIA
CUMBOJI, TPUYIOMY Pi3HI CUMBOJIM 3aMIHIOEMO Pi3HUMMU JABiHUKaM#. 11i-
CJIdd [IbOI'0 BUKOHYEMO Jiil B iHIIKUX Micigx crpiuku. 1106 morim mosep-
HYTHCS J0 HAIO1 TO3UTIT, MOTPIOHO TPOCTO BIANIYKATH Ha, CTPIYI TY
KOMIPKY, Je 3HaXoauThbcd Oykpa-aBiiiHuk. IloTiM B akTuBHIN KOMipii
MOKHa, BITHOBUTH ITOTIEPEJIHIO OYKBY.

Takum unHoM, 100y yemMo M'T 3a HACTYIHUM ILJIAHOM:

® CIEpPITy 3aIMMCYEMO CUMBOJI = TICJS OCTAaHHLOI OYKBU CJIOBA;

® TIOTIM ITOBEPTAEMOCH TIiJT TIepITy OyKBY BXIJHOTO CJIOBA;

e JaJi 3aMIHIOEMO aKTHBHY OyKBY Ha i1 mBiftuuk (a Ha A, b Ha
B), mepewmiryemMocst paBopyd 10 TepIiol BiabHOI KOMIpKY i
3aMCyeMO B Hel OYKBY, 9Ky 3araM’ aTaJIu;

® IIIC/IS TIHOTO TTOBEPTAEMOCS JIBOPYY A0 KOMIPKHW 3 JIBIHHUKOM,
BIJHOBJIIOEMO TIOTIEPEIHIIT CUMBOJI 1 TTEPEMIIIIYEMOCS TIPABOPYU
JI0 HACTYITHOI OYKBH;

® AHAJOTIYHUM YWHOM B IHUKJI JyOJI0EMO PEmTy OYVKB BXITHOTO
CJIOBA;

® KOJII MU TPOAYOJTI0EMO OCTAaHHIO OYKBY BXITHOTO CJI0Ba 1 ITO-
BepHEMOCH J10 11 JBIffHWKa, TO B KOMIpPIIl TTpaBoOpyY Oy/ie 3HAXO-
JUTHCHL cuMBOJI =. lle o3Haxa TOro, mo BXigHE CJIOBO IIOBHICTIO

npoayosipoBane, 1 ToMmy pobotry MT moTpibHO 3ynuHATH.
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a/a, b/b, =/=;R

a/a, b/b;R
o

a/a, b/b7 :/:7L #/CI,;L

#/=;L

%R

#/#,A/a,B/b;R

#/b; L

)

a/a, b/b, =/=;R

Takum unaoM, Tiykara MT 3amaerhes s mwaripka (Q, A, 6, s, qf),
AL Q — {87 q1, 42,43, 44, Qf}a A = {CL, b7 A7 Ba —) #}7 X = {CL, b}7
Y ={a,b,=}, D = {A, B,#} i nporpama poboTu § 3ajiana y BUTJIsII
TaOJINTI]:

) a b A B = +#
s | s,a,R | s,b,R — — — q1,=, L
@ | qi,a,L | q,b,L | q2,a,R | q2,0,R| q1,=,L | g2, %, R
Q@ |93, A, R | q,B,R| — - |agH=R -
q3 | g3,a,R | g3,a, R — — q3,=, R | q1,a,L
q4 | qa,0, R | q4,0, R — — q4,=, R | q1,b, L

PekomenmoBana Jjiteparypa : |10, 11} 13} (14, [16].

B zajiauax nobyayBatu MamiuHy TIOpiHTa, siKa PO3II3HAE BCi CJI0BA

B aJsidpaBiti X 1 BUKOHY€E HACTYIIHY POOOTY:

2.1.

csioo BY3 (w — BY3w).

2.2.

THY (w — wIIHY).

IImTanag Ta BopaBm g0 nmaparpadpa 2.

X — ykpalucekuit aadasit. lomnucye 37iBa 10 BXiTHOTO CJIOBaA W

X = {H, I1, V}. Jlonucye crnpasa J0 BXiJHOTO CJIOBA W CJIOBO
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2.3. X = {a,b}. Banumae B cjoBi TLIbKK Teprny OyKBY (MOpOKHE
CJIOBO HE MIHSE).

2.4. X = {a,b}. 3anumrae B cJIOBI TIIBKU OCTaHHIO OYKBY (MTOPOKHE
CJIOBO HE MIHSE).

2.5. X ={a,b,c}. dxmo BxigHE CIIOBO HE MiCTUTEL OYKBU ¢, TO 3aMi-
HIO€ BCl OyKBU @ Ha b. B iHmmomy BumaIKy — BUIa€ CJI0BO 3 OJHIET OyKBU
c.

2.6. X =1{0,1,2,a}. 3’acyBaru, un € BXiJJHe CJIOBO 3alTMCOM YUCTA B
TpiiiKoBiit cucremi umcaennd. Bignosiab: 1 — gkmo €, 0 — B mpoTuie-
JKHOMY BUITQIKY.

2.7. X =1{0,1,2}. Braxkarouu BXijHe CJOBO 3aIllUCOM YUCA B TPiii-
KOBIii cucTeMl YMCJIEHHS, BUJAJUTH 3 HHOTO BCl HE3HAUYII HYJIL.

2.8. X ={0,1,2}. Braxkarouu BXijHe CJOBO 3aIllUCOM YUCJIA B TPiii-
KOBIiif cucTeMi 9uCaeHHs, 3’ CyBaTH, UM JLIATHCS BOHO Ha 3. BiamoBign:
1 — axknio ainThed, 0 — B TPOTUIEXKHOMY BUMAJKY.

2.9. X = {a,b}. B HEmopoxx#bOMy BXiTHOMY CJIOBI MOMIHSITH MiCIIsI-
MU IIEPIIY Ta OCTAHHIO OYKBH.

2.10. X = {|}. dxmo BXimHE CIOBO Ma€ HEMAPHY JOBXKUHY, TO 3aMi-
HUTH f0r0 Ha CJIOBO |, B IHIIOMY BHIIQJKY — HA IOPOXKIE CJIOBO.

2.11. X = {a,b,c}. dkmo BXifHE CJIOBO Mae TApHY JOBXKWHY, TO
3AJIMIIUTH B HHOMY TLILKH IIPABY IIOJOBUHY.

2.12. X ={0,1}. Busnauwuru, un BXiJIHE CJIOBO € CUMETPUIHUM (TI0-
niEgpoMoM), To6T0 w = w't. Bigmosige: 1 — ¢, 0 — me €.

2.13. X = {a,b}. BaminuTn y BXiJIHOMY CJIOBi KOYKHE BXO/[?KEHHSI
oykBu b Ha ab.

2.14. X = {a,b}. Bumanmuru i3 BXiJHOrO CJI0Ba KOYKHE BXO/I?KEHHSI
mijicaoBa ba.

2.15. X = {a,b}. logsoitu KO:xkHY OYKBY BXIJHOTO CJ0Ba (HAIpU-
K1aj, aba — aabbaa).

2.16. X = {a,b}. O6epuyru BXigHe cioBo (HampukIad, aab — baa).
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§ 3. DynkIii, uto odbuncawwTbeca MT

B nanomy mnaparpadi posriigiaaioTbesd MYHKINT, Jisd SKUX ICHYE Ma-
mHa Tropinra, 1mo ix obunciaroe. Jlani pyHKINT BU3HATAIOTHCI TTOBE-
minkoio MT. AprymenTn (BXigHI c/10Ba) 3’SIBAAIOTHCS HA CTPIUI 0 TO-
JaTKy 00UYMCJIeHHSs, 8 3HaueHHsT (DYHKIIT /I I[bOI0 apr'yMEeHTY — CJIOBO,
K€ 3aJIUIIAETHCA Ha CTPIYIl, KOJIM 00YUC/IeHHs 3aBEPIIEHO. 3ayBarKi-
MO, IO ITPX aHaJi31 gedkux Bxignux cjaiB MT Hikoau He mepexoauTh y
KIHIIEBUI CTaH, 1, 0TKe, PYHKINST MoykKe OYTH HeBU3HAUCHA M JTETKIX
BXIJTHUX CJIIB-apTyMeHTiB. B 3arajJbHOMY BUMAJIKY KaXKeMO, Mo (DYH-
kg f: (X*)" = Y™ € wacmros6o susnauenoro gyHruicto, sIKIno BoHa He
BU3HAYEHA JIJIsl JedKuX HADOPIB aprymenTiB (1, ..., x,) € (X*)", 106-
TO KOJIU 00Js1acTh Bu3HadeHHs [ € migmuoxkunowo (X*)". Ao obracts
BusHaveHHs f cmimamae 3 (X )", To Kaxkemo, 1Mo Pynryis f noeHi-
cmio sudnayvena Ha (X ). dxmo dyukiis [ He BusHavueHa Ha HAOOPI
(x1,...,2Ty), TO THCATEMEMO f(Z1,...,ZH) =T

Kaxemo, mo wacmxoso susnauena gynkuyia f: (X*)" — Y™* obyu-
CANEMDBCA 3 doNoMO02010 Mawury Tropinsa

MT:(Q,AZXUYUD?(S’S’qf)’

SIKIIO JIjIst KOYXKHOrO HAboOpy (X1,...,T,) € (X*)", Ha gaxkomy [ Bu3Ha-
YyeHa,

(s, 21 %z % ... % zp) = (q5,Y),

ne y = f(x1,...,2,) € YY" ax €D — cuenjajabHuil JOMOMIXKHUN CHM-
BOJI, SKHUI PO3Jias€ BXiJHI apryMeHTu; 1 Ha KOXKHOMY HA0OOPI
(X1, ..., 2n) € (X", mis axoro dyukiis He Busnadena, MT wikogm
He mepeiiie B KIHIEeBUIA CTaH ¢f.

Hatani naitaacrimre posrisigarumemo aucyiosi pyukmii f: (Ng)™ —
Ng, 1e Ng = N U {O}

3.1. ITpukAz. Ilokaxkemo, mo dyukiiga f : Ng — Ny, f(n) = 0
O00YUCTIOETHCA 3 JOIOMOIOI0 Jedakol Maruin Tiopinra.

Bpaxkarumemo, 110 HeBija €MHI i1l 94KC1a, 3alliCaHl B ABIMKOBIi Cu1-
cremi umuciiennd. g nobymosu MT, sgka npaBuibHO 00YUCIIIOE JaHy
dyHKIIIO, JOCTATHHLO BU3HAYNUTH CTaHuW, B akux MT 3aminioe Bcl 1m-
dpu BXITHOTO CJIOBA Ha TTOPOXKHIN CUMBOJ, ApyKye 1udpy 0 1 3ynuHdge
pobory. I'padp mykanoi MT mae Bursis:
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0,1/#;R
8 #/0;R

3.2. ITPUKJIAJL. [lo6ynyemo maruny Tropinra, ska 004uc/Ii0€ (PyHKIIIIO
f:N =N, f(n) =n+ 1 (BBaykaemo, 10 HATYpaJbHI YUCIa 33/aHi B
TPIfKOBIHl cUCTeMi IUC/TEHHS).

Hexait s — ctan, B gakomy rosoBka MT pyxaeThcs B KiHenb CJ0BA.
JIIATIIOBINIA JT0 TIEPIITOl MOPOXKHBOI KIITHHKY, ToJ0oBKa MT mepexoanTh
JIIBOPYY ITiJT OCTAHHIO MU PYy CJIOBa, 1 KEPYIOYN TPUCTPIil TTepexouTh
B craH q. B crani ¢ MT nopae ogunauiio g0 Tiel nudpu, Ky BoHA aHa-
Jli3ye B gaHuit MmomeHT dacy. Crodarky HEI € OCTaHHsS Iudpa ducia.
Axmmo e mudpa 0 abo 1, To Kepyrounit npucTpiit 3amimioe i1 Ha 1 abo
2 Bigmosigmo, 1 MT synunse pobory. Ase gkimio maxa mndpa € 2, To
Kepyrodnilt mpucTpiit 3amMiuioe 11 Ha 0, 1 TOTOBKA MEPEMITITYETHCA JIBO-
pyd, 3aJUATTA0YNCh B cTaHl ¢. Taknum auaOoM, Tertep MT momaBatuwme 1
710 monepeIHbOI Mmucppu. Aximo vHero € mdpa 2, To MT wminge 1T Ha 0 i
MepPeMIiITyeThCs JIIBOPYY, 3aJUIITAI0YNCh 9K 1 IO TOTO B CTaHI ¢, TOOTO
KEPYIOUHil IPUCTPIiii MOBUHEH BUKOHATHU TY XK CaMy Jil0 — 30LIbIINTH
akTuBHY 1udpy Ha 1. fAKIO K 1o/10BKa I1epeMicTu/Iacsd JiBOpPyd, a B
akTUBHIN KoMmipii Hemae nudpu (a € #), ro MT 3amucye Tyau 1 1 me-
PEeXOJUTDL B KIHIEBUIl CTaH (.

3ayBaxXnMo, 110 I MTOPOKHBOI0 BXIAHOIO CJ0BA HAIIA 33atTa He
BU3HAUYEHA, TOMY Ha 1boMy c0Bl MT MoxKe moBoMTHCSA K 3aBIOJTHO.
B mammiit mporpami, HampuKJIa ], Ha TOPOXKHBOMY BXigHOMY cja0B1 MT
3YNUHAETHCS 1 BUgae 1.

['pacp MT marume BurIISAI:

0/0,1/1,2/2;R 2/0;L
N

() @ #/1,0/1,1/2:R

[1i1 yHAPHOIO CUCTEMOIO YUCACHHS PO3YMITUMEMO 3aITNC HEBT €MHO-
TO ILJIOTO YKCJIa 3 JOTIOMOTOI0 “TIAJUYI0K: Ma€ OYTH BUMMMCAHO CTLIBKH
MAJTMI0K, SKOK € BeJUYrHa 9ucia, Hanpukaad, 2 — [[, 5 — ||||[, 0 —
< TIOPOXKHI!T CUMBOJI >.
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3.3. ITPUKIAI. [Tobynyemo marmuuy Tropinra, ska 009nCai0€ (PYHKITITO
f:Ngx Ny = Ny, f(n,m) =n+m (BBazkaeMmo, 1110 HATYpPaJbHI YUCTA
3aJlaHl B YHapPHIN CHCTEM] YNCTIeHH).

MT moumnae aHai3yBaTH BXiTHE CJIOBO B KOHMITypaIrii

(s,|]---|*]]...]), abo B KOHDIryparl (s,x*||...|), akmo n = 0.
—_ ——

n m m

[MIykana mammaa Tropinra, gdka TpPaBUJILHO OOYUCTIOE TaHy (DYH-
KIIIO JIBOX 3MIHHMX, MOKE IIPAIIOBATH, HAIIPUKJIA, TAKUM YUHOM. ZIK-
mo n = 0, To BoHa BUAAJLAE * 1 3ynuHsgae podboTy. B iHmmomy Bumagky
— BUJIAJISIE TIEPINY MAJUIKy |, TepeMiIyeThbCs MpaBopyd 70 * 1 Ha 11
micni 3ammcye |. Taknm unnom MT = (Q, A= X UY UD,§,s,qy), ne
Q=1{s,9,9/}, X =Y ={|}, D = {}, a mporpama poboru J 3a1ana y
BUTLJIAI] TAOJIHIL:

4 | * #
S Q7#7R qfa#aR —
q Q7‘7R Qf7|7R o

3.4. ITPUKJIAJL. [Tobymyemo mamuay Tropiara, aKka 009InCII0€ TaCTKOBO
suznaveny ¢yukmio f: Ng — Ng, f(z) =2 — 2.

[ness po3p’sizanng 3a/a4l Taka 2K SIK 1 B HPHUKJIAI] . Hexait s
— craH, B gkomy rosioBka MT pyxaerbcs y kinernb caosa. JliftrmoBrmm
JTO TIEPIIOl MOPOXKHBOI KJAITUHKH TojoBKa MT nmepexoauTs iBopyd i
OCTaHHIO TUQPY CJI0BA, 1 KEPYIOUHNl MPUCTPIN TTePexXouTh B CTaH (1.
Axmo B crani g1, MT ananizye mudpn 2, 3, ..., 9, To BOHU 3aMIHIOIOTHCS
ma 0,1,...,7 Bigmosizno, i MT 3ynuuge pobory. B inmomy BUTAIKY,
sakio 1e uudpu 0 ado 1, To Kepyrouuii npucTpiii 3aMmiHioe ix Ha 8 abo
9 BIZIIOBITHO, 1 TOJIOBKA IEPEMIITYETHCH JIIBOPYY, KEPYIOUUiT TPUCTPIi
IpY TIHOMY IIE€PEeXOJINTh B CTaH @2, B dkoMy MT Bimrimae 1 Bij morre-
peanbol 1mdpn. Ao g nudpa gopisaoe 1,2,...,9, To MT minge i1
Ha 0,1,...,8 1 3ynuHdge poboTy; iHakIe — 3amiatoe 0 Ha 9 1 mepemirnrye-
ThCA JIBOPYY, 3aJUITAI0YNCH 9K 1 IO TOTO B CTaHI ¢y, TOOTO KEPYIOUMiA
NPUCTPi MOBUHEH BUKOHATHU TY K CaMy JII0 — 3MEHIITUTA aKTUBHY IIH-
dpy Ha 11 1. fKIimo K roJjioBka, HepeMiCTUBIIKUCH JIBOPYY, B CTaHI
qo anasizye # (me mae micre Tiibku jist guces 0 ta 1), 7o mogasrbii
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il MT wve Busnadveni i 70 Takux uncess MT we 3acrocoBHa. ITobymyemo
rpad ganoi MT:

@ # /7L @ n/n—2;L, n=2,9
W)
n/n;R, n=0,9

0/8,1/9;L

0/9;L C@

3.5. ITPUKIA. [Tobynyemo marmuuy Tropinra, ska 009ncai0e (PYHKITITO
f:NogxNg = Ny, f(n,m) = |n—m| (BBaxkaemo, 1110 HaTypasIbHi YuCIa
3a/laHl B YHapPHIN CHCTeM] YNCTIeHHS).

n/n—1;R, n=1,9

Hexait mouarkoBoio Koudirypariieto € (s, |...|*x|...|). Ines po3s’s-

~

n m

3aHHs 33 1a4i Taka. Creprry MT nepemintyeTsbes Imij meprny maJudKy
apyroro umucia. ajl mopiBHIOE YuCAa HACTYIITHUM YUHOM: Y CTaHaX (1
ta go MT Bijmigae mogeproBo mo ojHiit majgourni (3aminoun | Ha %) B
060X MOC/IIOBHOCTSX | 1, BAYEPIIABIIH OJHY 13 [IOC/IiI0BHOCTEl, pOOUTH
BUCHOBOK, SIKa, 3 HUX CKJIQJA€ThCsI 13 OLIBIIOI KIIBKOCTI majJaudokK. Toml
B cTaHax ¢3 abo ¢4 BUJAJISIE BCl * 1 HA CTPIYNl 3aJUIIAETHCI N — M
MaJIMIOK, AKIIO N > m, adbo m — n MaJuYdoK, aKio n < m. ['padp MT

Ma€ BUIJVIA:

/iR «/%:R /5L */#| /iR
m * /% R /L
()———(n)—

|/*;R

#/#;L

/1L
et C@ 4/

[TpoimocTpyemo pobory MT nma mpukiaami. Hexait Ha BX0ai MaeMO
csioBo | * |||. Tonmi:
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(s, [ [Il) = (s, [[l]) = (au, [ * [I]) = (g2, [+ |[) = (g2,] * *|]) =
(q1, #x%]) = (qu, %%*|[) — (qa, %*x%[) = (qo, Fx*5%|) = (g3, xxxx|) =

(g3, 1) = (az, 1])-

3.6. IIPUKJIAA. Ilobynyemo MT, gka obunciroe pynkiiio f : Ngx N —
N, f(n,m) = HC[I(n,m).

Hexait migl meBig'eMHl 4ymceaa n Ta m 3aJaHl B YHapHIN cucTeMi
YHUCJICHHs. 3HAWIeMO 1X HaiOIbIIUi ClIbHUN HATYPAJIbHUN J1JIBHUK,
KopucTyrunch ajropurmom Eskiina. Januit asropurM 0asyeTbes Ha
TaKUX PeKypeHTHux dpopmy/aax s 3Haxokenas HC/:

HCI(n —m,m), n > m;
HCO(n,m) = < HCI(n,m —n), n < m;
n, n=m.

[Tobynyemo MT g simmykanas HCJI, mporec obumciieHHst Ha
sIKifl 0a3yBaTUMETbCH Ha IOYEPIOBOMY BUKOPUCTAHHI ITUKJIB IIOPIBHS-
HHSI 1 BIJHIMAaHHSI.

[Tpomec modbymorn MT 6yemMo cymmpoOBOIKYBATHA LIIOCTPAIIIEI KOH-
dirypariit g obuncaennst HCJL(4, 6). [ogaTrkoBa koudIryparist Ma-
tume U (s, |||| *|||||]). Cmeprty B cramax s Ta g mepeneceMo mep-
Iy HAJIMYKy Ha Micie *. B pe3ysbrari mporo orpuMaemMo KoHMirypariio
(s, NIII[]]])- Hasi, BukopucToByoUIn g0MOMIXKHI MITKE @ Ta b B cTaHax
g2 Ta q3, Gyzemo mopiBHIOBaTH umciaa n i m. Ilpu mpomy MT mpa-
HIOBaTUME TaK, dK O [palioBaJjia JIIOJAWHA, sSIKa IIOPIBHIOE AB1 HOBTi
HOCJIIOBHOCTI 3 |, IKi Bijipa3y BasKKO IOBHICTIO MeperyisiiyTu. JIro/1u-
Ha BigMidaJja O II09eproBo IO OJHIN maJsodill B 000X IIOCJIJOBHOCTHX i,
BUYEPHABIIN OJIHY 13 ITOCJIJOBHOCTEN, 3podnia 6 BUCHOBOK, dKa 3 HUX
CKJIQTAETHCS 3 OLIBITTOT KLTHKOCTI MaJuvoK. Marmmaa K 3aMIHIOE TepITy
MaJMIKy APYTOTO YUCaAa HA b, MTOTIM 3aMIiHIOE TEPITY MaJUIKy TEepPITIOo-
ro 4mucijia OYKBOIO @, JiaJji 3HOBY IIOBEPTAETHCS JO0 IAJUYOK JIPYIroro
gucsa 1 .. Ilicas gekinbKoX TaKTiB Ha CTPIYlll BUHUKAE KOHMIrypa-
ist (g3, #aaaabbbbb|), B sKiit miepie 4rc0 BxKe BUYEpIIaHe, a JIpyre —
me mi. Jaai MT mepexoqurs B CTaH ¢q, B SIKOMY il TOJIOBKA IepeMi-
IYETHCS PABOPYY, BUTUPAIYN MITKH @ Ta 3aMiHIOIOYM MITKEH b Ha |.
[Ticng mpoTO BOHA TIEPEXOIUTH B CTAH (9 JJIST TIOPIBHAHHS Uucea n = 4
im —n = 2, 3HAXOAAINCHL TIPU TIHOMY B KOHMDIryparii (qo, |||||]) miz
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MEPITIOI0 MAJUYKOI0 9ucaa m — n = 2. TaKuM 9WHOM, MICJId TUKJTY T0-
PIBHAHHS BUKOHAHO TWKJI BIAHIMAHHS Bl APYTOTO YHUCJIA TEPITOTO, B
pe3yJibTaTi KO0 MEHIIE YUC/IO N BUTEPTO, a OlJIbIIe YKUC/I0 1M Po30uTo
Ha L 1m—n.

JaJi 3HOBY TPOXOIATH TUKJ TTOPIBHAHHS, KU Ha el pa3 3aKiH-
YYEThCS ,BUUEPIAHHAM” JIPYTOTo YUCIa (10 3HAXOIUTHCS TTPaBOPY),
siKe B IIbOMY BUIAJIKY € MeHIuM. [Ipu nipomy ojiepkumo KoH@Irypariito
(q2, ||aabb#). Hacrynuuit TakT mopopkye koudiryparito (gs, ||aabb), i
TOIMHAETHCST IIMKJI BITHIMAQHHS BiJT IEPITIOTO YUCIa, JIPYTOTO, TOOTO CTH-
paHHd Bcix OyKB b 1 3amina 6ykB a najgoukamu. llicaa mboro MT 3r0BY
epexXOIUTh B CTaH ¢o y KoHdiryparil (g, ||||). Leit mpomec Tpusae jmo-
TH, TOK! 33134y He OyIe 3BeIeHO 10 BUMAIKY JABOX PIBHUX MixkK CO6OTO
quces (B HAIIOMY BHIIAJIKY MU BxKe JIOCADIN 11H0ro). HacaMmkiners 1mo-
YMHAETHCSI OCTAHHIN MUKJI TTIOPIBHAHHS, B IKOMY OJHE 3 YHCe/] BUIAJIs-
erbea, MT nmepexoguThb y KiHIEBUit CTaH ¢f, 1 Ha CTPIYI] 3aIUIIAECTHCS
YMCJI0, 3alUcanHe B YHAPHIN CUCTeM] YHMCIEHHS, 9Ke 3TiTHO aJTOPUTMY
Eskaiga nopisaroe HCII(n, m).

['pac mrykanoi MT mae Burss:

/iR a/a, b/b;R a/a, b/b;L
b;L
|/#:R */|;R /’VN
(5) (ar) ™
|/a;R
*x/#: R
# |/;R /1, #/#6L | #/4:R
#/##:R
G (41)
a/l, b/#;L a/#, b/|;R

3ayBaxKUMO, IO AKIMO mepiire uncao n = 0, To, nepebyparoun B
KOoHMDIryparii (s, x| ...|), MT mepexoauts y Kinmesuit cTan i Ha BUXO/T
nae aucao m = HCJL(0,m), m € N,

3.7. ITPUKIAL. Ilobynyemo mammuay TropiHTa, sgKa MepeBOIUTH HATY-
paJIbHI YmMcIa 3 YHApHOI CUCTEMU YHMCJIEHHS B JEeCATKOBY.

I'padp MT marume BHUIISIT:
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n/n, =/=, |/|;R, n=0,9

7/ #: L @ =/#;L
i

|/#;L

#/1, n/nt LR —

n=0,8

q6 1 qs

9/0;L /151

[nest po3s’si3annst 3aa4i Taka. Crepiiy 3/1iBa BiJl yHAPHOI'O 3aIIUCY
quca, mepedyBatoun B KoHdiryparii (s,|...|), B ctamax g1 i g2 J0-
IICYEMO JONOMIXKHII 3HaK = i 1udpy 0 Ta IepexoguMo B CTaH (3.
B pesynbrari niporo orpumyemo koudiryparito (g3, 0=|...|). dami Bix
YHAPHOTO YNCTIa, PO3MIIIEHOTO TTPAaBOPYY, BIIHIMAEMO OJUHUIO (BU 1A~
JISIEMO OJTHY MaJIMYKy) B CTaHl qq, MEPEMIIIYEMOCs JIIBOPYY Ta B CTaHi
g6 710 JIECATKOBOI'O YMCJIa JIOJA€MO OJIMHUITIO, JIII0YN 33 IIPAaBUJIaMU Jie-
cATKOBOI apudMeTnku. [licag mboro 3HOBY IOBEPTAEMOCH /10 YHAPHOTO
IUCJIa 1 TTOBTOPIOEMO IMUKJIIYHO BCl omeparii J0TH, JOKHW BCl TMaJNYIYKA
He OyayTh BuTepri. HacaMkiHelb 3cyBaeMocs MpaBopyd, B CTaHl g4 BU-
TUPAEMO 3HAK = 1 3YIIMHIEMOCS.

Hexait maemo i mamuaun Troopiara MT) = (Q1, 41 = X3 UY1 U
D1,01,50,8,) i1 MTy = (Q2,A2 = X2 UYs U D3, 62,40, qm), TpAIOMY
BBaXKa€MO, IO BUXIJIHUN asiaBiT TepInol MaIlliHW CITBIAIa€ 3 BXi-
aHuM aJjicpaBiTom jpyroi, Tooro Y7 = Xo. Hexait ui M'T obuucaomorh
caoBecHi dyukmiil f1 @ (X1)* — (Y1)* ma fo @ (X2)* — (Y2)* Bigmo-
BizHO. Ilobynyemo MT, sika obuwmcaroe ix kommosuiiio fo o f1. Hara-
JIAEMO, 110 KOMITO3uIIi€t0 (byHKII#H f1 Ta fo Ha3MBaKOTh TaKy PYHKIIiO
f = foo fi, mo anga koxkuOTO X 3 OOJacTi BusHAUeHHs PYyHKINT f 3HA-
gennst f(x) = fo(fi(z)). llpm mmpomy BuMaraerbest, mob GyHKIA fo
Oy/a BU3HaUeHA Ha 3HadeHH] f1(T).
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Mamuna Tropinra MT = (Q, A= XUY UD,J, s, qr) nias bdyukuii
f = fo o f1 Oyayerbcss HacTylIHUM 9UHOM. Y pasi morpedbu craHu Ma-
man M1 mepeno3HavaeMo Tak, IIO00 BOHU BiAPI3HAANCA BiJ CTaHIB
vammuan MTh. Bxigauit andasit X criBmagae i3 BXiZHUM aadaBiTOM
X1 mamman MTY, suxiganit ajadaBit Y — 3 BUXiIHUM aidaBiToM Yo
varmmaun MT5, a gonomizkuuit asidasit D = Xo U Dy U Ds. Ilouarko-
BuM cTtaHoM M1 € mouarkoBuit ctaH sy mMamuan MTY, a KIHIIEBUM —
KiHIEeBHUit ¢, Mammau MTs. Ilporpamu poborn 41 i do 00’eanyemo i
3aIMCYEMO B OJIHY TAOJIMINIO, JIOO3HAYMUBIIIN, 110 B CTaHi S, mykana MT
MepeMINIyeThCd JIIBOPYY J0 MOYATKY CJIOBA 1 TOTIM TEPEXOJIUTH B CTaH
q0-

Hexait w € (X1)*. Posrisiremo modarkoBy Koudirypario (S,w).
OckinbKu s = Sg, TO Ha movaTKy poboru M T nparoe Tak, ak M1, i
akimo M1} 3acToCOBHA JIO0 CJIOBa w, TO Ha JETIKOMY KPOIl Oyze omep-
YKaHO KOHDIrypariio (S,, f1(w)). Laai B crasi s, rojsoska mamuuau MT
epeMiCTUTBLCA JIBOPYY i mepiiry OyKBYy cjioBa fi(w) 1 Kepyrouaunii mpu-
CTPiii mepeiise B cTaH ¢, TOOTO ofmep:kuMo KoHdIrypartito (qo, f1(w)).
Ao MT, 3acrocoBHa 0 cyioBa f1(w), TO Ha JAESIKOMY KpPOIl OTPH-
MaeMo KoHpIrypaiito (¢, f2(fi1(w))), axka e 3axatounow i MT, 60
qf = Gm. Takmm gmnowm, axmo MTi 3acrocoBHa n0o w 1 MT5 3acro-
coBHa 710 f1(w), To i MT 3acrocosHa 70 w. Marmmua MT Ha3UBAETHCs
kommo3umiero mMammea M1 ta M5 1 no3nadaerbea uepes MT5 o MTY.

O3HauyeHHd KOMIIO3UIII 3aanIIaeTbed 0e3 3minn, sakino M1 ta MTh
009MCII0I0Th (DYHKIIT KITHKOX 3MIHHUX. BaxkanBo juiie, 1100 gaHi g1d
M'T5 6ynw y BiAIIOBITHOMY BUTJISIL MijAroToBseH] Mammaoo MT.
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3.8. ITPUKIAL. Posrmanemo MT, 3amany rpadowm:

|/IiR a/a, b/b;R a/a, b/b;L
|/b;L

#;R x/[;R e —
@ / @ /| )Y (4
|/a;R

*/#;R

I/I;R |/ #/#5L | # /4R

#/#;R

g5 44

/1L a/l, b/#;L a/#, b/|;R

n/n, =/=, |/;R, n=09

Y
/1L @ @ #/#5L @ =/#:L
#/1, n/nt LR —]

— |/#;L
n=0,8

413 " q12
O )
9/0;L |/1;L

Hana MT o6uucatoe dyukmito f @ Ng x N — N, f(n,m) =
HC(n,m) i Bumae pe3ysibrarT B JeCATKOBIil cucremi uncienus. Bo-
Ha € komrosuiiiero MT, o6y 10BaHUX B IIPUKJIAIAX Ta

Anamizyroun monepeHi TpUKJIa N, Y YATada CKJIAIa€ThCs BpaskKeH-
Hd, 110 TIpoIiec, KMt BiA0yBaeThca Ha M T, € crmoBLILHEHNM TIePeryIsiIoM
Iporiecy O0UYNCAEHHS, KU BUKOHYETHCA JIOIUHOIO BITOBITHO IO Jie-
JKOro ajaroputMmy. Pazom 3 TuM po3rigHyTi MPUKJIAIA HAMITOBXYIOThH
Ha JyMKY, mo 3 jgomomoror MT morkHa 3agaBary i 1HIN BIIOMI HaM
agaropuTMu. IiJTKOM MTPUPOAHO BUHUKAE MUTAHHA: UM CHOCIO 3ajlaHH
aaTopuTMiB 3 sormomoroio MT € yHiBepcaJbHUM B TOMY CEHCI, 10 OY/1hb-
SIKUiT aJITOPUTM MOXKHa ogaT TakuM duHoMm? Ha e nuTaHHs cydacHa
TEOpis aJTOPUTMIB JTa€ BIJATOBITH 3 JIOTIOMOTOIO HACTYTHOI TIMOTE3M:
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Te3za Tropiara-Uepdua. Bydo-axuti ar20pumm MOHCHA DEANI3YEaMU
Ha 610Nn0610HIT Mawuns Tropinsa.

[lepir 3a Bce 3BepHEMO yBary Ha HACTYIIHY XapaKTepHY 0CO0JIu-
BiCTh JlaHOl Tinmore3u. B i1 popMymroBaHHI MOBa e, 3 OJHOTO OOKY,
PO 3arajbie IMOHATTA AJTOPUTMY, dKe He € TOUYHUM MaTeMaTUIHUM
MIOHATTAM; 3 APYTroro OOKY, B IIbOMY 2K (POPMYJIFOBaHHI TOBOPUTHCH ITPO
TaKe TOUYHE MaTeMaTudIHe TTOHATTA K MarmnHa Tiopiara. Tomy He Moxke
#TH 1 MOBU PO JIOBEAEHHS JAHOI III0Te3H II0A10HO0 10 TOro, SIK J0BO/ISI-
ThCsl TEOPEMH B MaTeMaTHUIll. JHAYEHHS IIIOTE3H MOJISIra€ caMe B TOMY,
III0 BOHA YTOYHIOE 3arajbHe, aje PO3MINBYACTE TOHATTS “Oyab-IKOTO
AJITOPUTMY’ 3 JOIOMOIOI IIJIKOM TOYHOI'O MaTEMaTUYHOI'O IIOHATTS
MT. Takum 9uHOM, TEOpis AJTOPUTMIB OTOJIONIYE 00’€KTOM CBOIX JI0-
caiKenb Mammunu Tropiara. Termep Bxke cTaloTh KOPEKTHUMU ITUTAHHA
MOZKJIMBOCTI YW HEMOXKJIMBOCTI ITOOY/IOBU JTOPUTMY JIjIsI 3aJiadl TOTO
YU 1HITIOTO TUTTY.

CupaBe/IuBIiCTb TIIIOTE3M IIATBEPXKYETHCS TPAKTUKOIO, siKa, SK
BijtoMO 3 ditocodil, € eauHUM KpuTepieM ictTuHHU. Bcel BijloMi aaropu-
TMU, 9Ki OYJIM TPUIAYMaHi BIPOJIOBXK 0araThboX TUCIYOIITH iCTOPil Ma-
TeMaTUKW, MOXKYTb OyTH 3ajaHi 3 jgormomoro MT.

PekomenmoBana Jriteparypa : |10, [11], [12] c. 319-323|, |13} (14} [16],
[20] c. 83-86].

IInurtanna Ta Bupasmu mo naparpada 3.

3.1. laiiTe o3HaueHHd YaCTKOBO BM3HAYEHOI (DYHKIIIT, IO OOUMCIIIO-
erbca MT.

3.2. Illo Bu posywmiere mig Kommozurieo MT?

3.3. Ilobymysatn marmmuy TropiHra, 1o o09mnC/II0€ YUCI0BY (DYHKITITO
f : Ng — Np, aprymenTu siKoi 3a/iaHi B TPIfKOBiil cucTeMi YMCJIEHHS.

a) f(x)=0;

)
0, z =
6) f(z) = 1 240
5) flz) =2 +2
r) f(z)=2—2;
n) f(z)=2-x+1
e) f(as)—910-az—|—2
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3.4. IlobymysBatm mammuy Tropinra, siKa OOYHMCI/IIOE YHUCJOBY YyH-
kmito Pl (Ng)* — No, Py, 22, 23, 74) = 34, ne i = 1,2, 3,4 (BBaxka-
€MO, 0 APTYMEHTH Xj 33/IaHl B YHAPHIN CUCTeMI IUCTIEHHS).

3.5. loBeaith, o QpyHKIlg

£, () 1, gKImo x FlAUThCI HA P
xTr) =
P 0, 9KIOI0 T He JIINTHhCA Ha P

obuncaroeThest Jgesskoo MT.

3.6. Ilobymysatm marmmuay Tropiara, mo oOYMCIIOE YACTKOBO BU3HA-
veny uncaoBy dyukiio f : Ng — Ng, aprymenTtn gkoi 3a/1aHi B YHaAPHii
CACTeM] YMCJIeHHSI.

a) f(z) = {

X
5, T — TapHe

T, T — HemapHe;

6) f(z) =[5

3.7. Ilobynmysatm mammuy Tropiara, sska 00YHUCIIOE YaCTKOBO BU3HA-
weny umcnoy dyakmito f 1 (Ng)? — Ny.

a) f(il?,y) =T +Y;
6) flz,y) =z —y.
BBaxkaemo, Mo apryMenT & 3a/IaHU# B YeTBIPKOBIN CHUCTEMI YHCJIe-
HHSI, a Yy — B TPifiKOBi#l cucremi. Pe3yabrar oTpuMary B 9eTBIPKOBIA
CUCTEeMI YUCJIEeHHS.

3.8. Ilobymysatm marmmay Tropiara, 1mo ob6YMCIIOE YaCTKOBO BU3HA-
weny wncaosy dymkmio f : (Ng)? — Ny, apry™menTtn skoi 3agami B
YHApHIN cuCTeM] YUCAeHHS.

T—1Y, T>Y
a) f(x7y) _ {O, x§y7
Ty, T2y
6) f(z,y) N o<y
B) f(z,y) = zy;
r) f(z,y) = min{z, y};
n) f(z,y) = max{z,y};
e) f(z,y) = [5];
e) flz,y) =z —y[]
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3.9. IlobymyBatm mammnay Tropiara, sika OOYHCIIOE CJAOBECHY (YH-

kiito f : {a,b}* — {a,b}".

a) f(w) = wab;
6) f(w)=w"™;
B) f(w) = ww
r) f(w) = ww'.

3.10. Ilobynysarm mammuy TiopiHra, dKa TEepPeBOIUTH HATYpPaJIbHI
YuCaa 3 TPIHKOBOI CUCTEMU YUCJIEHHS B yYHAPHY.

3.11. Ilobynysaru mamwmuy Tiopiara, dka IlepeBOJAUTH HATypaJbHI
YUCJa 3 Y€TBIPKOBOI CUCTEMU YUCJIEHHS B JIBIAKOBY.

3.12. IlobyanyBaru mammuy Tropinra, gka [epeBOIUTb HATYPaJIbHI
qucia 3 JABIAKOBOI CHCTEMM YMCIEHHS B YeTBIpKOBY (MijKaska: Bpa-
XyiiTe, M0 B JBIKOBOMY YKC/Ii MOXKe OyTH HermapHa KiIbKICTh OyKB).

3.13. Cxkopucrasimch kKommo3suriero M T, mobymyiite mamuny Tropi-
HT'a, K 33 3aIlMCOM YMCJa B YHAPHIN cCUCTEM] YUCAeHHS BU3HAYAE, YU
€ e auco cremenem 3 (1,3,9,27,...). Bigmosige: 1 gxmo Tak, 0 — B
TTPOTUJIEXKHOMY BUTIAIKY.

§ 4. PexkypcuBHi pyHKIIII
Bynb-gakuii aJiropuT™ CITiBCTABJISE JOIMYCTUMUM BX1JTHUM JIAHUM Pe-
3ysbTaT. e o3Ha4ae, M0 3 KOXKHUM aJIIOPUTMOM OJIHO3HAYHO 3B’ dA3aHA
dyHKIIIA, IKY BiH oOunciioe. B nmboMmy maparpadi po3rasggaTuMyThcd
aJTOpuUTMIUHO obumctoBani ¢dynkiii. Mu mobymayemo kmac Bcix dyH-
KITii TAKOTO BHUJY 3 JOTMOMOTOIO TIIbKHA TPHOX HAWTPOCTIMNX (DYHKITIMA
i TpbOX orepariiii Haj TakumMu GyHKUigMu. Jdanuii migaxig g0 dopma-
Jizalil HOHATTd ajaropuTMmy HajaexkuThb L'egento. OcuoBHa iges ['emeisa
roJiiraja B TOMY, o0 oJep»KaTy Bcl 06UncaoBaHl YyHKIII i3 HEBETH-
KOl KIJIbKOCT1 06a30BUX (DYHKITIH 3 JIOMMOMOTOI HANITPOCTINMUX aJrOpH-
TMIYHIX 3aCO0IB.
Hazsemo najinpocrimmmMy Taki QyHKIIIL:
o uyb-yukmio: O(z) =0, x € Ng = NU {0};
e (dymukiiito HactymrocTi: S(z) = x + 1, © € Ny;
e byukIil npoexryBanusa: Pl'(z1,T2,...,%i,...Tn) = Ti, T; €

Np.
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o nannx yHKITiit 0y/1eM0 3aCTOCOBYBATA HACTYITHI OMEepPaTii.
Kowmmno3sumia. Hexait m, k € Ni3agano uncnosi dynkmii g : N — Ny
ih;: NIS — Np, e 1 = 1,2, ..., m. Buznauumo dpyHkiiiro f : ng — Np
3a TTPABUJIOM

f(nl, ce ,nk) = g(hl(nl, NP ,nk), N hm(nl, NP ,nk))
Kaxkemo, 1m0 gpynxyia f odepotcarna 3 00nomoz010 onepauti KomMno3uyii 3
Ppynxuit g i hi, ..., hy. @yskiio f nozaaunmo depes go (hy, ..., hpy).

IIpumituBua pekypcia. Hexait £ € Ny i1 3amano gumcioBi pyHKIIIT
g : N’S — Npih: NIS+2 — Np (y Bunmagky, ko k = 0, dyskiis
g OTOTOXKHIOETHCS 3 YUCJIOM i3 MHOXKWHEN Npo). Busnaunmo dyskIiito
f: NISH — Ny 3a npasuiom

f(nla"'ankao) :g(nla"'ank)a

fni,....,ng,m+1)=h(ny,...,ng,m, f(ny,...,ng,m)),m > 0.

B npoMmy Bumajky Kaxkemo, mo gynkyta [ ompumana 3 Gynxyid g
1 h 3 donomozoto onepayii NPUMIMUGHOT PEKYPCIi.

Kaac npumimusto pexypcusrux gyrryil BU3HaAYAETHCsI HACTYITHUM
IUHOM:

e maiinpocrimi dysxuii O, S1 P' € IpuMITUBHO PeKyPCUBHUMU

dDYHKIISIMU;
° HKHLOgINgl—)N()ihiZNS-)N(),,ZLGZ': 1,2,...,m, € nupumi-
TUBHO PEKYpCUBHUMHU pyHKIisAMU, TO ¢ 0 (hi, ..., hy) TAKOK €

TPUMITUBHO PEKYPCUBHOIO (PYHKITIEO;

® SKIIO g : NIS — Ngih: N§+2 — Np € IpuMiTHBHO peKyp-
cuBHUMM PYHKIisiMu, TO DyHKIig f, ogep:kaHa 3 g i h 3a Ji0-
ITOMOT'OIO OTIepaliil TPUMITUBHOI PEKYPCIil, TAKOXK € IMPUMITUBHO
PEKYPCUBHOIO;

® IHITMX MPUMITUBHO PEKYPCUBHUX (DYHKITIH HE iCHYE.

[HmmmMu ciioBaMu, PYyHKINIO HA3UBAIOTH NPUMITIUSHO PEKYDCUBHOO,
SIKIIO 11 MOXKHA OJIeP2KaTH 3 HANNPOCTINMX (PYHKIN 33 JI0IOMOIOIO
CKIHYeHHOI KI1JIbKOCT1 3aCTOCYBaHb Omepalliii KOMIO3UIll Ta ITPUMITUB-
HOI peKypCil.

4.1. ITpukJAd. Hosecru, mo dyukiia Og(ny,na,...,nk) = 0 € upu-
MITUBHO PEKYPCUBHOIO.
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Jany dyHKIII0 MOXKHA 300pa3uTH Y BUTVIAII KOMIIO3UTIIT JIBOX Hali-
HIPOCTIIINX IPUMITUBHO peKypcuBHux dynkiiii. Hificuo,

k
Ok(nl, no, ... ,nk) = O(Pl (nl, no,... ,nk))
Taxkum anaom, dyukiisgs O = O o P{“ € TPUMITUBHO PEKYPCUBHOIO.

4.2. ITpukJiAa. Ilokazaru, mo pyHKITIT Sf(nl, e My e M) = M1
net=1,...,k, € TIpUMITUBHO PEKYPCUBHUMU.
D yHKITIT Sf MOXKHA BU3HAYUTH SIK

SE(ni,no,...,np) = S(PF(ni,...,ni,...,ng)).

Orxke, HyHKIIIA Sf = So Pik € NMPUMITUBHO PEKYPCHUBHOI, 00 BOHA
OJIeP2KAHA, 3 IPUMITUBHO PEKYPCUBHUX (PYHKIIIHI 3 JOIIOMOIOI0 OIepalrii

KOMIIO3MITI].

4.3. TIpuKJIAI. Hosecru, mo cram dynknii C¥(ny, na, ..., ng) = a, 1e
k,a € Ny, € IpEUMITUBHO PEKYPCUBHUMU.

JlaHi yHKIIT MOXKHA 300pa3suTl Yy BUNJIAII CKIHYEHHOI KIIBKOCTI
KOMIIO3HUITIM TPUMITUBHO PEKYPCUBHUX (PYHKITIH

C’f(nl,ng, “en ,nk) = S(S - (S(Ok(nl,ng, “en ,nk))) . . )
N————

a

4.4. TIPuxaAM. Tokazaru, mo dyukiis Suma : N3 — Ng, Suma(n, m)
= 1 + M € NPUMITUBHO PEKYPCUBHOIO.
Oyukiio Suma MOKHA BU3HAUUTUA HACTYIHUM UUHOM.

Suma(n,0) = n = P} (n),
Suma(n, m+1) = n+(m+1) = (n+m)+1 = S(P5(n, m, Suma(n,m))).
Orxke, Suma € TPUMITUBHO PEKYPCUBHOIO PYHKINE, OCKIJIBKH 11 01ep-
»KaHo 3 mpuMiTuBHO pexypcubaux ¢ynkmii Pl : Ng — Ngi So Pg’ :
Ng — Np 3 J1omoMororo omepariii TpuMITUBHOI PeKYPCil.
4.5. TIpuKJIAJ. Hdosecru, mo dbynxuia Prod : N3 — No, Prod(n,m) =
nm € TPUMITUBHO PEKYPCUBHOIO.

OyukIio Prod MoxHa ojepKaTh 3 TPUMITUBHO PEKYPCUBHUX (PYH-
kuiit O i Sumao (Py, PY) 3 monomoroto onepariii mpuMiTHBHOT peKypcii
HACTYITHAM IHHOM.

Prod(n,0) =0 = 0O(n),
Prod(n,m+1)=n(m+1)=nm+n =
= Suma(P (n,m, Prod(n,m)), P} (n,m, Prod(n,m))).
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4.6. ITPukJiAd. TTokazaru, mo oyukiis Erp(n, m) = n'™ e npumitus-
HO PEKYPCHUBHOIO.
Oyuakiiro Frp MoxKHA BU3HAYUTH SIK

Eap(n,0) = 1 = S(0(n),
Exp(n,m+1) =n™T = np =
= Prod(P3(n,m, Exp(n,m)), P{(n,m, Exp(n,m))).
4.7. IIPUKJIAJ. [ToBectu, mo pyHKITL
a) Prec:Ng — Ny, Prec(n)=n-=1= 2’_ i:g 0

0 <
6) Minus : N3 — Ny, Minus(n,m)—n;m_{ y M
n—m,n>m

B) Abs(n,m) = |n — m| € npuUMITHBHO PEKyPCUBHUMHU.

a) @ynkIito Prec MoyKHa 0J1epyKaTh 3 KOHCTAHTH 1 TPOeKTyBanHs P}
N% — Ny 3 JJomomMoror omepariii TpUMITUBHOI PEKYPCii.

Prec(0) =0,
Prec(m + 1) = m = P?(m, Prec(m)).

0) @yukiito Minus MOXHa 0JIEpKATH 3 T0MOMOro0 (byHKIl Prec Ha-
CTYIIHAM YHHOM.

Minus(n,0) = n = Pl (n),
Minus(n,m+1)=n=(m+1)=(n=-m)=1=

= Prec(P3(n,m, Minus(n,m))).

B) Abs(n,m)=|n—m|=Mn=m)+ (m=n) =
= Suma(Minus(n,m), Minus(m,n)).

OcCKiJIBKM METOIO IIbOI'0 PO3JILIY € IIOKa3aTH, IO KJIAC [TPUMITUBHO
pekypcuBHUX (QYHKITH € JIOCUTH MIUPOKAM, TO CJILJT JIOBECTH, IO OyJIe-
Bl PYHKIIT, IKi BUKOPUCTOBYIOTHCS B MOBaX MPOTpPaMyBaHHS BUCOKOTO
piBH4, € IIPUMITHBHO peKypcuBHHMU. B HacTynmHuX BiIpaBax depe3 1
MMO3HAYAEMO 3HadeHHs “icTuHa”, gepe3 (0 — “xubHICTH .
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4.8. ITPUKJIA. ITokazaru, 1Mo HACTYIHI PYHKIII € MTPUMITUBHO PEKYP-
CUBHUMU.

O,n>1
a) Neg(n) =< = —
) Neg(n) {Ln 0
1l.n>11 > 1
6) And(n,m) = { ==
0, B IPOTHJICZKHOMY BUIIQJIKY
1.n>1 ab > 1
B) Or(n,m) = b2 L abo T =
0, B NPOTUJIC?KHOMY BUIIQKY
m,n > 1

r) [ f-then-else(n,m, k) = {
k, B TpOTH/IEXKHOMY BUIAIKY.
Hiticao, mani pyHKINT yTBOPIOIOTHCSI 3 NPUMITHBHO PEKYPCUBHUX

pyHKII HACTYITHUM YUHOM:

a) Neg(n) = Minus(1,n);

0) And(n,m) = Neg(Neg(Prod(n,m)));

B) Or(n,m) = Neg(And(Neg(n), Neg(m)));

r) I f-then-else(n,m,k) =

= Suma(Prod(Neg(Neg(n)), m), Prod(Neg(n), k))).

Hanani nucarumemo ,,x and y”, ,x or y’ ta ,if x then y else 2”
samicte And(z,y), Or(x,y) ta I f-then-else(x,y, z) BiamnosigHo.

4.9. IIPUKJIAT. [loBecTu, 1mo HACTYIHI (DYHKITI € TPUMITUBHO PEKYP-
CUBHUMM.
l,n=m
a) Eq(n,m) =
0,n #m

I,n>m

6) Gr(n,m) = {

0,n<m

1,n>m
Geg(n,m) =< =~ —
B) Geg(n,m) {O,n<m
1
r) Ls(n,m)—{ sm
0,n>m
IL,n<m
Leg(n,m) =< = —
n) Leq(n,m) {O,n>m
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JaHi QyHKITT YTBOPIOIOTHCA 3 TPUMITHBHO PEKYPCUBHUX (DYHKITIMA

a) Eq(n,m) = eg(Add(Mmus( ,m), Minus(m,n)));
6) Gr(n,m) = g(Neg(Minus( ,m)));
Bg Geq(n,m) = Gr(n,m) or Eq(n,m);

r) Ls(n,m) = Neg(Geq(n,m));
ﬂ) Leg(nvm) — Neg(GT( n, ))

4.10. ITPukJIAZ. HosecTn, mo aad KoxkHoro k € N dyHKITiS
Maa;k(m, ng,...,ng) = max{ny,ng,...,ng}

€ IPUMITUBHO PEKYPCUBHOIO.

JloBeseMo jaHe TBepKeHHd iHAYKIEo 1o k. daa kK = 1 Teep-
mKerHsa Bipue, 60 Maz!(ny) = Pl(n1). llpumycTtuvo, 10 TBep/KeHHs
BUKOHYETbCA Jjisi k — 1 1 joBegemMo jis k:

Mazx®(ny,...,ng) =
= if np, > Maz¥ ' (ny,...,np_1) then ny else Max* Y (ny,...,np_1).

4.11. TIPUKJIAJI. 3acToCyBaTH OTEPAIlito MPUMITUBHOI PEKyPCil 10 Tpu-
MITUBHO pekypcuBHUX pyHKIIN g : Ng — Ng i h : Ng — Np.

a) g(n) = 3", h(ni,n2,n3) = 4dny + ns;
6) g(n) =2", h(n1,n2,n3) = 3"ni' (BBazkaemo, mo 0° = 1).

a) f(n,0) = gl(n) = 3"

fn 7m+ ) = h(n,m, f(n,m)) = 4m + f(n,m)
Hm2) =411 F)) = 445

fn,3)=4-24+ f(n,2)=4-2+4-1+3"

JloBeaemMo 1HIYKITIEIO IO M, TIO

fnym) =4((m—1)4...+2+41)+3" =40 D¥ 0y 1) 4 30 =
=2m(m —1) + 3™,

[IpumycTtrMo, 0 TBepIKEeHHsI BUKOHYETLCI It m = Kk, TOOTO
fn, k) =2k(k—1)+ 3™

Hnss m = k+ 1 maemo f(n,k+ 1) = 4k + f(n, k) = 4k + 2k(k —
)+3"=2kR2+k—-1)+3"=2(k+ 1)k + 3™

Takum anHOM, JJIA OYIB-9KUX N, m € Ny

f(n,m)=2m(m—1)+3"
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QyuKIig [ oTpuMaHa 3 MPUMITUBHO PEKYPCUBHUX (PYHKINHN g 1 h
y y y g

3 JIOTIOMOTOIO OTepallli MPUMITHBHOI PeKypcil 1, 0TXKe, € TPUMITHBHO
PEKYPCUBHOIO.

6) 0) =g(n) =2"
(m,m + 1) = h(n, m, f(n,m)) = 3°(f(n,m))"
(n, 1) = 3"(f(n, ))” = 3n2"

( ) — 3n( n ) — 3n3n2 2n3 — 3n—|—n2 2n3
f(n, 3) — 3n(3n—i—n 2n3>n — 3n+n2—|—n32n4
JloBeieMo 1HIYKITIEIO IO M, IO

f(n,
f
f
f

F(n,m) = grtninmgnm it _ g T gyt
[TpumycTMoO, IO TBEPAKEHHA BUKOHYETHCS Aad m = k, ToOTO
nmf-1) g
fln,k)=3"n-1T 2" ",
Hnga m = k + 1 maemo
n(nf-1) - 2<n -1
okt D) = 3" (fnB)" = 3" - g
_ 3n+ (n —1 2n _ 3n —n—i;Ln_lJ'— -n 2nkz—|—2 _ 3”(" )2n

TaxknuMm anHOM, JJIA OYIB-9KUX N, m € Ny

n(n —

f(n,m) = 3" 5= 2"

m—+1

Jana dysKIig f oTpuMaHa 3 TPUMITUBHO PEKYPCUBHUX (DYHKITIM
g Ta h, 1 TOMY € TPUMITUBHO PEKYPCUBHOIO.

Minimizamisi. Po3risinemo 4acTKOBO BU3HAYeHY (DYHKITIO 1 3MIHHUX

f(x1,...,2y,). Busrmaunmo dyskiio g(x1,...,2,) HACTYTHUM YHHOM.
SadikcyemMo meBHI n — 1 3HAYUEHHS apPTYMEHTIB X1, ..., Li—1,Tit1,-- - Tp
dbyskmil f Ta posrigneMo piBHIHHSA f(T1,...,Ti—1,Y, Titl,--.,Tn) =
Ob6uncroBaTumMemMo 3Ha9eHHST f(T1, ..., Ti—1,Y, Titl,---,Tn) I
y=20,1,2,...
PozryigaeMo HacTymHI BUTIQTKA:

e suauenns f(x1,...,%;—1,0,%41,...,%,) HE BUSHAUEHO;

o suaveHHs f(T1, ..., Ti—1,Y, Titl,---,Tp) gy =0,1,...,a—1
BM3HAYEHI, aji¢ BOHMW BIAMIHHI BIA ;, a 3HAYUYCHHA
flx1,...,xi-1,0,Tit1,...,Ty) He BUBHATECHO;

e snauenns f(ry1,...,%—1,Y,Tit1,-..,Ty) BABHAUEHI JJIsT BCiX

y € Np, ajre BoHM BiAMIHHI Bif X;.
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B ycix mux Bunajgkax 3HadeHHs GyHKIHT g(x1, ..., T,) BBAXKaThH

He Bu3HadeHnM. [Hakime, Hexaii
a=min{y € Ng | f(x1,..,%i-1,Y, Tit1,-.-,Tn) = T;}.

Y 1IbOMYy BUIIQJIKY 3a3HA9YEHUN IPOIeC 3YIUHAECTHC 1 Jla€ HaliMeHIInii
PO3B’SI30K Yy = a PIiBHAHHS f(T1, ..., Ti—1,Y, Titly---,&n) = T, AKAM
€ 3HaueHHAM YHKIL g(T1,...,Ty) = a. 3HaUeHHs DYHKIII ¢ JJIsT 3a-
JgaHol PyHKIIT f 3a/ie2KuTh Biji 3HAYEHDb [IAPAMETPIB X1,. .., Ty, TOMY
PYHKINIA g € 9ACTKOBO BUBHAYEHOIO (PYHKITIEIO 3MIHHUX L1, . .., Ty. Ka-

KYTh, MO QPYHKINsS ¢ oTpuMaHa 3 QYHKINT f 3 J0IOMOTOI onepayii
MIHIMIZAULL 3G 3MIHHON T;.

OyukIio f HA3UBAIOTb YGCMKOBO PEKYPCUBHOI0, SIKIIO BOHA MOXKE
OyTH yTBOpEHa 3 HAUMTPOCTIMUX (PYHKIN 3a JOTTOMOTOK CKIHYEHHOI
K1JTbKOCT1 3aCTOCYBaHb Olepaliiii KOMIO3UIlll, TPUMITUBHOI PEKYPCIl Ta
Minimizanii. Beiogu BusHadeHl 9acTKOBO peKypcuBHi (pyHKIINI Ha3uBa-
I0THCA 302aA4bHOPERYPCUSHUMU.

4.12. TTPukAAJZ. Posrnaremo dyukiio f : Ng — Ny, f(z) = = + 2.
3a JomoMororo onepariii Minimizaiil BusHaunmo dyukIio g @ Ng — Np.
Lt boro po3ryIgHeMO PIBHAHHS Y + 2 = x. baunwmo, mo dyHKIig g
He Bu3HaveHa, ko x =0 abo x = 1,1 g(x) =z — 2, gk x > 2.

4.13. ITPUKJIA. /ToBesemMo, 10 9aCTKOBO BU3HAUYeHa (PYHKIIA g : N X
Ng — No,

T2

g(x1,22) = 1 _ mlxgom

€ JACTKOBO PEKYPCUBHOI. 3aCTOCYEMO OIepalriio MiHiMi3aIli 3a 3MiH-
HOIO To JIO TPUMITUBHO peKypcuBHOl yHKil f(x1,x2) = (1 = x1)xs.
B pesysibrari orpumaemo pisasgrug (1 — x1)y = x9. OrKe,

x2, x1 =0,

T2
g(x17$2) =140, z2 =0, — 2012 °

. 1 -7
Ta 331#0@.272#0,

B nanomy naparpadpi Mu mokasaJiu, 1o KJac 4acTKOBO PEKypPCHUB-
HIX (DYHKITIH € TOCUTH MMUPOKUM. IIOHATTS 9acTKOBO PEKYPCUBHOI Dy H-
KIl — OJIHe 3 OCHOBHUX HOHATH Teopil asropurwmis. Moro 3nadeHns €
TaKUM. 3 OJHOT0 OOKY, KOYKHA CTAHJAPTHO 33/[aHa YaCTKOBO PEKYPCUB-
Ha (PYHKIIs € O04YKMC/IIOBaHA 3a IIEBHOIO IIPOIEIYPOIO, KA BiJIIIOBIIA€
IHTYITUBHOMY VSIBJIEHHIO aJTOPUTMY, & 3 1HIIOro — ki 6 moci He O0ymy-
BAJIMCH KJIACU TOYHO BU3HAYEHUX AJITOPUTMIB, 3aBXK/IM 3’ SICOBYBAJIOCS,
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IO 9MCJIOBI (YHKINT, IKi OOYMCIIOBAINCS 33 aJITOPUTMaMU IUX KJla-
ciB, OyJIM YaCTKOBO PEKYPCUBHUMH. 1OMY 3arajbHOIPUAHATOIO € TaKa
HayKOBA TIMMOTe3a:

Teza Yepua. Kaac as20pummivio 004UCAI08AHUL HACTKOBO GU3HA-
YEHUT YUCA0BUL PYHKYIT 30120€MbCA 3 KAACOM YCIT YACMEKOBO PEKYP-
CUBHUT PYHKULT.

Y dopmysroBaHHS Ii€l T€3M BXOJAUTH IHTYITUBHE HOHATTA 00YM-
CJIIOBAHOCTI, TOMY 11 He MOYKHa HI JIOBECTH, Hl CIIPOCTYBATU B 3arajib-
HOMaTeMaTUIHOMY 3HadeHHI. [le dpakT, Ha KOPUCTH FKOTO CBLTINTH Oa-
raTopiyia MaremMarudHa mpakTuka. [Ipore ciipaBemBoio € HACTyITHA
TeopeMma, JIOBeJIEHHs STKOT YuTad MoxKe 3Haiitu B [21]:

4.14. TEOPEMA. Qynruia € obuucaosaroro 3a Tropins'om modi 1 miab-
KU modi, KOAU BOHG € YACMKOBO PEKYPCUBHOIO.

PekomengoBana jirepatypa : [10, 11} 12} 16, (17, 21].

IIlutannga Ta BupaBu g0 naparpada 4.
4.1. laiiTe o3HAYEHHS] MPUMITUBHO PEKYPCUBHOI PYHKITII.
4.2. OnumniiTk omepalito MiHiMI3aIll YacTKOBO PEKypPCUBHOT PYHKIIII.

4.3. 4k mow’s;3HaHI YacTKOBO peKypcwBHI QpyHKINT 1 Marmmman Tropi-
Hra’

4.4. JloBectn, 1Mo HACTYITHI PYHKIIT O/THIET 3MIHHOI € TPUMITHBHO pe-
KYPCUBHUMM:
a) f(n) =3n+4;
6) f(n)=2"+ n?;
B) f(n)=n
0, n=0
) sg(n) =

1, n>0.

4.5. Hosectu, mo HactynHi pyHKHI [ Ng — Np € npumiTHBHO
PEKYPCUBHUMU:

a) f(n,m)=min{n,m};

6) f(n,m)=max{n,m}.
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4.6. 3acTocyBaTu OIlepallif0 NPUMITUBHOI pekypcii g0 dyHKIii g :
Ny — Npih: N} — Ny. Banucaru pesynsryrody dynkmito f : N3 — Ny
AHAJIITUIHO.

a) g(n) =2", h(ny,na,n3) = 3ng + ns;

6) g(n) = 2012n2°'2 h(ni,no,n3) = 5ng + ns;

B) g(n) = 3", h(ni,no,n3) = 2ny + 5ns;

r) g(n) = 2012", h(ny,n2,n3) = 5™ n3' (BBazkaemo, mo 00 = 1);
1) g(n) = 2" +n?, h(ny,n2,n3) = ni + 3ngz;

e) g(n) =1, h(ni,n2,n3) = nz(sgln1 + 2 — 2ng|).

4.7. 3acrocyBaTu omepariro MiHiMizarmil go dyskil f 3a Bcima 1T
aMminanMA. [TogaTtm BuxijgHi PYHKINI ¢ aHAJITUYIHO.

a) f(n)=2;

6) f(n) =[3];

B) f(n,m)=n+m;

r) f(n,m)=2—n—m;
ﬂ) f(nv m) - P12<n7m)7
e) f(n,m)=max{n,m};
€) f(n,m)=min{n, m};
xK) f(n,m)=mn-=m,

4.8. 3acrocyBaBiiu Olepaliio MiHIMI3aIil 10 BiAIOBIIHOI IPUMITUBHO
pekypcuBHOI DYHKINT f, m10BECTH, M0 PYHKINS ¢ € YaCTKOBO PEKYPCHUB-
HOIO.

a) g(n) =3 —n;

6) g(n) = %;

B) g(n,m) =n — 2m;
r) g(n) = i7;

a) g(n,m) = 1.

4.9. JloBectn, 110 3aCTOCYBaBIIN OJWH pa3 OMEpalfiio MiHiMi3aIil 10
BCIO/I BU3HAYEHOI YMCJIOBOI (DYHKITIl, OTpUMAEMO (DYHKITIIO, sIKa BU3Ha~
qeHa IIPUHANMHI B OJHIN TOYII.

4.10. Hagectn npukyan dyukmil f : Ng — Ny, 3acTocyBapim 10 KOl
oTIepaIlifo MiHiMI3aIll JABiYi, OTPUMAEMO Hije He BU3HAUYEHY (DYHKITIIO.
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4.11. CdopmyaoBaTu HEOOXIHY 1 JOCTATHIO YMOBY TOIO, 110 (DYH-
KIlisd ¢, oTpuMaHa 3 GYHKINT f 3 JT0moMoroio omnepariii MiHiMizarrii, €
a) BCIO/INBU3HAYEHOIO;
0) Hife He BU3HAYEHOI.

§ 5. HopmaabHi aaropuntMu MapkoBa

B manomy maparpadi po3risggaeTbCd e OINH BaXKJIUBUY 11 X111 /10
YTOYHEHHsT TTOHATTS aJroputMmy, po3pobsaennit A.A. Mapkosum. Hop-
masibhi anropurmu Mapkosa (HAM) 6a3yiorbest Ha miepeTBOpeHHi CJIiB
B JIEAKOMY CKIHYEHHOMY aJi(paBiTi B BIAMOBITHOCTI 3 TIEBHUM YUHOM BH-
suadennmu npasuiaamu. B HAM BukopucToByerbcs TIABKH OJHA, €Jie-
MEHTapHa Jiisl — IiJCTaHOBKA, sIKa, BU3HAYAETHCS HACTYIIHUMHU YMHOM.
Hexait A = {a1,as,...,a,} — andasir. dxmo « i § — croa B amadasiti
A, 1o Bupasu a — [ i a — [ Ha3UBaOTHCA HOPMYAGMU NIOCTNAHOBKY
6 aagasimi A (BBarXKaeMo, 10 CUMBOJIM — Ta — He HaJIeKaTh ajadaBiTy
A). Ilpu npomy opmysia o — [ HA3UBAETHCA 36UYATHON POPMYAOIO
nidcmanosru, a GopMmyaa o — 5 — 3aKA04H010 HOPMYA0I0 NIOCTNAHOG-
xu. CaMa MiacTaHOBKA (K Jis) 337a€ThCa (POPMY/IOI0 ITiICTAHOBKH 1
3aCTOCOBYETHCsI 710 C1iB w B asidasiti A. CyTb oneparii a — 8 (a +— )
TTOJIATAE B BIANTYKAHHI B CJOBI W HANIIBIMIOTO BXOIXKEHHI TI/ICTIOBA (v 1
3aMiHi foro Ha cji0B0 . [Ipu 1iboMy 1HII YaCTUHA CJA0Ba W 3AJIUIMAI0TH-
csI HE3MIHHUMMU. SIKIMO JIiBa 9acTUHa POPMYIN TACTAHOBKNA BXOIUTH Y
CJIOBO W, TO KaxKyTh, IO JlaHA (HOPMYAG € 3aACMOCOBHOI0 00 CA0BG W.
B inmomy BumaiKy Kazkemo, 1mo (opmyss nidcmarosky € HE3aCmocos-
1010 0 CA06a W, 1 B TTbOMY BUIIAIKY ITiICTAHOBKA HE BUKOHYETHCS. SKIIO
paBa YacTuHa (GOPMYJIH IMiICTAHOBKU — MOPOXKHE C10BO (sike B HAM
He MO3HAECTHCA HIIKUM CHMBOJIOM ), TO TICTAHOBKA (r — 3BOJUTHCS JI0
BUJIAJIEHHs IIJCA0BAa v B CJIOBI w. fZIKmio B JiiBiit vacTuui opmy/in
i ACTAHOBKH € MOPOKHE CJIOBO, TO TiJCTaHOBKA — (3 MOJSITA€ B JIOIIN-
CYyBaHHI 3JIiBa [I0 CJI0BA W CJI0Ba (3. 3ayBaKUMO, IO 3TiTHO O3HAYEHHS
dopmysa 3 TMOPOKHBOIO JIIBOK YACTUHOI 3aCTOCOBHA JI0 OY/IH-IKOTO
CJTOBA.

5.1. ITPuKJIA[. Hexait gusa cuis B andasiti A = {a, b, c} 3agani na-
CTYITHI TI1ICTAHOBKH:

a) ab — ac;

6) abc — ba;
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B) ba —;
r) b— c.

3acTocyeMo KOXKHY 3 HUX JI0 caoBa abbacba.

Jlna 3acTocyBaHHST MapKiBCHKOI IMJICTAHOBKH JIO0 CJOBa W HEOOXi-
JTHO 3HAWTU HANIIBIIIE BXO/XKEHHSI B W JIIBOI YaCTUHU MHiACTAHOBKU. Y
BUMIAJIKY &) CJIOBO ab TiIbKU pa3 BXOJAUTH y CJI0BO abbacba, Tomy B pe-
3yJIBTATI TJICTAHOBKM OJEPXKYEMO CJI0BO acbacba. Ockinbku cioBo abe
He € TiJICT0BOM ¢oBa abbacba, TO MmijICTAaHOBKA 3 TIYHKTY 0) € HE3aCTO-
COBHOIO JI0 JTAHOTO CJI0BA. ¥ TYHKTAX B) Ta T') JIBl 9aCTUHU T1iICTAHOBOK
BXOJIATH JIEKIJTbKa pa3 y cJIoBO abbacba, a ToMy 3acTOCOBYEMO ITiJICTa~
HOBKM /IO IIEPIIIOT0 BXOJ2KEHHsI 1X y BXijgHe cja0B0o. OTpUMaEMO CJIOBa
abcba 1 acbacba BiIIIOBLIHO.

5.2. IIPUKJIA. 3acTocyBaTu KOXKHY 3 IIJICTAHOBOK 13 MOIEPEIHBOIO
HPUKJIAILY J0 cjioBa abbacba MakcuMaJsbHy KLJIbKICTH PasiB.

3acTocyBaBIIM OJMH Pa3 IiJICTAHOBKY ab — ac ;10 cjoBa abbacba,
0JIEPXKKUMO CJIOBO acbacba, ske B:Ke He MICTUTbH IijcjioBa ab, a Tomy
TaHa MACTAHOBKA JaJi € HezacTocoBHOMO. IlimcranoBka 3 myHKTY 0) €
HEe3aCTOCOBHOIO 710 cjioBa, abbacba. Ilicas mepimoro 3acTocyBaHHS IIij-
CTaHOBKU ba — 110 cjoBa abbacba oTrpumyemo caoBo abcba, 10 9KOTO
IIIe pa3 MOXKHa 3aCTOCYBATH JaHY MACTaHOBKY. OCTaTOTHO OIepIKYE-
MO CJIOBO abe, MO SKOTO BXKe HE3aCTOCOBHA, TMiCTAHOBKA 3 TMYHKTY B).
OckinbKu mijgcTanoBKa b — ¢ € 3aKII0YHOI0, TO BOHA 3aCTOCOBYETHCS

Hopmaavrum anzopumom Maprosa wasuBaerhest apa (A, P), e
A — andagit, a P — cKiHYeHHa BIOPSIAKOBaHA MOCTIIOBHICTE (hOpMYyJI
I ICTaHOBKU:
(
a; — [

052_>627

k= B
sIKa, Ha3UBAETHCSI CLEMO10 nidcmanosok. IIpu 1iboMy BBarKaeThCsi, 110 B
P Buaineno pesaxy miaMHOXKuUHY Py C P 3akmoaamx opMysI mijcTa-
HOBKM.

Pobory HAM wmoxknua onmcaru mHacTynuuM duHoM. Hexait 3a1aH0
nesike BxijgHe cyioBo w (y HAM He Bak/uBO, J1e camMe BOHO 3aIUCAHO).
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Jasi Bcl bOopMyIM CXeMU ITiJICTAHOBOK TPOTJISIAI0THCI 3BEPXY BHU3,
obMpaeThCs 1epiia 3 POpPMyJI, siKa 3aCTOCOBHA JIO CJIOBA W, 1 BUKOHYE-
ThCA TMACTAHOBKA BiJMOBIIHO 10 3HaIeHOT (DOPMYIN MMiacTaHOBKHU. B
pe3yabTaTl OJIEPKyeThcsd HOBe cJ0oBO V. IloTiMm T1 K cami /il BUKOHY-
I0THhCs 3 ¢JIOBOM Vv 1 T.1. [Ipu mboMy 3ayBaKuMo, 1110 HA KOXKHOMY KPOITi
dopmysiu B P 3aB2K /11 [TPOIJISIIAI0THCA 3BEPXY BHU3, IOYNHAIOYN 3 IIE€P-
ol popmyan! fkimo Ha YeproBoMy Kpoiii 6yia 3aCTOCOBaHA 3BUYANHA
dopmyna macranoBku, To pobora HAM mpomoBKyeThest, SIKITO K — 3a-
KJIFOUHA PopMyJIa, TO micid i1 3acrocyBanns podora HAM synunseTh-
cd 1 ojiepzKaHe CJIOBO HA3UBAETHCS GULLIONUM CAOBOM ADO PE3YNLMAMOM
sacmocysanns HAM do exidnozo caoea w. Y BUTAIKY, SIKIIIO HA, TESTKO-
MY KPOIIi KOKHA 3 PopMyJI cxeMu P € He3aCTOCOBHOIO 10 TPOMIi?KHOI'0
cioBa, To pobora HAM TakoxK 3ynuHAETHCA 1 BUXITHUM CJIOBOM BBaXKa-
€ThCA JaHe TTPOMIXKHE CJT0BO. B 000X PO3TIAHYTHX BUMAIKAX KaXKyTh,
o HAM sacmocosnuti do 6xidno20 caosa w.

5.3. ITPUKJIA/L. BacrocyBaTtu Koxken 3 HAM

ab — ba ) ba —
ba — ab — ba

a)

B andasiti A = {a, b} o ciosa abbbbaa.

a) Crepiry 3acTOCOBYEMO MEPIILY IiICTAHOBKY MaKCHMAJBHY MO-
JKJIMBY KiIbKicTb pasis: abbbbaa = babbbaa = bbabbaa = bbbabaa =
bbbbaaa. IloTim 3acTtocyemo mo cyoBa bbbbaaa mimcranoBky ba —
bbbbaaa = bbbaa = bba = b. B pe3syabrari omepKyemo cJjioBO b.
OckinbKu KOXKHA 3 (OpMYyJ CXeMu a) € He3aCTOCOBHOIO 0 CJIoBa b,
to HAM 3acrocosunii 1o caosa abbbbaa.

6) Bacrocyemo HAM 1o ciioBa abbbbaa: abbbbaa = abbba = abb =
bab. OCKLIbKM MU BUKOPUCTAJIU 3aKJIIOYHY TiJICTAHOBKY ab — ba, TO
pobora HAM 3ynuHseTbcs 1 ajroput™ 3 MyHKTY 0) 3aCTOCOBHUI 10
cimoBa abbbbaa.

IIpoTe Mmoxke TpanuTucs Tak, 1o HAM Hikoanm He 3ynUHATHCS, TOO-
TO Ha KOXKHOMY KPOIl JI0O TPOMIKHOTO CJOBa, 3aCTOCOBHA 3BUYAMHA
dopmyna. B npomy Bumaaky kaxyrb, mo HAM e nesacmocosrum do
62101020 CA06aG W ADO 3AUUKAIOEMDBCA HA 8TIOHOMY cA06t w. Obaacmo
sacmocysanns HAM — 11e MHOXKMWHA BCIX CJiB, 0 SIKUX 3aCTOCOBHUI

manuiit HAM.
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5.4. ITPUKJIAL. Buznaanmo obsacts 3actocyBanas HAM BimHOCHO aJ-
dasity A = {a,b}:

a—a

b—a

[Teprra, dpopmysia 3acToCOBHA 10 OYIb-9KOTO BXITHOTO CJIOBa, sIKE
MICTUTHUTH X04a O 0jiHy OYKBY @, IIPUYOMY BOHA HE 3MIHIOE JIAHOI'O CJI0-
Ba. Tomy Ha Takmx ciooBax HAM zanmkiroerbest. SIKINO K y BXiAHOMY
cJIOBI HeMa€e OYKB a, ajie € Xo4da 0 ogHa OyKBa b, TOjI mepina gpopMmysia
He OyJle 3aCTOCOBYBATHCS, a BiJApa3y BUKOHYETHCs JAPYTa IIiICTAaHOBKA
i HAM synuauth cBoro pobory. JIo mOpOoKHBOTO BXIJHOTO CJIOBA KO-
’KHa PopMysIa IiICTAHOBOKH € HE3acTOCOBHOO, a ToMy HAM 110 aHbOIO
3acrocoBrmit. O1ke, obaacTh 3acrocyBanas ganoro HAM — Bci cioBa

b" (n > 0).

5.5. ITPurkaAd. Ilobyayemo HAM, skwmii 3acTrocoBHMiI 10 BCiX CJiB B
andasiti A = {a,b}, kpim caiB aa Ta ab.

3 ymoBu 3a1a4i ButinBae, 1o HAM mae 3anmkaoBaTics Ha CI0Bax
aa Ta ab. OgHaK ajiropurMm

aa — aa
ab — ab

He € PO3B’SI3KOM JAHOI 3a,/1a4l, OCKIJIbKI BiH 3aUK/II0ETHCS HE TIJIBKHU Ha
JTAHUX CJIOBaX, ajie i Ha Oy/Ib-gIKUX IHINNX CJ0BaX, IKi MICTITD ITiJICJI0-
BO aa abo ab. 3a3zBuuail 3a/1aui TAKOr0 TUIY PO3B’A3YIOTH HACTYITHUM
YUHOM: TTIOYATOK 1 KIHEITh BXIJHOI'O CJIOBA W BIAMIYAIOTEH CIIEIIaJIbHIMHA
MiTKaMu (HAIPUKIAI, *w-), & MOTIM BHKOPUCTOBYIOTH (DOPMYJIN IIiI-
CTaHOBKH, B JIiBiil YaCTUHI IKMX BKa3yIOThCs ITOTPIOHI cJIoBa i Il MITKH.
Lt 3ynuHKW aJrOpuTMy Ha IHIAX CJI0BAaX MOXKHA BUKOPUCTATH, Ha-
npukaa, Gopmyay * — . Takum aunom, mykannit HAM mae Bursi:

(+a — a+

+b — b+
xaa+ — *xaa+
*xab+ — xab+
* >

| — kT
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JIsa HAM max omauM i TuM ke anadapiToM A Ha3MBAIOTHCS Pi6HO-
CUADHUMU, STKITIO TX 00/1aCTi 3aCTOCYBaHHS 30irafoThCs, 1 HA KOXKHOMY
cJ10B1 3 o0s1acTi 3acrocyBanng oouasa HAM BumaroTh 01HAKOBI pe3yJib-
TaTH.

HAM i MT najg oganm i TuM ke ajidapiTom A Ha3UBAIOTHCS PI6HO-
CuAbHUMU, SIKITTO 06/1acTh 3acTocyBanusg HAM 36iraeTbcs 3 MOBOIO, 1110
posmizaaeTbca MT, i Ha koxkuomy caoBi HAM i MT Bugarors oaHakoBi
pe3yIbTaTu.

5.6. ITPUKJIAL. Busnauuru, un € piBHOCHIbHIME HacTyIrHI napun HAM
BiHOCHO asdasity A = {a,b}:

a) P : {bb—>ab Py {bb—>ba
6) P a — ab P, a—b
" )b = aab Y )b = ba
B) P : {b|—>ba +a — a+
Fs : +b +— ba
— +

Posrisinemo cxemu Py i P, HAM 3 myskTy a). Y HUX ofHa i Ta XK
06J1aCTh 3aCTOCYBaHHSI — MHOXKHUHA BCix ciiB B andasiti A = {a,b}.
OJiHaK Apyra yMOBa PiBHOCHIBLHOCTI (OJHAKOBI pe3yJibTaT Ha OJHAKO-
BUX BXIJIHUX CJIOBAX) He BUKOHYy€eTbCsl. JlificHO,

P, . abbb = aabb = aaab, P, : abbb = abab.

Orxxe, HAM 3 nyHKTYy a) He PIBHOCHJIBHI.

Y HAM Pj5i P4 objiacti 3aCTOCYBaHHS CIIBIIAIAI0Th I MICTSITDH Ti/Ib-
KW €JIMHE CJIOBO — ITOPOKHE. Ha HermopoXKHIX cJ10BaX /IaHl aJrOPUTMU 3a-
IIUKJIFOIOTHCS, TPUYoMy 1o-pizHoMy. OHaK Taka pi3Ha MOBEIIHKa MTPU
3aIIUKJJIIOBAHHI He BiIrpae »KOJAHOI POJil B O3HAUeHHl PIBHOCUJIHLHOCTI
aJiropuTMiB. BaxkuBo TiibKuU, 1100 y BHUIIAJIKY 3YIUHKU aJIOPUTMU
BUJIABAJIN OJHAKOBI BUXiAHI cj0Ba. A JjIg Tapy 3 MyHKTY 06) IsT yMOBa
BUKOHYETHCS: Ha, €IMHOMY CJIOBI (TTOPOKHBLOMY ), JI0 STKOTO BOHU 3aCTO-
cosui, HAM BugaroTh 0fHYy 1 TY K BiJIIOBIb — IIOPOXKHE CJI0BO. Takmm
YUHOM, JIaHl aJITOPUTMHU PIBHOCUJIBHI.
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B ajqropuTMiB 3 MyHKTY B), sIKi 3aMiHIOIOTH TEPIe BXO/KEHHs Oy-
kBu b Ha ba, He criBIaIa0Th 00J1acTi 3acTocyBaHHs: P5 3aCTOCOBHUI 10
BCiX caiB B anadasiti A, a Py 3alUK/II0ETHLCA HA CJI0BAX, AKi He MICTATD
oyksu b. OTKe, aITOPUTMHU 3 TIYHKTY B) HE € PIBHOCUILHUMU.

PekomengoBana jitepatypa : [2] c. 362-365], [18] c. 138-146].

IIutannga Ta BupaBu g0 naparpada 5.

5.1. laitte o3nauennsa gopmynu migctaHoBku B ajadasiTi A. fxa
dopmMyIIa miACTAHOBKYA HA3WBAETHCS 3aKJIFOUHOIO?!

5.2. ki HAM nHasuBarTbhCsa PiBHOCUIbHUMU !
5.3. Hopwmanbumit anropurm Mapkosa ({a, b}, P) 3a1a€ThCsT CXeMOIO

(ba — a
bb — b .
ab —
(b

3acrocyiiTe itoro g0 ciaiB bbab, aaaab, bbaabba.

5.4. B dgomy noasirae pobora HAM (A, P), ne A = {a,b}, a cxema P

Ma€ BUIJVIA:

a —
P b—
— baba

5.5. Bwsmauntnn obgacte 3acrocyBamrsgs HAM 3 andasiTom
A ={0,1,2}, skimo:

( (
1— 1—
a) Pp: ¢2—2 0) Po: 22— 2
10— 000 — 00
(1 -0 (2 > 1
2—1 1—0
P < Py
B) By 3 00 5 REE I PN
. 0—0  0—0
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5.6. 3maiiTu o0/1acTh 3aCTOCYBAaHHS Ta BU3HAYUTHU, B YOMY IOJISTAE
pobora HAM ({a, b}, P), ne

a — aaq
P: bb —
b— ab

5.7. Tlobynysatn HAM B andasiti A = {0,1}, akuii 3acTocoBHwMii
TLIBKA JI0 MMOPOXKHBOTO ¢jioBa Ta, cjioBa 1000.

5.8. 3i cxemn

1—0
P: <01 =111
0—1

BUKPECIUTH PIBHO OmHY DOPMY/IY MiaACTaHOBKH, 11100 ogepxkatn HAM,
AKuil 3acTOoCOBHUI 70 Beix cii B andasiti A = {0, 1}.

5.9. s xoxnoi mapu HAM BusHaunTH, un piBHOCHJIBHI BOHH BiI-
HocHo asdasity {0, 1}:

a)P1:{1—>1 1111
P2:
1 — +1
10 — 01 01 —
6)P3: P4:
01 — 10 —
(+1 — 1x (40 — 0+
+0 — 0+ +1 =
P6:<
*1 — + =
B) P5: <
*0 — 04 (1 — 1+
* >
=+
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5.10. Hopwmasbamii asropurm Mapkosa ({a, b}, P) 3a/1a€ThCst CXEMOIO

(xa — bbx
xb — b *x .
* —

(7 *
[Tobynysaru HAM, axuit pieHocuabauit iboMmy HAM i micTuTh TibKn

oJTHY (POPMYJTY TiICTAHOBKM.

5.11. 3 HAM B andasiri {0, 1}, 3ajaHoro cxemoro

(010 — 001
10 — 01
0101 — 0011
01 —

BUKPECIUTH SIKOMOTA O17bITTe POPMYJ MICTAHOBKM TaK, MO0 ojieprKa-
HUI ajropuT™ OYB PIBHOCUJIBHUIL JIAHOMY.

5.12. Ilobynysaru mammuy Tropinra, ska piBHOCHMJIbHA BKa3aHOMY

HAM B andasiri {0, 1}:

+1 — 0+ 01 — 01
a) P: ¢+0—0 6) P: <10+~ 10
— + —

5.13. IlpoanasizyBaru pobOTy HOpMaJbHOTO ajroputMmy Mapkosa,
3aganoro wHaj andasitom A = {a1,as,...,an,} 31 cxemoro

(s — #
#a — aF, nea e A
#* — #

# —

xab —> bxa, ne a,be A

\—>>I<
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§ 6. CuHTE3 HOpMAJIBHUX aJaropuTMiB Map-
KOBAa

Y nmpomy maparpadi Ha MpUKJIa ax MOSCHIOIOTHCI OCHOBHI TPUHOMHT
o0y I0BM HOPMaJIbHUX aJaroputMiB Mapxkosa.

6.1. I[TPUKJIATL. Tlo6ynysatn HAM, skuit 3acTocoBHMIT 10 BCiX CJiB B
andasiti A = {a, b, c} i Bugasie i3 BXiIHOTO C/IOBA IIEPIIe BXO/ZKEHHsI
OykBu @ (4KIIO Take €), a OyKBu b 3aMiHIOE Ha C.

[Teprr 3a Bce 3ayBaxkumo, 1mo B HAM, ma BigMmiHy BiJ MaIlinHu
Tropiara, JerKo peasi3yrTbCd BCTaBKW, 3aMiHU Ta, BHUIAJEHHS OYKB.
Hampuxkoiaj, 3amina 6ykeu b Ha OYKBY € 3IifiCHIOETHCS 38, JIOIIOMOI'0I0
dopmyJiu migcTaHOBKYA b — ¢, a Buja/ieHHd OYKBU a peai3yeTbes dpop-
MyJI00 @ —. [Ipm mboMy mpoMiKHE CJI0BO PO3TATYETHCS ab0 CTUCKAE-
Theda aBToMaTuaHo. [Ilykaunit aaropuT™ creprry Ma€ Bl OyKBU b 3aMi-
HIOBATHW Ha, ¢, TOMY TIePIIO popMyoto Mae 0yt b — c. dAxiio 6yks b
y CJIOBI B2Ke He BaJIUIIUTHCs, TO IHOTPIOHO BUIAJIUTH [IEPIIIE BXOIKEHHS
OYKBU @, BUKOPHUCTABIIN 3aKJIIOYHY IIJICTAHOBKY a +>. Takum 4uHOM,
HAM matnmMe BATIAT:

b—c
a —

6.2. [TPukIAI. Ilobynysatu HAM, gxuit “copTye” HEMOPONKHE CIOBO
B andasiti A = {0, 1} (mocaigopricts 3 mucp 01 1) B mopsijiky HE3PO-
CTAHHS.

Jama 3aga41a po3B’a3yeThbed 3 gomomoroo HAM, axkuit MicTuTh €nu-
uy dopmyny migcranoBkn 01 — 10. /lana dopmyna minge micigamu 0
3 KOXKHOIO 1 JIOTM, JIOKW y CJIOBI MPaBOpyd BiJl X04a O OHIET 1M pH
0 € mudppa 1. Dopmysa crac HE3aCTOCOBHOIO, KOJIM MIPABOPYY BiJ KO-
»xaoro 0 Hema 2komuol 1, TOOTO KOJIM BXiJiHE CJI0BO BIACOPTOBAHE IIO
He3pocTanHio. Hampukian,

0110 — 1010 — 1100.

6.3. [TPUKJIAL. Tlo6ynysatu HAM, skuii 3acTocoBHMIT 710 BCiX CJIiB B
andasiti A = {a, b} i Bunasge ocranuio 6yKBY HEITOPOKHBOT'O BX1THOTO
CJTOBA.

Jlns posB’sg3aHHs 3ajadi TOTPIOHO MOMITHUTH OCTAaHHIO OYKBY, TIO-
CTABUBIIK IICJIs1 Hel HOBUI cren3Hak *. Ajie sk moMicTuTy 1eil 3HaK B
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KiHelb cjoBa’ PobuTbcs 1ie HACTYIIHUM YMHOM: CIIOYATKY JOIHUCYEMO
JIBOPYY JI0 BXiZHOrO CJI0Ba *, a 1mOoTiM ,Jeperansaemo” 11 B #oro KiHeup.
Hepaxxko moMiTuTH, Mo “mepeckakyBaHHA 3ipOYKH dYepe3 OYKBY — IIe
3aMiHa TTapy *T Ha Mapy T*, dKa 3JIHCHIOETHCSI 3 JTOTTOMOT0I0 (DOPMYIIH
miICTaHOBKU *x — x*. Ilicas Toro sk * onmHUTHCA y KiHII CI0Ba, I0-
TPiOHO BUJAIUTHA OCTAHHIO OyKBY 1 * Ta 3ynuHuTH pOOOTY AJrOpUTMY.
Takum amaoM, omepkyeMo nacTymauit HAM:

(

—> k
x@A — Q*
{ xb — bx
ax +—»
\b*H

[Tpoanasizyemo #oro poboTy Ha cjoBi abb:
abb — xabb — * x abb — * x xabb — . ..

Baunmo, 110 11eii aaropuT™M MOCTIHHO JOMUCYE 3J1iBa 3ipoduku. Jomy?
Harajaemo, 1o dopmyiia mijicTaHOBKY 3 IIOPOXKHBOIO JIIBOIO YaCTUHOIO
3aCTOCOBHA 3aBXK/IM, TOMY TiepIa popMy/Ia 0y/ie 3aCTOCOBYBATUCS He-
CKIHYEHHO, OJIOKYIOYH JOCTYII JI0 HACTYTHUX (DOPMYJI. 3BiJICH BUTLINBAE
STy 2Ke BaxKJIuBe mpaBuio: axkuo 6 HAM e popmyaa 3 nopoocrvoro 4i6oro
YACMUHO0M, MO 80HG Mae micmumucs y kinut HAM. 3 ypaxyBanHsM
ITHOTO AJITOPUTM TTEPENHUTIIETHCA TaK:

;
xa — a*

xb — bx
 ax —
bx +—>

— X
\

OjiHaK 1ie 111e He Bce: aJIrOPUTM 3alMKJIFOEThCS Ha ITIOPOXKHBOMY BXi-
JTHOMY CJIOBi, 60 ocTaHHs opMyJia 3aBX)KaAu Oyae 3acTocoBHa. B womy
npuurHa noMuaku? Pia y TiM, 1110 M1 BBeIN 3HAK * 71 TOTO, 11100 OoMi-
TATH OCTAHHIO OYKBY BXIJIHOTO CJIOBA, & HOTIM BUAAIUTH * 1 110 OyKBY.
[TIo6 BpaxyBaTu BUIIQIOK IOPOXKHBOI'O CJIOBA, TPpeba 1epeji OCTaHHBOIO
dopMmyso0 3amucaru 1me oaHy (QOPMYITY, dKa BUIAJIE “OMMHOKY 3i-
pOUKYy i 3ymuHse aaropuTM. Taxkmm umaoM, octaTtouno HAM marmme
BUTJISIT:
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(xa — ax
xb — bx
ax >
bx +—
*

— X
\

6.4. ITPUKJIAJ. TTobynysatu HAM wnay andasirom A = {a,b}, axuii
MTOJIBOTOE KOYKHE BXO/YKEHHS OYKBU b Ta J0omMCye y KIiHIN ca0Ba CydiKe
baba.

Ha neprwmit morvisit, o6 1moiBoiTu KOKHY OYKBY b, JIOCUTH 3aCTOCY-
BaTu popmysry b — bb. I11o06 repekoHaTucs, 10 1ie He TaK, PO3IJISTHEMO
TIPUKJIA]:

bab — bbab — bbbab — . ..

[Tomuaka TyT y TOMY, IO TICJIS 3aMIHU TEPIIOTO BXO/KEHHS Oy-
kBu b Ha Db MU He MOXKeMO BIAPI3HUTHU BKe 3aMiHeH1 OYKBU b BiJT THX,
dKi e He Mingaucd. g BupineHnd 1miel mpobieMu MOYXKHA ITOMITUTH
3/1Ba CIE3HAKOM * Ty OYKBY b, sIKy HOTPIOHO B gaHuii MOMEHT 3aMi-
HUTH, a MICJAsI TOTO sIK TakKa 3aMiHa BxKe 3J1iiCHeHa, CIIeI3HaK Tpeda
MIEPEMICTATH JI0O HACTYITHOI OYKBM.

Taxkum IUHOM, CIEPTITY CJIIT PO3MICTATH JIIBOPYY BiJ BX1THOTO CJTO-
Ba creusHak *, a noriMm “nepecrpubysaru’ 4epes KOKHY HACTYIIHY Oy-
KBY, He 3MIHIOIOYH 11, KIIIO 1151 OyKBa a, abo IMOABOIOI0YH, SKIIO HEO € b.
Akmo npasopyd Big * BixKe He BUABUTBLCS KOIHOI OYKBU, TO CIEI3HAK
MOTPiOHO 3aMiHUTH Ha CJI0BO baba.

OTxe, orpumyemo Hactymuuit HAM:

(xa — ax*
xb — bbx
* — baba

(— X
[IepeBipumo iioro Ha BXijiHOMY cJioBi bab:

bab — xbab — bb * ab — bba * b — bbabbx — bbabbbaba.

6.5. ITPUKJIAJ. [TobynyBatu HAM wnaz andasirom A = {a,b}, axuii
BU/IAJISIE OCTAHHE BXOJPKEHHsI OYKBU b (SAKIIO Take €).
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st roro 1moe6 momicTuT * Opyd 3 OCTAHHIM BXOIYKEHHSIM OyKBH

*

b, MOYXKHaA CHEPITy TEePEMICTATH * B KiHEIb CJIOBa, & MOTIM IepPeHeCTn

* cpaBa HasiBo 4epes OyKBU a 10 Halibauxk4oi O6yksu b. I[lpu mbomy
OTPpiOHO BpaxyBaTH, IO BXiJIHE CJIOBO MOXKe HE MICTUTH OYKBH b: SIKIIIO
31pOYKa 3HOBY OMMUHUTHLCA Ha MOYATKY CJA0BA, TO 11 TOTPIOHO BUIAIUTH

i 3ynuauTHca. PeamgizyeMo gany ijfero 3 gomomMoror HacTymHoro HAM:

(xa — ax
xb — bx
ax — *a
bx +—
*

— X

\

[IepeBiprMo poOOTY JTAHOTO AJTOPUTMY Ha BXITHOMY CJ0Bi aba:

aba — xaba = abax — abxa — abax — ...

fAx baunmo, 3aMicTh TOTO, OO pyXaTucd CIpaBa HAJJIIBO J0 Haii-
6K 901 OYKBH b, 31povKa MmodaJja “KpyKJIATH HaBKOJIO OCTaHHBOI Oy-
KBU cjioBa. Yomy? Piua y Tim, 1o nepiri aBi popMysIn, siki mepeMiniyoThb
* mpaBopyd, 3aBayKalTh TPeTiit (popMyJii. 3ayBarkKuMO, 110 TEePECTAHOB-
Ka X bOPMYJ He TIPUBEJIE 10 TOTPIOHOr0 pe3yabTaTy, 60 Toal * moune
“OiraT”’ HABKOJIO TIepIol OyKBU BXiTHOTO cjoBa. [lommaka mosidrae B

* 9K g pyXy JIBOPYY, Tak

TOMY, IIO0 MU BUKOPHCTOBYEMO CIIEI3HAK
i g pyxy npasopy4. o6 BunpaBuTu 1o MOMIJIKY, IIOTPIOHO IPOCTO
BBECTH IIIe OJMH CIIEI[3HAK, HAIIPUKJIAJL 7, [HOJIJIMBIIM MizK [TUMU CIIEIl-
3HaKaMu 000B’g3KM: Hexail * nepeMillyeThbcs IpaBopyd, a # — JIBOPyY.
3’aBUTHUCS 2K CIIEN3HAK # Ma€ TOj1i, Koau * jifine 10 KiHig caoBa, To0To

KOJIM CIpaBa Bix * He BUABUTHCS iHIIMX OYKB. OCTATOYHO OTPUMAEMO

rakuit HAM:
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(xa — ax
xb — bx
x — #
a# — #a
b# —
# —

\_>*

'\

6.6. ITPuKJIAL. Tlobynysaru HAM, sikumit 3acToCcoBHUIL 10 BCiX CJIB B
andasiti A = {a,b,c} i Bu3HaUae KiNBKICTH pi3HUX OYKB y BXiTHOMY
cyioBi. Bianosige omepkatu B yHApHIH cucTemi ducaeHns (HAIPUKIAT:
aabbab — ).

st po3B’sizaHHs 1€l 3a/a4i CII0OYaTKy BIJICOPTYEMO BXiJIHE CJIOBO
TaKUM YMHOM, 11100 crepiry Oyjiau Bci OykBu a, 1IOTiM — b, & y KiHII —
c. [lani Bujaaumo 3aiiBl OykBM Tak, 100 3aJIMIIAIACH MaKCUMaJIbHA
KLJIbKICTh IOIAPHO Ppi3HUX OyKB. [LIs bOro cKOpucraeMoch (popmysia-
MU IIACTaHOBKK Buay xx — . Hacamkinenpb 3aMiHnMO BCi OyKBU Ha
naqanaky. lykarnit HAM marume Bursi:

(ba — ab
ca — ac
cb — be
aa — a
{bb— b
cc— ¢
a— |
b— |
lc— |

Hanpukna,

aabbab — aababb — aaabbb — aabbb — abbb — abb — ab — |b — ||.

6.7. IIPukJIA. [Tobynysaru HAM man andasitom A = {0, 1,2}, axuit
JOIUCYE TPABOPYY 0 HEMTOPOKHBOIO BXITHOTO CJIOBa (TPIKOBOrO Yu-
cjia) 3HaK “=" 1 CTLIBKM MAJUIOK, CKLIBKHU IMUMpP MICTUTH TpiiikoBe
YHCJIO.
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Po3B’sixkeMo Jlany 3aja9y HACTyTHUMEY YrnHOM. Crieprny 3a KOKHOO
IHPOIO BXIHOTO €I0Ba BCTaBuMo majawdky |. st mboro mommiiemo
371iBa 10 BXIJHOTO CJIOBa CIEI3HAK *, & MOTIM IepeHeceMo Horo gepes
KOXKHY IIMdPY Tak, M00 3J1iBa BiJ HHOTO 3aJauIIaaacsd I mndpa i Big-
moBigHa 11 najanyka. Hampukian,

10 — %10 — 1| « 0 — 1]0|*

B onepx)kanomy cj10Bi mepecTaBUMO MTUMPU 1 TAJTUIKA TaK, 100 3JTi-
Ba ONMMMHUWJINCS BCl OYKBU, a CIpaBa — MaJUIKH, 30€pIirafoun TIPU IHOMY
BUXIIHUN B3aEMHUI TOPSIOK K OYKB, TaK 1 TMaJIUYIOK:

1|0]% — 10||x

*

Y KiHIl CJI0Ba 3aMiHMMO ™ Ha HOBUM CHEN3HAK = 1 TepeMiCTIMO HOTo

JHBOPYHY /10 TEPITOl U PH:
10|[x — 10| =— 10| = | = 10 = ||

Beci Bkazani /il onucy0ThCs HACTYIHUM ajaroputMoMm Mapkosa:

(«n — n|*, ne A
n—>mn|, ne A
* —=

===

==

\—>>I<

PekomengoBana jitepatypa : [13] c. 178-189], [18] c. 146-180].

IIlutannga Ta BupaBu g0 naparpada 6.

VY zagadax 6.1-6.21 nobyaysaru HAM, sikuit 3acTocoBHuUii 10 BCix
caiB B asichaBiTi A 1 BUKOHYE HACTYIHY POOOTY:

6.1. A = {H,II, V}. Jonucye cupasa g0 BXiJJHOTO CJI0Ba W CJIOBO
THY (w — WITHY).

6.2. A = {a,b}. Bagmmae y cnosi TiabKU meprny OyKBY (MOPOKHE
CJIOBO HE MIHSE).

6.3. A = {a,b}. Banumae y caoBi TibKK OCTaHHIO OYKBY (IIOPOXKHE
CJIOBO HE MIHSIE).
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6.4. A= {a,b,c}. 3anepmorw 6YKBOKW HETIOPOKHBOTO BXITHOTO CJI0BA
BCTaBJisi€ OYKBY C.

6.5. A= {a,b}. dkmo y BxigHOMY CJI0Bi € TpUHAMHI /B OyKBH, TO
MiHS€ MicIgMHU 1IepIii A8l OYKBU.

6.6. A = {a,b}. dxmo Bxinme ca0BO MicTHTH 6inbile OYKB a, HiXK
OykB b, TO BUJA€ BUXiJHE CJIOBO 3 OJIHIEl OYKBU @; SIKIIO OJHAKOBA
KLIBbKICTH OYKB @ 1 b, TO BUIae MOPOXKHE CJIOBO; iHAKINE — CJIOBO b.

6.7. A = {a,b}. ¥V BxigHOMY cJyioBi BCi OyKBU a 3amiHioe Ha b, a BCi
(momepesnni) 6ykBu b — Ha a.

6.8. A= {a,b,c}. [lonBoroe KOxkHY OYKBY y BXITHOMY CJIOBI.

6.9. A = {a,b}. Hdonucye mpaBopyd 10 BXiJIHOI'O CJOBa CTIIbKU I1a-
JIMYIOK, 31 CKLTBPKOX TP 3alMMCaHnX OYKB b TTOYNHAETHCA TI€ CJIOBO.

6.10. A = {a,b}. 3i BCcix Bxo/KeHb OYKBU @ y BXiJIHE CJIOBO 3AJIUIIIAE
TLTEKU OCTAHHE BXOJPKEHHS, STKIIO TaKe €.

6.11. A = {a,b}. ko BXigHE CJOBO MICTUTBH OJHOYACHO OYKBH @ i
b, TO 3aMiHIOE HOTO Ha TOPOXKHE CJIOBO.

6.12. A = {a,b}. ko BxigHE C70BO HE € cI0BOM aabba, TO 3amiHIOE
Oro Ha IIOPOXKHE CJIOBO.

6.13. A = {a,b}. Busnagae, un BXouTh mepIma OyKBa HETTOPOKHBOTO
BXI1JHOT'O CJIOBa IIIe Pa3 y Ie CJa0BO. BimoBigb: CJI0BO a, SIKIIIO BXOIUTh,
ab0 TOPOXKHE CJIOBO B MPOTUJICKHOMY BUIAIKY.

6.14. A = {a,b}. Ilepenocurs ocranHio OYKBY HEIMOPOKHBOIO BXi-
JTHOTO CJIOBA Ha MOT'0 MOYATOK.

6.15. A= {a,b}. B HemopoxkHbOMY BXiJTHOMY CJIOBI IT€PECTABJISIE Mi-
CLSIMU [I€PIILY Ta OCTAHHIO OYKBH.

6.16. A = {a,b}. fxio B HEMOPOKHBLOMY BXiTHOMY CJIOBI CIiBIIa a-
I0Th [IepIIa Ta OCTaHHs OyKBU, TO BUIAAJISE [l OYKBU, B IHIIIOMY BHIIAJIKY
CJIOBO He 3MIHIOE.

6.17. A= {a,b,c}. ko BxijgHe CJI0BO HE MICTUTH OYKBU ¢, TO 3aMi-
HIO€ BCi OYKBU @ Ha b. B iHMITIOMY BUTIAJIKY BUIAE CJOBO 3 OJTHIET OYKBU
C.
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6.18. A = {a,b}. llogsoroe BXimHEe cI0BO (mOTMHMCYE CripaBa HOro KO-
Tit0) .

6.19. A = {a,b}. Obeprae Bxigue cioso (Hanpukiam, aab — baa).

6.20. A = {a,b}. Busnauae, uu € cjoBo mnoJiingpomMom. Binmosiss:
CJIOBO @, SIKIIO €, a0 MOPOKHE CJIOBO B IMPOTUIEIKHOMY BHUIIAIKY.

6.21. A = {a,b}. Hexaii BxizHe c/IoBO Ma€e HemapHy JOBXKUHY. Bua-
JISI€ 3 HBOI'O CEPeJIHIO OYKBY.

§ 7. HopmaabHO oOumcaroBaHl (pyHKIIII

B nmanomy maparpadi po3ragmaroTbed YHKIN, A9 SIKUX ICHYE
HOpMaJIbHEIT anroputM MapkoBa, 0 IX 00YHCIIIOE. 3ayBaxKUMO, IO
NPy aHaJ I3l JedKnX BXIJHUX CJIB aJropuTMm MapkoBa MoxKe HIKOJIH
He 3YMUHUTHUCS (3AIUKIIETHCA), 1 ToMy (DYHKINsST MOXKe OyTH He BU-
3HAYEHA /I JeIKNX BXIJHHUX CJIB-apryMeHTIB. Yy 3araJibHOMY BHIIAJI-
Ky Kaxkemo, 1o ¢dyskmig f : (X*)" = Y™ € wacmroso usnauerorw
pynxryiero, IKIIO BOHA He BU3HAUEHA I JedKNX HAaOOpIB apTyMeHTIB
(1,...,Zn) € (X*)™, TOOTO KOJIM OOJIACTH BU3HAYEHHHA f € IIJIMHO-
xurHOtO (X ™). dkmo obiacts BusHadenus [ croisnagae 3 (X*)", 1o
KaXKeMo, Mo gynkyia [ ecrodu susnavena na (X*)". dxmo byukiisa f
He BU3Ha4deHa Ha Habopi (21, ..., X, ), T0o mucarumemo f(x1,...,x,) =T

HactkoBo BusHauena dyukiis f : (X*)" — Y* nasuBaerhes nop-
MAADHO 00YUCAIOBAHO010, KO ICHYE TaKUI HOPpMaJIbHUM ajropurm Map-
KOBa, M0 JIJIsT KOXKHOTO HAOOPY (Z1,...,Ty,) € (X*)", Ha axkomy f BuU-
sHaveHa, HAM mepeTBOproe BXiJHE CIOBO T * T9 * ... * Iy Y BUXI-
aHe cioBo Yy, ae y = f(x1,...,x,) € Y, a % — cueniajbHuii 10momi-
JKHUHT CUMBOJI, IKUI PO3/ILIAE BXIIHI apryMeHTH; 1 Ha, KOKHOMY Habopi
(X1, ..., 2n) € (X™)", mis saroro dyHKIsA He Bu3HadeHa, HAM saru-
KJIFOETHCS.

Hatani naiiaacrimre posrisiiarumemo aucyiosi pyukiii f: (Ng)™ —
Ng, 1e Ng = NU {O}

7.1. TTpurad. ITokaxemo, mo dyukimia f : Ng — Ny, f(n) = 0
00YHCIIOETHCA 3 JOIIOMOroI0 gedakoro HAM.

BpazkaTuMeMo, Mo 4dmcja 3alucaHl B ABIMKOBINM cHCTeMI YHCJIEH-
ust. st mobynosun HAM, gaxuit obumciaioe many QpyHKINO, JOCTATHBO
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B MOro cxeMy MiJICTAHOBOK BKJIIOUATH (QOPMYJN JJIS BUJIAJEHHS BCIX
oyks (mmdp 0 1 1) BXigHOrO C/I0BA 1 3aKIIOUHY (DOPMYJTY IS 3aMiHN
IIOPO2KHBOTO C10Ba Hys1eM. Takum unaoMm, cxema HAM marnme Bursi:

0—
1 —
— 0

7.2. ITPUKAAJ. Tlokaxkemo, mo dyukiis [ : Ng x Ng = No, f(n,m) =
In — m| € HOpMaNTBHO 06UMCTIOBAHOIO (BBAYKAEMO, IO HEBIT €MHI ITiJTi
JUCIIa 3aMUCaHl B YHAPHIA CUCTEM] YUCIeHHSN).

Haramaemo, 1o

n—m, n=>m
n —m| =
m-—-—n, n<im

Ha mowarky poboru BXigHe cjoBo Mae Burs ||...|x*||...|. Ockiab-
—— N——
n m
kK [n —m| =|(n—1) — (m —1)|, To a5 po3B’st3aHHs 331341l TOCUTH
OJHOYACHO BUAAJISTH 10 OJHIN MaJWYIll 3J11Ba 1 cIpaBa 0T, JTOKU B Jie-
K1 9aCTUHI He 3aJuMNThCA Kool maanaku. OTxe, HAM 3agaerncs
CXeMOIO:

| * | — *
X
Hampuknan, || [||| = [ * ||| = || =[] i f(2,4) = |2 — 4] = 2.

7.3. TTPukaA/. Ilokaxkemo, mo dyukiig f : Ng — Ny, f(n) = n
mod 4, gka 00YHMCII0E OcTavdy BiJ JALJIEHHS HATYpPaJbHOTO ducaIa Ha 4,
€ HOPMAaJIbHO OOYUCIIOBAHOIO (BBAXKAEMO, IO HEBII'€MHI I ducia
3aIUCaHI B YHAPHIN crcTeMi YUC/IeHHS).

OckinbKku ocTadi Bif JlaeHHS ducea n i n — 4 Ha 4 OAHAKOBI, TO
I 3HAXOJXKEHHST OCTadl JOCUTHh BII YMCIa BIOHIMATH 4 JTOTH, JTOKWU
HEe OTPUMAEMO HeBiJ'€MHe 4Yucjio MeHine 4 — BOHO 1 Oyje IyKaHOIO
ocradero. Takum umuaoMm, cxema HAM Oyme mictury equny dopmyiry
M JCTAHOBKH:

{1 -
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Hanpursnaz, [|[[|[|[ = [[l[| = 1 f(9) = 1.

7.4. TTPukJA L. [okaxkewmo, mo dyukiis f: Ng — Ng, f(n) = [n/4], e
HOPMAaJTbHO OOYHCIIOBAHOIO.

Jst 3HAXOIXKEHHS I1J101 YaCTUHH BiJ JiJIEHHS 91cjIa 1 Ha 4, TOCUTh
CIIEPITY MIIPaxyBaTH, CKIIBKNA YeTBIPOK MAJUYOK MICTUTH e yYHApHE
YUCJI0, & TTOTIM BUTEPTHU MAJUYIKHN, 9KI BIAMOBIIAIOTH ocTadl. /lani mip-
KYBaHHS peasi3yioThcsd Takoio cxemoro HAM:

eIl = [
k| — *
* >

(7 %
Hanpuca, f(9) = 1i[[[[[[[[[| = =1 = [«[ll[[[ = I}x] = [+ =1

7.5. IIPUKJIAJL. KoMbinytodu riorepe il 1Ba MPUKJIaiu, IIOKA2KEMO, 1110
dyukuig f: Ng = Ng x Ny, f(n) = ([n/4], n mod 4), € nHopmasbHO
00YHCTIOBAHOIO.

Jlerko GaumTn, 1m0 maxHa ¢yHKiisg oduncaoerbcas HAM 3 cxemoro:

*[[I] = [+
* > %
— %

7.6. ITPukJiAa. Ilobyayemo HAM, axkuit obuuncioe dyukmio f : N —
N, f(n) = n+ 2 (BBazkaemo, 110 HATYpAJIbHI YUC/Ia 3a/IaHl B TPIAKOBIit
CHCTeMI YUCJIeHHS).

st po3s’sa3annst 3a/1a4i Cleplly BBeAeMO CIel3HaK * i1 nepeMicTu-
MO HOro y KiHelb CJI0Ba, 100 MOMITATH HOT0 OCTAHHIO OYKBY (TpPiiKOBY
mucdpy). Hai mogamo 2 3a npasuiaMu TpiikoBol apudMeTuku. Ko
ocTaHHBOIO MUdporo € 0, To 3aMiHMMO 11 Ha 2 1 3ynmUHUMO pobOTYy, iHa-
k1te miagemo 1 uaa 0, 2 aa 1 1 mepeMintyeMocst JIBOPYY JJId OodaBaHHS 1
70 TIOTIEPETHBOI UMPH 3 TOMOMOTOI0 HOBOTO CIEN3HaKY # (Iph mboMy
BPAaXOBYEMO, III0 Mi€0 mudpoio MoxKe OyTu 2, siKy Tpeda 3aMiHUTH Ha
0 i mepeMicTUTHUCS JIBOPYY JJTst JHOaBaHHA 1).

Bci posrsiayTi il onucytorbes Takum HAM:
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*0 — Ox
x1 — 1x
*2 — 2
Ox +— 2

1x — #0
{ 2% — #1
0# — 1

14# — 2
24 — #0
# =1

\—>>|<

7.7. ITPukIAL. Hexait xinauii aadasir A = {0,1,2,3}. Braxkatoun
BXi/IHEe CJIOBO 3allMCOM YHCJa B YeTBIPKOBIN CHUCTEM1 YUCJ/IEHHS, Tepe-
BECTH TI€ YUCJIO B JABINKOBY CUCTEMY YUCJIEHHSI.

Ax BisToMO, 7T TIepeBeJIEHHS YMCIa, 3 YeTBIPKOBOI CUCTEMU YHCJTIE-
HHSI B JIBIiKOBY, TTOTPIOHO KOXKHY YEeTBIPKOBY UMDY 3aMIHUTHU Ha TTapy
BigmoBigHMx i#1 aBifikoBux mucpp: 0 — 00, 1 — 01, 2 — 10, 3 — 11,
auB. § [2| mepmroro posmginy. Kopucryroduncs um daxrom, cxemy HAM
3aIUITEeMO TaK:

(%0 — 00
x1 — 01x
*2 — 10x%
*3 — 11
*

\%*

Hexait 3aga80 1Ba HOpMaabHi agropurMu Mapkosa HAM; i HAM,
B OZHOMY 1 ToMmy K andasiTi A, gki 00UMCIOTEH CJOBECH] (DyHKITIT
f1: A" — A" ta fo : A* — A* Bignmosigno. Hac mikaButumyTs HAM,
K1 009uC/II0I0ThL X KoMIo3uilio fo o f1. Haragaemo, mo KkoMmosuiiero
dyukiiii fi Ta fo HazuBawTh TakKy GyHKIiO f = fo o fi, MO g KO-
JKHOTO T 3 obsiacti BusHavenus pyukiii f1 snavenss f(x) = fo(f1(x)).



156 III. POPMAJIBHI AJITOPUTMIYHI MOJIEJII

[Ipu mpoMy BuMara€eThbces, 1mob pyuKIis fo Oyiaa BU3HaUYEHA HA 3HAYECHHI
f1(x). Buxigre cioBo HAM; moxkna nogaru va Bxing HAMs. Take mo-
CJIiJOBHE BUKOHAHHSA aJrOpUTMIB HaszuBaeThca Kommo3uiiero HAM Ta
HAMj i nosuagaerbest HAMo(HAM;). SIkimo Oyab-ikuii 3 aJropuTMiB
3AMUKIIOETHCA, TO 3AIIUKJIIOBATUCA MA€ 1 1X KOMIIO3UILIA.

JloBemena HacTymHA TeopeMa: 0aa 0Y0o-AKUL 080T HOPMAALHUL G-
eopummis 6 asgasimi A, axi obuucaroroms pynkuii f1 : A — A* ma
fo 1 AY — A* sidnosiono, ichye HAM, axuti 0buucatoe KomMno3uyito
fo o f1, nus. [18]

7.8. I[TPUKJIAA. IloOyayemo HOpMAaJILHUM aJCOPUTM, IKUH € KOMIIO3M-
miero HacTynunx aBox anroputmiB HAM; i HAMs 3 cxemavu Py i Py
BiJIIOBITHO BijgHOCHO asidasity {a,b}:

(xa — ax* P, : {b—>
xb — abx
* >

Crepiy 3ayBaskinMoO, 110 B 3aTaJIbHOMY BHIIAIKY He MOXKHA OyIyBa-
TH KOMIIO3UINO TPOCTUM BUIUCYBAHHSIM OJHA 33 OJHOI0 POPMYJI IIiI-
cranopku 3 HAM; i HAMs. Hanpukiazn, gKImo crodarky BHIIACATH
dopmyan 3 HAM;, a motim 3 HAMs, To orpumaemo anroputm HAM o,
a gkmo cuepiry Bunucatu dopmyan 3 HAMs, a morim 3 HAM;, To
orpumaemo ajgropurm HAMos, ski 3agani cxemamu:

( (

*xa — ax b —

xb — abx xa — ax
P12: < % > P21: <>|<b—>ab>|<

. * >

\b% | — *

Aste i HAM;js, ui HAMsy, #e € kommo3sumiero aaropurmis HAM; i
HAM,. Hanpukiam, a1d BXiZHOTO CJI0Ba aQd MAEMO:

HAMq5 : aba — *xaba — a x ba — aab * a — aabax — aaba
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HAMoy; : aba — aa — *xaa — a *x a — aa*x — aa,

toai sk HAMo(HAM; (aba))=HAMs(aaba) = aaa.

3ayBaskKUMO, 1110 iICHYE 3arajabHuii MeTo modynosn kKommo3util HAM,
auB. [18| c. 198]. Oxnax meit croci6 K0CUTh IPOMIBIAKUIL 1 /It IIPOCTi-
mnx HAM kpalie BUKOpUCTOBYBATH 1HINMI TIiAX1: TEPI 3a Bce Tpeda
3pO3YMITH, SIKY 33149y PO3B sa3ye KoxkeH 3 ajropurmis HAM; i HAM,,
a TOTIM TOCJIOBHICTh WX 3ajiad 00’€IHATH B CITLIBHY 3aJa4y 1 moby-
JIyBaTH AJITOPUTM JIJId 1€l 3arajbHol 3a/1a4l.

B mammomy mpukgagi aaroputm HAM; zaminioe Ko:xkHYy OYKBY b
caoBoM ab, a morim amropurm HAM, Bupmassie 6yksu b. 3po3ymiiio,
1110 TocifoBHe 3acTocyBanHs crepiity HAMq, a morim HAM, 3amintoe
KOXKHY OyKBY b BXigHOr0 c10Ba 0ykBoio a. [llykama kommo3umis HAM;
i HAMs 3agaerhest npoctoro cxemoro HAM:

{b—>a

Mwu mokazaJm, 1Mo KJjac HOpMaJIbHO 0OYMCTIOBAHNX PYHKIIHN € J10-
cuThb MUPOKUM. [IoHATTI HOPMaJIbHO OOYMC/IFOBAHOI PYHKIIT — O/HE 3
OCHOBHUX IOHSATH TEOPil aJropuTMiB. 3a3HAUUMO, IO 3 OJHOTO OOKY,
KOXKHA HOPMaJIbHO 004KCII0BaHa DYHKIIISI € 00UNC/IIOBAHOIO 33, [IEBHOIO
MIPOTIEYPOI0, KA BIIMOBIAAE IHTYITUBHOMY VABJEHHIO aJTOPUTMY, & 3
iHITI0T0 — 1Kl © J10Ci He OyJlyBaJjiMcCs KJiaCh TOYHO BU3HAYEHUX AJIIOPHU-
TMIB, 3aBXKJIN 3’ SICOBYBAJIOCS, 1110 YUCJIOBI PYHKIIT, IKi OOUNCTIOIOTHCA
3a AJIMOPUTMAMU [UX KJIACIB, € HOPMAJIbHO OO4YMC/IFOBaHUMU. ToMy 3a-
TaJbHOMPUHHATOIO € TaKa HAyKOBa TimoTe3a:

Teza MapkoBa-Yepua. Bydv-axutl an20pumm MOAHCHG PEANI3YEAMU
3 donomozoro HAM.

Y dopmyaoBaHHS 1Ti€l T€3W BXOAUTDH IHTYITUBHE MOHATTSI AJTOPU-
TMY, & TOMY 11 He MOXKHAa Hl JIOBECTH, HI CITPOCTYBAaTH B 3araJbHOMa-
TeMarTudHOMY 3HadeHHi. CrpaBejuBICTh TIIIOTE3H IIiITBEPIKYETHCH
MPaKTUKOIO: BCl BIJJOMI aJTOPUTMU, 1K1 OyJIn IIpHIyMaHl BIIPOJIOBXK Oa-
raTboX TUCAYOJITH 1ICTOPIl MaTeMaTUKU, MOXKYTh OyTH 3a/aHi 3 JIOI0-
moroio HAM. IIpore crnpapeayimBoO € HACTYIIHA TeopeMa, J0BEIeHHS
Kol unrad Moxe 3uaiitu B [18]:

7.9. TEOPEMA. Jlaa pynxuii f nacmynmi ymosu piéHOCUAbHI:

o pynxuia f € obuucaosanoro 3a Tropins'om;
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o pynxuia f wacmroso pexypcusHa,
o pynxuia f € HOPMAALHO 06%UCAIOBANHO10.

PekomenjioBana Jiiteparypa : [18] c. 180-186, 198-219|.

IInTanna Ta Bupasmu mo naparpada 7.

7.1. Illo Bu posywmiere mig kommozuriero HAM?

7.2. Ilobynysatn HAM, sakwuit obuuciioe unciaoBy dyukiio [ : Ny —
Np, f(n) =n mod 2, g9KI10 apryMeHTH 3a/1aHi:

a) B yHapHIiil cucremi 4nMC/IeHHS;
0) B JBIWKOBI cUCTEM] YNCIEHHS;
B)

B TPINKOBI# cUCTeM] YUCJIEHHSI.

7.3. Ilooynysatu HAM, sakwuit o6auciroe unciaoBy dyukiio f : Ng —
Np, aprymMenTn sKol 3a/aHl B YHAPHIN CUCTeM]1 YHCJIEHHSI.

7.4. Ilokazarm, MO HACTYMHI YACTKOBO BU3HAYEHI YUCJIOBI (PYHKITIT
f : Ng — Np, aprymenTn gkux 3a7aHi B YeTBIPKOBIiii CUCTEM] YNCIEHHSI,
€ HOpMAaJIbHO ODOYKCITIOBAHI:

a) f(n)=n+1;
6) f(n) =n+2;
B) f(n) =n—2.

7.5. Ilooynysatu HAM, axwuit obunciaoe unciaoBy ¢dpyukiio f : Ny X
No — Np, aprymentu gkoil 3ajiaHl B YHAPHINA cuCTeM] YUCJIEHHSI.

a) f(n,m)=n+m;
6) f(n,m) = max{n,m};
B) f(n,m)= min{n,m}.

7.6. Tlokazaru, mo wacrymauit HAM o6uwnciroe dyukmito f : Ny X
No — Ny, f(n,m) = HCJII(n,m), apryMeHT: sIKOI 3aJiaHi B yHapHIii
CUCTEeMI YUCJIEeHHSI:
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(la — al|
| % | = ax
% — xb
b— |
a—c

7\

c— |
\*—>

7.7. A=1{0,1,2,a}. 3'acysaru, uu € BXiJHe CJIOBO 3AIUCOM YUCIA B
TpifikoBIit cuctemi uncaeHHd. BiamoBiak: 1 — gakmo €, 0 — B mpoTue-
JKHOMY BUITQIKY.

7.8. A =1{0,1,2}. Braxkarouu BxXijiHe CJI0BO 3allUCOM UHUCJA B TPiii-
KOBIif cucTeMl YMCIEHHS, BUJAJUTH 3 HHOTO BCl HE3HAUYIIT HYJIL.

7.9. A = {0,1}. Braxaroun HEOPOKHE CJOBO 3AMMCOM JBIHKOBOTO
qHuCja, BU3HAYATH, UM € BOHO cTelmeHeM ABiiiku. Biamosiab: 1 — SKIIO
€, 0 — B TPOTHUIEKHOMY BUTTAJIKY.

7.10. A ={0,1}. Baxaroun HEIIOPOKHE CJIOBO BAIUCOM JBIHKOBOTO
YHUC/Ia, IePpEBeCTH HOoro B 4eTBIPKOBY CHUCTeMY duC/IeHHs. (3ayBarKeH-
He: BpaXyBaTH, IO B ABITKOBOMY YHCJ MOYXKe OyTH HemapHa KITbKICTh

macp.)
7.11. A ={|}. llepeBectu uncjio 3 yHapHOI CUCTEMU YUC/I€HHS B TPiii-
KOBy. (PekoMeHnmalisi: MOYXKHA ¥ UK/ BUJIAJIATH 3 YHAPHOTO YHUCIA TIO

MaJIAYIN 1 KO2KEH pa3 J0/1aBaTh 1 10 TPIHKOBOTO YHUCIA, TKE HA TTOYATKY
nokjactu piauM 0.)

7.12. JIna xoxuol napu HAM mobynyBaTu iX KOMIO3UIIT BiTHOCHO
ancdasity {0,1}:

a) P : {01%10 Py {1%0
(40 — P, - {1—>0
151

6) P *1 — 1x
* —
L_>*
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(+0 — 1% Py - {01—>
*1 — O
X —

7.13. YUwm ¢ HAM 3i cxemor0 P3 KOMIO3HITIEI0 HOPMAIBHUX AJITOPHU-
T™iB 3i cxemamu P i Py Bimnocuo ascasity {0, 1,2}7

P, - {01—>10 j {02—>20
151

P, - 01 — 10
02 —s 20

§ 8. AJropurMivHO HEpPO3B’sa3HI IIpobJIEeMU

BugasasieTbest, 10 iCHYIOTH TaKl KJIACH 33034, JIJIsT PO3B’ I3aHHS TKUX
HeMae il He Moxke OyTH €JIMHOI0 yHiBepcaabHOro ajropurmy. [Ipodiemu
pPO3B’d3aHHSA TAKOTO TUIY 33739 HA3WBAIOTH AJTOPUTMITHO HEPO3B d3-
HuMu 1pobsemamu. OJHAK aaropuTMivHA HEPO3B’sI3HICTH IIPOOJIEMU
pO3B’d3aHHs 3a/a4 TOro ado IHIIOI0 KJIACy 30BCIM He 03HA4Ya€ HEMO-
JKJIWBICTH PO3B’d3aHHSA OyAb-IKOI KOHKPETHOI 3aJadvi i3 IIhOT0 KJacy.
Moga iijile TpO HEMOXKJIWBICTH PO3B’3aHHS YCIX 33/a9 MEBHOT'O KJIACY
TUM caMuM MeTojoM. i po3B’da3anHs pi3HUX 3a/4a49 KJIacy HEoOXiIHO
BUKOPUCTOBYBATHW PI3HI MI/IX0M, HEPIIKO TBOPYI Ta HETPAIUITIIHI.

Y mpomy maparpadi po3rigHEMO AJTOPUTMIYHO HEPO3B’SI3HI IIPO-
OeMu Ha TPUKJIAIl TPoOJIEMU CaM0O3aCTOCOBHOCTI.

[TpupojHO caMo3acTOCOBHUM HasBaTu ajroputm (Hampukiam, MT
qu HAM), axwuii 3acrocoBruii 10 camoro cebe. OHaK Take BU3HAYCHHS
€ HEKOPEKTHUM, OCKIJTBKI Ha BX1J aJITOPUTMY MOJAI0Th CJ0BA Y JIETKO-
My dpopMaTbHOMY aadaBiTi. ToMy KOXKHOMY aJaTOPUTMY CJIiJT TTOCTABU-
TU Y BiJIIOBIAHICTH #0T'0 KO, — IIEBHE CJIOBO Y pOpMaJIbHOMY aJjidpaBiTi.

PoszmounemMo BUBUEHHS TPOoOJIEMI CAMO3aCTOCOBHOCTI 3 MaInH T1o-
pirra. 3akojyemo Bci mammuu Tropiara cumsosamu ajidasity {0, 1}
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TaK, MO0 3a CUCTEMOI0 KOMaHJ MammuHu TropiHra MoxKHa 0yi1o ede-
KTUBHO TTOOyayBaTu i1 Ko, Ta mob 3a xkogom MT moxkna Oyiio ede-
KTUBHO BiATBOpUTH i1 mporpamy podoTu. 3poduMO 1€ HACTYIHUM YU-
HoM. Posrnsmemo mammny Troopiara MT = (Q,A,d, s, f) i3 30BHI-
miM asidasitom A = {1,0, #} Ta MHOXKHUHOIO BHYTPIIIHIX CTaHIB () =
{s,q1,-.-,qr, [}. Banymepyemo Bci cumsosin muaokuan AU{L, R} UQ,

gucjgamu 1,2,...,k + 7 TaK, K I0Ka3aHO y TaOJIMIII:
cumBosl ||1|O|# |L|R|s|qi|...| q f
momep ||[1|2[3 4|56 7 |.../k+6|k+T7

Homep n 3aj1amMo B yHaApHIM cucTeMi 4ucjieHHS, TOOTO 1 OJUHUIIL-
mu. ko x — omamn i3 cumBosiis MuHOKuHE Q@ U A U {R, L}, TO "epe3
N (z) mosnaunmo ioro yuapuuii 3anuc. Komamai mamman Tropinra
d(q,a) = (p,b, R) (Bigmosigwo, d(q,a) = (p,b, L)) mocraBumo y Bimo-
BinicTs cioBo C(q,a) = N(q)ON(a)ON (p)ON(b)ON(R) (Bimnosizgmo,
C(q,a) = N(q)ON(a)ON(p)ON(b)ON (L)), ne a,b € A Ta q,p € Q,
SIKe Ha3WBAKOTHh KOJOM Ii€l KoMawuau. Ko Ha jgeskomy wHabopi (r,t)
dbyHKIis § € HeBU3HAUEHOI0, TO BBaxkamo, 1o C(r,t) = N(r)0ON ().

Konxom mammuun MT HaszBemo cja0BO

W (MT) = C(s,a1)00...00C (s, #)00C (g1, a1)00 . .. 00C (qi, #) .

Axmo kom W(MT) posmizunaetbess marmmuoro Tropiara MT, To it
Ha3UBAIOTh CAMO3ACMOCO8HO0, & Hi, TO — HECAMO3ACMOCOBHOO.

[Tpobsiema caM03aCcTOCOBHOCTI TIOJIATAE B TOMY, IO MOTPIOHO HaBE-
CTHU aJITOPUATM JIJIsl BU3HaYeHHs Toro, un gaHa MT € camo3acToCOBHOIO,
gn Hi. 3rijiHO 3 Te30r0 Tropinra-epua 110 3aja4y MOxKHa IpedopMy-
JIIOBaTH K 3aja4y 1mpo nodyaoBy MT, korpa posmiznae koau ycix MT,
1 3akJII0YHI KOH(Irypariil y BUIPaJIKy podoTH HaJ KOJaMU CaMO3aCTO-
COBHHUX 1 HECAMO3aCTOCOBHUX MAIlWH BIAPI3HAIOTHCA. Hanpukiia s, BBa-
JKaTuMeMo, 1100 y BHIAJAKY PoO0TH HaJ Koiuom camo3acrocoBrHol MT
3ak/09Ha KoHdiryparis mae surass (f,1), a y Bumajaky poboTu Ha
kKozmoM Hecamozactocosroi MT — (f,0).

8.1. TEOPEMA. IIpobaema camo3dacmoco6HOCmL € AA20PUMMIYHO HE-
P036°A3H010, MobmMo He ichye Mmawuny Tropinsa, Axa ii po3s’a3ye 6
HABEOEHOMY BUULE PO3YMIHHI.
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JOBEAEHHS. Ilpunyctumo cynpoTuBHE, IO ICHYE TakKa MalimuHa 1ro-
piara 1%, sika po3B’a3ye mpobjeMy caM03aCTOCOBHOCTI. 3a HEl 100y-
nyemo Marmuny Tiopinra Th, gka Mae HACTYTHI BJACTUBOCTI:

e MammmHa Tropiara 15 po3mi3dHae KOAM HECAMO3aCTOCOBHUX Ma-
mH Tropinra;

e MammmHa Tropiara 1o 3aIMKIIOETHCI Ha KOJaX CaM03aCTOCOB-
HuX MammnH Tropiara.

Mammuny Tropinra Th 6yayeMo HACTYITHUM YUHOM. YCi KOMAaH/IU
nporpamu podoru mamuHu Tropiara 7] € TakoXK 1 KOMaHIaMu IIporpa-
Mu poboru maruau Tropinra 715, ase Kinnesuit cran f mamuau Tropi-
HTa 1 BXKe He € KiHIIeBUM cTaHOM MaimwmHu Tropinra 75. Byaemo BBa-
JKaTy KIHIIeBUM CTaHOM MalmuHu Tiopinra Th HOBUMiL cTaH h, TpH IIHOMY
1003HaUNMO PYHKIT0 epexosi HacrynauMm guaoMm: d(f,0) = (h, 0, R),
0(f,1)=(f,1,R) ma 6(f,#) = (f,#, R). Ouesujno, mo marmua Tro-
piara 15 mae 3a3HadeHi BiaacTuBocti 11 2. 3’sgcyeMo, 9u camMo3acTOCOB-
Ha BOHa, uM Hi. Hexait 1o € caM03acTOCOBHOIO, TOOTO BOHA PO3II3HAE
CBiil KO/ (TepexouTh y KiHIEeBUii CTaH pU POHOTI HAJ CBOIM KOJOM),
MMPOTe Te CYyNepednTh BAACTUBOCTI 2. Ko x mammua Tropinra 15 €
HECaMO3aCTOCOBHO, TO BOHA 3aIMKJIIOETHCS Ha, CBOEMY KO/ (KOJII He-
caM03aCTOCOBHOT Marmum). Ajte 1ie cymepedanTs Baactusocti 1. OTxe,
marmmHa Tropiara Th He Moxke OyTH HI CaM03aCTOCOBHOIO, HI HECAMO-
3acTocoBHO. OTprMaHa CyIepedHicTh JOBOAWTH TOi (hakT, M0 TaKol
Marmuan 17 He 1CHYE.

[]

BBememo mouaTTa KOAy HOpMasbHOTO anroputmy Mapkosa (A, P)
31 CXEeMOIO MiJICTAHOBOK P, siKa MICTUTHb HACTYIHY CKIHUYEHHY BIOPLAI-
KOBAHY MOCJIJIOBHICTE (DOPMYJI [iJICTAHOBKMU:
(
ar — b1
) oy — 52 .

Lo — B

Komom nopmasnibaOTO anroputmy MapKoBa BBayKaeMo CJIOBO, KA YTBO-
PIOETHCS 3 TIOCTIIOBHO 3aMUCAHUX depe3 KPAKy 3 KOMOIO (DOPMYJT CXe-
MU ITiJICTAHOBOK, TOOTO

C(A,P) =a1 = Br;00 = Bo;.. ;a5 = Bk,
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IpU IIbOMY BBaXKaeMO, IO Kpallka 3 KOMOIO He HAJEeXKNUTh aJadaBiTy
A, B IHIITOMY BHMIAJKY 3aMiCTh KPAIKHI 3 KOMOI MOXKHA, BUKOPHUCTATH
OyIb-IKUit 1HITNI CUMBOJI, IKU He HAJIEXKUTh ajidasiTy A.

Axmo wHopmassuuit anroputm Mapkosa (A, P) € 3acTOCOBHUM J10
csoro xkoity C(A, P), To floro Ha3WBalOTh CAMO3ACMOCOSHUM, & Hi, TO —
HECaMO3ACMOCOBHUM.

Mu moBenm Buine, 1Mo npobjaemMa caM03aCTOCOBHOCTI € aJrOpUTMi-
YHO HEPO3B SI3HOI0, TOOTO HE ICHYE €IMHOTO CIocoby (aaropuTMy ), sTKuii
O6m J03BOJISIB BU3HAUATH JIJIsT KOXKHOTO AJTOPUTMY, UM € BIH caMo3a-
cTocoBHUM, ur Hi. OJHAK B YaCTKOBUX BUMAJKAX (JJIs JEeAKUX KJIACIB
AJITOPUTMIB) I TTpobJIeMa MOYKe BUSIBUTHCS pO3B’s3H010. Hampukia,
mpobsiema camozactocoBrocTi A1t HAM, aki MicTaTh juiiie omay (hop-
MYJIY HiJCTAHOBKHU, € aJTOPUTMIYHO PO3B’SI3HOIO.

8.2. TEOPEMA. IIpobaema camodacmoco6HOCmE OAA HOPMANOHUT AA20-
pummie Mapxosa, Axi micmamsd Misvku 00HY GOPMYAY NIOCNMAHOBKU,
€ P038 A3HO10.

JIOBEJIEHHA. Hexait cxema mijgcranoBok HAM mae Buriisg {a — 0

abo {a — .

Tosmi BUKOpHCTaEMO HACTYITHHUI aJATOPUTM TTEPEBIPKN HA CaM03aCTO-
COBHICTB: AKINO €anHa QGOPMYJa aJTOPUTMY € 3aKJIOTHOIO aD0 SKIIO T1e
3BUYaiina GpopMmysIa, JiBa JacTUHa KOl () He € TMACIOBOM MPAaBOl Ta-
ctuan (), To Takuit HAM e camo3acToCOBHUM, B IHIITOMY BUTAJKY —
HEeCaMO3aCTOCOBHIIM.

iitcro, gkoro 0 He Oya Mg eamHa (popMmyaa, 3aKJTI0OTHOIO I 3BU-
JaifHoI0, Ha 1repInoMy Kporii 3acrocyBanis HAM no #ioro koxy C(HAM),
JIiBA 9aCTHUHA 3aMIHIOETHCS Ha IPaBYy 1 OTPUMYEMO CJIOBO 5 — (3 abo
B +— B. dxmo dopmysia 3aka0dHa, 7o Ha mpomy HAM 3ynunse cBoio
poboTYy, TOOTO € CaMO3aCTOCOBHUM. ZIKINO K popMyJia 3BUYaiiHa Ta
HE € I1JICJI0BOM CJ10Ba 3, T0 dopmyJia o — [ € He3aCTOCOBHOIO JIO CJIOBA
8 — B, a romy HAM € 3acrocoBauM 10 cBOro Koay. Mu opuMyemMo, 110
y nboMy Butaiky HAM Takoxk € camo3acrocoBauM. AKimo x popmyia
3BUYAHA 1 < € 11iJIcJI0BOM cj10Ba 3, TO oTpumMaHe cjaoBo S — 3 MicTuTb
Ii/ICJIOBO (v, & TOMY JIO0 OTPUMAHOrO cjoBa opmysia o — (3 3HOBY €
3aCTOCOBHOIO, IIPU IILOMY HACTYIIHE OTPUMAaHE CJIOBO 3HOBY MIiCTUTHUME
migcaoBo «. lleit mporec € HeCKiHYeHHWM, a TOMY y IIbOMY BHUIIQJIKY
HAM € HecaM03aCcTOCOBHUM. []
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PekomenoBana jgitepatypa : [12] c. 314-323].

IIluTanaga Ta BupaBu g0 naparpada 8.

8.1. 3’gcyBarn, 4Mm € caM03acTOCOBHOIO MarmuHa Tropinra MT =

(Q7A75737f)7 He Q — {ij}, A = {0,1,#}, a IIporpaMa pO6OTI/I )

3aJIaHa Y BUTJISI TaOJIUIIIL:

S S7O7R f717R f717L

8.2. 3J’sicyBarn, UM € €CaM03aCTOCOBHOIO MaruHa Tropinra MT =

0 3ajaHa y BUIIsIIl TabInI:

s|s,0,R|s,1,R| —
q f717L Q707L -

8.3. 3’dcyBarn, 4uM € caM03acCTOCOBHOIO MailuHa TropiHra, 3ajiaHa
rpadoM:

0,1/1;R

0/0, 1/1;R
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8.4.

8.5.

8.6.

8.7.

3’scyBaTh, 91 € CaMO3aCTOCOBHUM HOpMa/IbHUil aaroputm Map-
koBa ({a, b}, P) 31 cxemor0 MiIcTaHOBOK

(ba — a
bb — b .
ab —
(— b

3’sicyBaTH, 91 € CAMO3aCTOCOBHIUM HOpMaJibHUI ajiroputM Map-
koBa ({a,b}, P) 31 cxeMor0 micTaHOBOK

(+a — a+
+b — b+
xaa+ — *aa+
*xab+ — xab+
*

| — *+

[Tobynynysatn HAM, akwii €

HECaMO3aCTOCOBHUM 1 HE3aCTOCOBHUM JI0 KOYKHOIO CJIOBA B aJl-
dasiti {a, b};

HECaMO3aCTOCOBHUM, aJI€ 3aCTOCOBHUM JI0 KOXKHOI'O CJI0BA, B aJI-
dasiti {a, b};

CaMO03aCTOCOBHUM Ta 3aCTOCOBHUM J0 KOXKHOIO CJI0Ba B aJida-
BiTi {a,b};

CaMO3aCTOCOBHIM, aJie He3aCTOCOBHUM JI0 KOJKHOTO CJIOBA, B aJI-

dasiti {a, b}.

[Tobynynysatn HAM, akwii €

CaMO3aCTOCOBHAM Ta 3aCTOCOBHUM JI0 €IMHOTO cjoBa abba B
andasiti {a,b};

CaMO3aCTOCOBHUM Ta HE3ACTOCOBHUM JI0 €a1MHOro cjaosa abba B
andasiti {a,b};

HecaMO03aCTOCOBHAM Ta 3aCTOCOBHHUM JI0 €IUHOrO cjioBa abba B
andasiti {a,b};

HECaMO3aCTOCOBHUM Ta HE3aCTOCOBHUM [0 €IUHOTO caoBa abba
B andasiti {a,b}.
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8.8. [Ilobynysatu HAM B andasiti A = {0, 1}, sxwuii MmicTuTh He Hi1b-
e TPHoX POPMYJ TICTAHOBKY 1 €

a) CaM03aCTOCOBHMM 1 3aCTOCOBHUM JIMINE JO TUX CJIiB, AKi Mi-
CTATH TIpUHANWMHAI O7HY 1;

6) caM03aCTOCOBHWM 1 HE3ACTOCOBHUM JIUIIIE IO THX CJIB, STKi Mi-
CTITh OpUHAUMHI OAHY 1;

B) HECAMO3aCTOCOBHMM 1 3aCTOCOBHUM JIUIIE JIO TUX CJIiB, sIKi Mi-
CTITh HNPpUHAUMHI OgHY 1;

') HECAMO3AaCTOCOBHMM 1 HE3aCTOCOBHUM JIWINE JI0 TUX CJIB, sKi
MICTATH MpUHaliMHL OAHY 1.

8.9. Hexait y mesxkomy HAM Bci dopmynm migcTaHOBKYM € 3BUUAi-
HUMU 1 cXeMa, MIiCTUTH (POPMYJIY 3 MOPOXKHBOK JiBOI0 dacTuHO. [0
MOYKHa, CKa3aTH TIpo 00J1acTh 3acTocyBaHud 11boro HAM? Yu moxke Ta-
kit HAM 6yTu camozacrocopuuM? BiamoBias oOrpyHTYIITE.

§ 9. CkiaaaHiCTh AJrOPUTMIB

B zarambHiit Teopil aaropuTMIB BUBUAETHCH JIUIE TEOPETUIHA MO-
JKJIWBICTH PO3B’d3aHHA 3a/a4d. [Ipm po3ridaal KOHKPEeTHUX 3aja9 He
3BEPTAECThCSA yBara Ha PEecypcH dacy 1 maMm aTi s BIAMOBIIHUX aJro-
PUTMIB-pPO3B’sI3KiB. AJle TeopeTnuHa MOKJINUBICTH PO3B’SI3aHHA 3a/1at1
He TapaHTYE 11 MPAaKTUIHOI peaJiizaliil.

Beegemo HeobxiaHi 03HaUEHHS, BiAIITOBXYIOYNCH Bia MammmH Topi-
ura. Hexait mammna Tropiara obuucitoe ciosecny ¢dyukmioo f(w). Bu-
3HAIMMO (DyHKIO t7(w), 3HAYEHHS AKOI JIJIsl CJIOBA W JOPIBHIOE Kijih-
KOCTi TakTiB Mamuau Tropinra 1', gki BUKOHYIOTbCS IPU OOYMCJ/IEHHI]
f(w), axmo f(w) susnavene. fAxmo f(w) He BU3HAUEHE, TO 3HAYECHHSI
dbyskIil tr(w) Texk BBAXKAETHC He BusHaueHUM. OyHKIis t7(w) HA3W-
BAETHCS 4aC06010 cKAadnicmio mawuny Tropinsa T.

Axmuenoro 3onoto ipu poboTi Mammnu TIopiHra Ha CJI0Bl w HA3U-
Ba€ThCA MHOXKHIHA BCIX KOMIPOK CTPIUKH, IKi MICTATH HEIOPOXKHI OYKBH
ab0 BiJIBi/IyBaJIMCh I'OJIOBKOIO MAIIMHU TIOPIHTA B IIPOIECci 004YnCIeHHS.
Beenemo dyHKI0 ST (W), 3HAYEHHS SIKOI JIOPIBHIOE JOBKWHI aKTUBHOI
30HU 11pu poboTi marmmuu Tropinra T' #a c1oBi w, gkio f(w) BusHAUYEHE.
B inmomy Bumajky 3HadeHHs pyHKIil sp(w) He Busnadene. OyHKITist
s7(w) HABUBAETHCA EMHICHOI CKAGOHICTIO Mawunyu Tropinsa T.
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Beegeni dynkmii t7(w) i sp(w) € caoBecanvu. 3pydaHO BBECTH J1JTsT
pPO3T/IstAY (DYHKINT HATYPAJIBHOTO apryMeHTY, TIOKIaBIIIN:

tr(n) = max{tr(w)} i sr(n) = max{sr(w)}

= w|=n

i byHKIT TexK Ha3MBAIOTHCT PYHKIIAMHA 9acOBOI 1 EMHICHOT CKJTa,THO-
cri (B Hadiripmomy Bumaaky) marmman Tropiara T

Busnaunmo yHKIIT 9acoBOl Ta €MHICHOI CKJIQIHOCTI JJIS aJITOPH-
t™iB Mapkopa. Hexait anroputm Mapkosa M o0uncitioe ciioBecHy byH-
kiifo f(w). Busnaunmo dynkiio ¢/ (w), 3HaYEHHSA SKOT JjId BXiTHOTO
CJIOBA W JOPIBHIOE KIJIBKOCTI IIJCTAHOBOK, SIK1 BUKOHYIOTHCS B IIPOIIEC]
obunCIeHHS BUXIHOTO cyioBa f(w) 3 BXIHOTO CJIOBA W, SIKITO aJrOPUTM
3aCTOCOBHUI 10 BXIJJHOI'O CJIOBA w. ZIKIIO 2K aJrOpUTM 3allUKJIFOETHCS
Ha BXiJIHOMY CJIOBI w, TO 3HadeHHs DyHKIII {3 (W) BBAXKAETHCS HE BU-
sHadeHnM. OyHKIs )7 (w) HABUBAETHCA 4ACOB010 CKAGOHICTIIO AA2OPU-
mmy Maprosa M.

Beeemo yHKI1ii0 S)7(Ww), 3HAUEHHST AKOT JTJOPIBHIOE MAKCUMAJIbHI
3 JIOBXKWH CJIB, sIKl BUHUKAIOTH TPU OOYMCIICHHI 3 BXIJHOTO CJIOBA W
BuxigHOTO cioBa f(w), axkmo f(w) Busuadene. dxmo f(w) He BU3HA-
JYeHe, TO 3HadeHHs GYHKINT Sj7(w) Texk He Busnadene. OywHKIia sy (w)
HA3UBAETHCA EMHICHOIO CKAadHicmIo aszopummy Maprosa M.

AmnaJjioriuno, gk 1 juig mamman Tropinra, 3py4dHo BBecTu (OyHKITT
HATYyPaJIbHOI'O apryMeHTY, ITOKJIABIIIN:

ta(n) = |rurjlzix{t]\/_/(cu)} i sy (n)=max{sy(w)}.

=n |w|=n

i dbysKIil Texx Ha3MBAIOTHCSI (PYHKITIAMHA 9aCOBOI 1 EMHICHOI CKJIa,/THO-
cti (B Haiiripmiomy BunaJky) aaroputrmy Mapkosa M.

['panwuna moBesinka (pyHKIii t7 i tay (BiAMOBIIHO S7 1 Sp7) TpH
3017IbITIEHH] PO3MIPY N 33/1a4i HA3UBAETHCS GCUMNIMOMUYHON0 %ACOB0I0
(BIAMIOBITHO emHicHo10)  ckAadHicmio. st KOHKPETHUX 33189 PO3TIIs-
TAIOThCA, SIK TTPABUJI0, aCUMITOTHYHI PYHKIIT CKITHOCTI.

Hexait f i g — nBi yHKIIT HATYypabHOTO apryMeHnTy. KaxyTh, 1110
f(n) = O(g(n)) (untaetncsa: “ed Big eH € 0 Beamke Bif ke Big en”),
dKINO 1cHye Taka kKoHcTaHTa ¢ > 0, ¢ € R 1 Take unciio ng € Ny, 1110
0 < f(n) < cg(n) anga Bcix n > ng. 3anuc f(n) = ©(g(n)) o3nagae,
IO ICHYIOTh TakKl KOHCTaHTHU c1,c2 > 0, c1,co € R 1 Take ng € Ny, 110
0 <cig(n) < f(n) < cog(n) mas Beix n > ng.

KaxyTb, mo mamuna Tropiara (aaropurm Mapkosa) po3s’sizye
331249y 3a NoAtHomiaavhul wac, skmo tr(n) = O(p(n)) (ta(n) =
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O(p(n))) Anst messkoro MHOTOYJIEHA p. B mpoTuiekHOMY BUTIAJKY Ka-
KYTh, 1m0 Marmuaa Tiopiara (aaropurm MapkoBa) po3s’s3ye 3agady 3a
EKCNOHEHULAADHUT “ac.

YacoBa CKJIaIHICTH aJrOPUTMY BLI0Opazkae MmoTpibHI JIj1sT HOTO Po-
6otu BuTparu 4dacy. AHaJOrivHO, K Js Mammar Tiopinra i ajaropu-
T™™iB MapkoBa, A0 OyIb-IKUX aJTOPUTMITHUX MOJIeel JacoBa CKJa-
JTHICTH BU3HAYAETHCA 9K PYHKIIIS, sTKa KOYXKHIN MOCIIOBHOCTI BXI1THUX
JMAHUX JOBXKWHU 1 CTABUTH y BIIIOBIIHICTH MaKCHUMAaJbHUI (32 BCiMa
IHAWBITyaIbHUMEI 3a/[adaMy TOBXKUHOK 1) dac t(n), dakuii BUTpadae
AJITOPUTM JIJIsT PO3B’sI3aHHA 1HIWBLIYAJIBHUX 33189 i3 IIE€0 JTOBXKUHOTO.
[Tpo KOHKpeTHY 33/1a9y KaxKyTh, [0 BOHA PO3B’A3yETHCA 3a OJIHOMI-
AJIbHUI Jac, AKIO ICHYe aJropuT™ (HaIpuK/Ia, Mammuaa TiopiHra au
aaroput™m MapkoBa), sIKUil po3B’sI3ye 110 3aJ1ady 3a MOJIHOMIAILHUN
qac. Uepes P mozHagaeThCA KJac BCiX 3a/1a4, sIKi pO3B’ I3YIOThCS 33 T10-
JiHOMIaJIbHUI Yac. B iHIIOMY BUIIQJIKY KaxKyTh, [0 3a/a4a PO3B’d3y€-
ThCs 38 eKCITOHEHITIAJIBLHUN Yac. 3a/1a4uy Ha3UBAIOTh 8AHCKOPO3E8 A3HON0,
SIKITIO HEMagE IMOJIIHOMIAJIbHOTO aJIrOPUTMY JJI 11 pO3B’I3aHHSI.

BBazkaeTbcd, Mo IoJaiHOMIaIbHI aJrOPUTMU BlAIIOBIAAIOTH IIBH/I-
KM, ePEeKTUBHUM Ha MPAKTHII aJITOPUTMaM, a MOJIHOMIAIbHO PO3B’ a3~
Hi 3312491 BIMTOBIAI0TH JIETKAM 3a/1a49aM, sIKi MOXKYTh OYTH PO3B’I3aHU-
MU 33 TPUUHATHUN 9ac Ha BXO/[aX JOBXKUHH, 10 MAa€ ITPAKTUIHNI 1HTe-
pec. HacTo moniHOMIAIBHUN aJTOPUTM CIIPaB/l 3a0BOJIHLHSIE BCI TTpa-
KTUYHI ToTpedu. B ripmomy X BATIAJIKY HOTo MOYXKHA BBAXKATH IITBU/I-
KUM JIAIIEe aCUMIITOTUYHO, & Ha BIJJHOCHO HEBEJIMKUX BXO/aX aJTOPUTM
MOKe TparoBaTi g0Bro. CUnia mIKPecanTH, 0 KJaac MOIHOMIAILHO
PO3B’SI3HUX 3aJlad He 3aJeKUTh BT TOTO, dKa caMe 3 0araTrboxX MO-
»KAuBuUX popMmasiizaliiii ajropurmy subpana. [leit pakT MOXKHA CTPOIO
JTOBECTU SIK TeOpeMy i OYIb-IKUX 03HAYeHb AJTOPUTMY.

Crig 3a3HAYUTH, 110 € eKCIIOHEHIAJIbHI aJrOpUTMH, 9Kl J00pe 3a-
pekoMeH 1yBaJin cebe Ha MpakTuili. Pid y TiMm, 110 9acoBy CKJa/HICTH
O03HA4YEHO K Mipy IIOBEIIHKH aJIIOPUTMY B Haliripmomy Bumagky. Ha-
CTIpaB/Ii MOYK€e BUSIBUTHCH, IO JIJIsT PO3B’si3aHHA OLIBITOCTI KOHKPETHUX
3a/1a9 MOTPIOHO 3HAYHO MEHIITe Yacy, 1 e JIMCHO TakK JJId JedKnX J1o0pe
BiJIOMUX ajiropuTmis. Harpukiiai, cuMILIeKc-MeTo 1 JJisd PO3B’ 43y BaHHsd
3a/lad JIHITHOTO MTPOTpaMyBaHHS Ma€ €KCIIOHEHIIa/IbHY YaCOBY CKJla-
JTHICTH, aJie JayKe g00pe mpalfoe Ha TPaKTHIL].
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9.1. ITPurAzd. Ilobynysaru mamuny Tropinra, ska B aadasiti A =
{0,1} mia 6yab-sikoro ciaoBa P = pips...p, BU3HAYAE, YU € BOHO CU-
METpUYHUM, TOOTO P = p1pa...pp = pnPn_1...p1 = P'. Bignosinn:
cjioBo 1, gkmio cioBo P cumerpuyne, 0 — B TPOTUIEXKHOMY BUITQIKY.
OuinuTy 4acoBy Ta €MHICHY CKJIQJIHICTh 1oOyaoBaHol mamiuau Tropi-
HTA.

['pacd mykanoi mamwan TropiHTa Mae BUTJIST:
0/0, 1/1;R

#/#;L @

#/1L;R

0/#;L
1/#;L

D 0/#, 1/#;

0/0, 1/1;L

1/#;R #/LR

#/#;L

0/0, 1/1;R
Pobora mammun Tropinra 3ifiCHIOEThCs TTMKIaMu. BIpogoB:k mep-

IITOr'0 MUKJTY MaIlIMHA IIePeBIPA€, 91 BUKOHYTHCS PIBHICTD P1 = Pp,. 14
ITHOTO B CTaHI S 3allaM ATOBYETHCI OYKBa p; 1 TOJ0BKA MaIuHU TrOpi-
HTa B cTaHax ¢ abo @5 3MINIYETHCS TPABOPYY JIOTH, JTOKW HE 3HAXOUTH
OYKBY P, 1 IIOPIBHIOE 11 3 p; B cTaHax ¢ abo q4. fKimo i OykBu pisHi,
TO MAITNHA, TIEPEXOIUTH B CTAaH (g, BUAAJAE CJAOBO HA CTPIYI 1 APYKYE
oykBy 0, B MPpOTUIEKHOMY BUTIAJIKy MaIllMHA 3JINCHIOE JPYTHAil UK,
BIIPOJIOBXK $IKOI'O IIOPIBHIOE OYKBU P2 Ta Pp_1 1 T. . 3PO3YMLJIO, 110 HAM-
OLTBITY KiTBKICTH TAKTIB MaInHa TIOPIiHTa BUKOHYE HA CUMETPUITHUX
CJIOBax JIOBXKWHU M. ZKIO cuMeTpudHe cJIOBO P Mae MmapHy J0BKH-
Hy, TO Oy/ie TIPOBE/IEHO 1 /2 TOBHUX IUKJIB MOPIBHIHL OYKB, BIIPOJOBK
SKUX Oyae 3A1CHEHO YHCJI0 TaKTiB, dKe JIOPIBHIOE

(2n+1)+5 n _ (n—l—?))n.

2n+1)+2n—-2)4+1)+...+5= 5 ="
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[Ticia boTO MaIIMHA 3AIMCHIOE ITIe OJIMH TaKT 1 3yIUHSIE POOOTY.

Axio kK cuMeTpuyHe cI0BO P Mae HenmapHY JOBXKUHY, TO Oy/1ie TIpo-
BeieHo (n—1)/2 moBHUX IUKJIIB MOPIBHAHL OYKB, BIIPOJOBXK SIKUX OyIe
3A11CHEHO YMCJIO TaKTiB, IKe JTOPIBHIOE

2n+1)+7n—-1_ (n+4)(n—-1)
2 2 2 |
HHami MT 3xiiicHIoe e Tpyu TaKTH 1 TepexouTh y KIHIIeBUil CTaH.
3 mpoBeeHNX BUIE MipKyBaHb 1 aHaJji3y rpada mamman Tropinra
BuILTHBAE, 110 s7(n) =n+ 1 < 2n, sp(n) = O(n), a dyHKIIA Tac0BOT
CKJIQTHOCT] Ma€ BHUIJISII

2n+1)+2(n—2)+1)+...+7 =

o) 8 4 1 n =2k, k €N n? + 3n + 2
n)= =

. (t)n=l) L3 ) — 9k — 1,k €N 2
OckinbKn "2+g”+2 < "2+3”22+2”2 = 3n?, To tr(n) = O(n?) i 3amaua

PO3B’I3yEThCA 3a TMOJIHOMIAJBHUN Yac, TOOTO HAJEKUTH Kacy P.

9.2. ITPukJIAJ. IIpoanasiizyBaru pobory ajaropurmy Mapkosa, 3ajia-
Horo maj andasitom A = {ai,a2,...,a,}, Ta omiHuTH HOro CKJIa-
JTHICTh:

(e —
#a — a#, nea € A
#*x — #

# —

xab— bxa, ne a,be A

L —r k

Axmo P = b1by...b,, To 0bepHeHHsAM CjI0Ba P Ha3MBAETHCs CJI0BO
P =b,b,—1 ...b1. ITokaxkeMo, IO aJrOpUTM 31ICHIOE OOEpHEHHA CJIiB
B asidasiTi A. JliiicHo, Hexait MaeMo jesike cjiopo P B asidasiti A. Tomi:

P — xP — bg*blbn — bgbg*blb4...bn — ... bgbgbn*
bl — *bgbg. bn*bl — ... b3b4. . .bn*bg*bl — ... *bn*bn—l L.k
boxby — *xbyxbp_1...%xboxb1 — FHbpxbyp_1...x%boxby — by F*by_1 .. %
bo * by %bn#bn_l...*bg*bl — ... %bnbn—l---bl#anbn—l---bl

OmiHnMO YaCOBY Ta EMHICHY CKJIAIHICTD ITHOTO aJaropuTmMy. OCKiab-
KW KLJIbKICTb ITiJICTAHOBOK, siIKi BUKOHYIOTHCS IIPU O0YMC/IeHH] BUXI1JIHO-
ro ciaosa P’ 3 Bxignoro ciosa P, 3a/1€2KUTh TIILKY Bl JOBXKUHU CJI0BA,
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TO (DYHKIIsT 9aCcoBOI CKaaaHocTi tas(n) = tar(w) aast Oy/Ib-sIKOTO CJI0-
Ba W JOBXKHUHH 7. 3HAUAEMO KIJIbKICTh IIIJCTAHOBOK IIPU aHaJIi31 C/I0Ba
P =b1by...b, nopxuau n. Ha neprromy eramni aaropuTM JIOMUCYE 3JTi-
Ba JI0 CJIOBA * 1 IEPEHOCUTDH 11 Pa30M 3 HEePIIo0 OYKBOIO y KiHeIlb CJI0BA,
BUKOPUCTOBYIOUM TPU ITHOMY 7 TACTAHOBOK. Jla/l aJaropuT™ J0THCYE
3J1Ba JI0 OJIePKAHOTO CJIOBA * 1 IEPEHOCUTH 11 3 APYro0 OYKBOIO MOYa-
TKOBOTO CJIOBa W 0 TIOTIEPEIHBO] *, BUKOPUCTOBYIOUHN N — 1 TICTAHOBOK
1 T.J., JOKA HE OTPUMAEMO CJIOBO BUTJISY *by, % bp_1...% by x b1. Ilpn;
IIbOMY KiJIbKICTh IiJICTAHOBOK JIopiBHIOE N+ (n— 1)+ ...+ 1 = %
Jlasti 371iBa 10 CI0Ba JOTMCYETHCA ITIE OHA * 1 ** MIHAECTHCA Ha F#, TIi-
CJIE YOTO PENTTKa MePEHOCUTHCS Y KIHEIh CJ0Ba, SHATILYIOUH TP ITHOMY
BCl 3ipouku. HacaMkiHellb BUKOHYETHCs I11JICTAHOBKA # — 1 aJI'OPUTM
MapxkoBa 3ynmHsie ¢cBOI0 podoTy. TakuM 4MHOM, Ha APYTrOMY eTarll BU-
KOHYEThCs 2 + 2n nijicranoBok. OTxke,

1 2+ 5n+4
n(n—l—)+2+2n:n+n+ _

5 5 O(n?).

tar(n) =
3 BUBEJEHHSI BUIHO, 110 * * by, *x by _1 ... % by * by — cJIOBO MaKCUMaAJIbHOI
noBxKuHU, TOMY Sp7r(n) =2n+ 1= 0(n).
TaknM anHOM, 337a9a PO3B’A3YETHCA 3a MOJIHOMIAJIBHAN Jac 1 Ha-
JIEXKUTH Kjacy P.

9.3. ITPUKJIA/. Buaiitu 10BXKUHY (KiABKICTH Mdp) HATYPAIBHOIO Y-
cJ1a, 3aIIMCaHOTO B M-KOBi# cUCTEMI YUCJIeHHS, TOOTO 3HANWTH PYHKIIITO,
SIKa KOXKHOMY 9ucity n = apmF + ap_1m* ' 4+ .. .aim + ag, ne ar # 0

i 0 <a; <m, CraBuUTh y BIMOBITHICTE 9UCTO |akag_1 ---ag| = k + 1.
Ockinpku maemo, mo mF < agm? + ap_1m* 1 + ... +aym +ag <
(m—1)ymF4+(m—1)mF 1. +(m—1)m+(m—1) = mFr -1 < mFt+1,
to k <log,, n < k+ 1. Takum aunom, k = [log,, n| i qoBKuHA HATY-
PaJbHOTO YUCIA N, 3AMUCAHOTO B M-KOBI# CUCTEM] IUCTIEHHS, JOPIBHIOE
1 + [log,,n] =1+ [E—Tm = O(Inn). 3 ocraHHBOI PIBHOCTI BHUJHO, IO

ACUMIITOTUYHA OIIIHKA JOBXKWHU YMCIa He 3aJeKUTh Bl TOTO, B SKIit
CHCTEMI YHMCJEHHS BOHO 3aIlMCAHE.

9.4. TTPUKIAL. [lobynyBatu mamuny Tropiara /jigd BU3HaYeHHS CyMHU
qHCcesI, 3aJaHUX Y CIMKOBIil Ta TPifiKOBii crcremMax UncaeHHs (pe3yib-
TAT OTPUMATH B CIMKOBIH CHCTEMi YUCJIeHHsI) 1 OTHUTH 11 CKJIQHICTb.



172 III. POPMAJIBHI AJITOPUTMIYHI MOJIEJII

+/+, n/n;R n=0,...,6 0/2;L 0/0, 1/1, 2/2;L
m ;L 2/1;L
@ #/# 0 / -
1/0;L
+/#:R
#/#;L +/+;L
p n/n+1;R n=0,...,5 q
L
+/+, n/n;R n=0,...,6 6,/0;L

OueBuno, mo andasit A = {0,1,2,3,4,5,6,+}. Muoxxuna cra-
HIB CKJIQJIA€ThCsI 3 ceMu ejeMeHTiB: @ = {s, q1, 42, q3, q4, G5, [ }. Hexaii
JIOJIAHKY BlJOKPEMJIIOIOTHCHA 3HAKOM -+, MOPOXKHI CEKIlll, K 1 paHiIle,
nosHadaTuMeMo #. Ha crpiumi JiBopyd Big 3HaKa + PO3MIIIEHO d07a-
HOK y CIMKOBIiI CMCTeM1 YNC/IEHHS, a TPaBOPYYd — JOJAHOK y TPIHKOBIA
CUCTEMI YMCJIeHHd. [es po3B’'a3aHHd 33/1a49] TaKa: CIIOYaTKy B CTaHI §
IepeMINIyeEMOCd /10 OCTAHHBOI'O CHUMBOJIY, HOTIM B1JI PO3MIIIEHOTO Ipa-
BOPYY TPINKOBOTO 4UHCJa B CTaHl ¢ BIAHIMAEMO OJUHUINIO, JIIOUH 3a
paBUJIAMA TPIMKOBOI apuMETUKM, TCAd YOr0 B CTaHI ¢g TIEPEMIITy-
€MOCST JIIBOPYY Ta JO CIMKOBOT'O YHCJa, JIOJAEMO OJIMHUITIO B CTaHl (3,
JIFOYM 33, [paBU/jaMu CiIMKOBOI apudmeruku. /laJi rmoBepraemMocs 10
MIPAaBOTO YUCA 3 JOMOMOTOIO CTaHy (4 1 mepexoamMo B cTan qi. Ilo-
BTOPIOEMO BCl OTIEPAIlil JOTH, JTJOKW PO3MIITEHNI TTPABOPYY BT 3HAKA +
JTIOJTAHOK He OyJie BU4epIaHo.

OniHuMO CKJIQJIHICTD JaHOro ajropurmy. Q4ueBHIHO, 10 (DYHKIIS
tr(w) Oyme mpuiiMaTy MakCHUMAaIbHE 3HAUYEHHS Ha CJI0BAX W JTOBYKU-
HU N BUAY: a + b1by ... b, _o. OmiHUMO, HA CTIABKKA MOXKe 301IbIMTUTHCS
JIOBXKUHA CJI0Ba B IIpolieci gogapanfs. OCKIIBKI

D1bg .. bpa =b13" 3+ 033"+ 4+ b33+ by_o < 32,

TO TIPHU AOAABAHHI ITHOTO YUCIA B JIIBY YaCTUHY 3arajbHa JTOBXKHUHA CJIO0-
Ba 36LTBIMTHCA He Ginbime, HixK Ha log, 3" 2 = (n — 2)log, 3. Bpaxo-
BYIOUM KpaifHI TOPOXKHI KJITUHKHU 1 TOW (PaKT, IO KiJBKICTh ITUKJIB,
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sKi 37ificHauTy, Mamuna TiOpiHra npu Jo1aBaHHi, He Hepesuinye 37 2,
Ma€eMO, TII0 EMHICHA CKJIaHICTh

st(n) <nlog,;3 —log,9+n+2=0(n),
a 9acoBa CKJIAJIHICTH
tr(n) < 2(nlog; 3 —log, 9 4+ n + 2)3" 2 = O(n3").

Om:xe, namna mammua TIOpiHTa PO3B’SI3y€ 3a0aTy 3a €KCITOHEHITI aJTh-
HAUI Jac.

PekomenoBana sgiteparypa : [2] c. 374-384], |7, c. 129-204], [12] c. 330—
353].

IIlntanaga Ta BupaBu g0 naparpada 9.

9.1. laiiTe o3HateHHs (ACHMITOTHIHOT) TaCOBOI i EMHICHOT CKJIATHO-
ctl mamuan Tiopinra ta ajgroputmy Mapkosa.

9.2. Koam KaxKyTh, 1110 TIEBHA 33,143 PO3B’I3YETHCS 3a TTOJIHOMIATb-
HUit qac?

9.3. {Ika 3aji1aua HA3UBAETHCSI Ba2KKOPO3B sI3HOIO?
9.4. Yu MoXKHa cTBepIXKyBaTH, mo a) 2771 = 0(2"); 6) 22" = O(2")?

9.5. Josecru, mo gas moiaiaoma f(n) = apun™ + ...+ ain + ag, 1e
am >0, a; € R, i =1, m, mae micue pisaicts f(n) = O(n™).

9.6. Mosexits, mo f(n) = n°W Toxi i Tinexw Tosi, Ko icHye Take
nomatae m, qasa gxoro f(n) = O(n™) (BBaxkaewmo, mo f(n) > 1).

9.7. TIlopiBHATH wWac cOpTyBaHHA MacuBy 3 1 MJIH. 9Yucea Ha JBOX
KOMII'I0Tepax, nepmmuit 3 akux Bukonye 100 MyTH. omepariiit 3a CeKyHJTY,
a apyruit — 1 maH. [Ln1g mepriioro KoMm’toTepa CKJIQICHUH aJTOPUTM 3
CKJIATHICTIO 212 omepaliiif, a a1y apyroro — 50nlogan.

9.8. Ilpu gxomy HaIMEHITIOMY 3HAYE€HHI N aJTOPUTM, IO BUMAaTrae
100n? onepariiit, edpeKTUBHIIIMI 32 aJrOPUTM, IO BUMarae 2" onepa-
i’

9.9. JocuiauTtn, koo Oyie JBIMKOBA JOBXKHUHA YUCJIA, OJEPXKAHOIO
a) JoaBaHHsIM, 0) MHOYKEHHSIM 1. JTOJIATHUX YUCe, JBIHKOBA JTOBKIHA
KOYKHOTO 3 IKHUX He MepPeBUIyeE k.
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9.10. Hexait Ai B —mq X myimg X mg Marpuri Bignosigno. Busna-
YUTHU KIJTBKICTh apUPMETHIHUX ONepaliiii, HeoOXiTHUX JIJIsd O0UNCTIeHHS
iX 7OOYyTKY 3a 3BUYAHUM aaropuTMoM. OIIHUTH CKJIAHICTD.

9.11. Busnauury HaiiepeKTUBHIIIY [TOC/I1IOBHICTH MHOXKEHHS MATPHIIb
A, B, C, gk11o iX po3MipHOCTI BiJIIOBITHO

a) 10 x 5, 5 x 50, 50 x 1;

6) 20 x 50, 50 x 10, 10 x 40.

9.12. Bwusnaunty HaiiepbeKTUBHINTY ITOCTITOBHICTh MHOKEHHS MaTPHITH
A, B, C, D, gkmo X po3MipHOCTI BiIIIOBIIHO

a) 10 x 2, 2 x5, 5 x 20, 20 x 3;

6) 20 x 5, 5 x 10, 10 x 40, 40 x 3.

9.13. IlobyanyBaru moaiHOMIaJAbHUI HOpMaJabHUI ajaroputMm Mapko-
Ba B andasiti {a,b} 3 wacoporo ckmagnictio O(1), skuit BUAATIE Y
BXIJTHOMY CJIOBi, TK€ MICTUTH HE MEHIIIEe HiK TpU OyKBU, TPETIO OYKBY?

9.14. IlobynyBaru edekTWBHI HOpMaJabHUIT ajgropuTMm MapkoBa Ta
maruay Tropinra, ski obuncaooTs GyHKIH0 f(n) = n — 3 HaTypaJib-
HUX YeTBIPpKOBUX apryMeHTiB. OmiHUTH TX 9acOBYy Ta €MHICHY CKJla-
JTHICTh.

9.15. Hopwmasbawmit asropurm Mapkosa (A, P) 3aa€ThbCsi CXEMOTO

(ba#t — a#tb, ne a,be A
xa — a#ax, qe a € A
<#—>+

+ =

* >

\—>>I<

OrminnTy #0ro 9acoBy Ta €MHICHY CKJIAIHICTb.

9.16. OumuinuTy JyacoBy Ta eMmHicHy ckiaguictb MT, 3amanoi rpadom:
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0/0, b/b;R 0/0, b/b;L

R

a/a;R

b/b;R

. C@ 4/ #L

9.17. Ilokazaru, mo wHacrynauit HAM obuncioe dyukmio [ : Ny X
No — Np, f(n,m) = nm, aprymenTtu sKol 3ajani B yHapHil cucremi
YUCTICHHA:

(b] — |b
al — |ba
a —
Q x — *xa
k| — *
* —
(b — |

OninnuTy #oro YacoBy Ta €MHICHY CKJIAIHICTD.
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